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EDITOR'S NOTE 

One of the remarkable features in the literature of the elefctro- 
tectinical world is the paucity of works essaying to deal compre- 
hensively and as completely as our knowledge will permit, with 
the problems involved in the applications ^ electricity in the 
Telegraph and Telephone Services. There are, of course, numerous 
books ui a more or less elementary and general character, and 
there are several which deal eSectively with small fragments of 
the subject, but no serious attempt has hitherto been made to 
cover the whole field. That field is obviously too extensive for 
any attempt to be made to deal with it between the covers of a 
sin^e volume, and it is specialized to such an extent that no one 
individual can claim to have an expert knowledge of it in its 
entirety. 

It has therefore been deemed expedient to produce a series of . 
handbooks, so co-ordinated that they shall collectively cover the 
whole of the ground involved, but that individually they shall 
be as complete and self-contained as it is possible to make them. 
It has also been arranged that in order to secure the latest and best - 
available expert information upon the several branches of the 
subject, the preparation of each handbook shall be entrusted to a 
specialist. The list of titles of the volumes at present in hand, given 
on the page facing the title page of this volume, will afford some 
indication of the scope of the series and of the subject-matter to 
be dealt with in each volume. The majority of the authors are 
officers on the Staff of the Engineering Department of the Post 
Office, and the Postmaster General has been pleased to express 
his approval of the work which they have undertaken. I have, 
however, been asked to say that any opinions which the authors 
may express are personal, and not necessarily those of the Post- 
master General or of the Administration. 

The theory of telephone transmission is an important subject, 
and its importance increases with the development of the telephone 
system. It is natural, therefore, that considerable attention should 
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vi EDITOR'S NOTE 

have been devoted to it both at borne and abroad, wMch has 
resulted in the production of illuminatii^ works by some of its best 
exponoits, but it is believed that no one has hitherto published 
a book which deals with combined theory and practice, or which 
provides a bridge between mathematical theory and its application 
to the everyday problems of the engineer. This is the object of the 
present vtdume and the importance and wide application of this 
method of treatment are considerable. If we accept as a definition 
of a good engineer, one who can produce a maximum of efi&ciency 
at a minimum of cost, then it may be claimed without hesitation, 
that the book affords considerable assistance in the development 
of a good telephone engineer. A perusal of its pages will also 
disabuse the mind of the idea which is prevalent in some quarters, 
that telephony and other branches of " light " electrical engineering 
are simple, and free from such abstruse problems as are involved 
in "heavy" dectrical engineering. 
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AUTHOR'S PREFACE 

TUBORETICAL Telephonic Transmission has attracted the attention 
of competent writers in many countries in recoit years. The 
scientific foundations of the subject were, however, laid with remark- 
able foresight and accuracy in this coimtry by Oliver Heaviside, 
more than thirty years ago, and about the same time the subject 
was independently investigated by Vaschy in France. It was not, 
however, until the end of the nineteenth century that the first impor> 
tant application of the theory, to the improvement of transmission 
by series lumped loading, was worked out by Pupin. Since that time 
the theoretical literature of the subject has grown in volume very 
materially, both in the fonn of articles on important branches of 
the subject, and general treatises coveringthe whole theory. The 
author's acknowledgments of his indebtedness to many of the 
writeis in question will be found duly recorded in 'this volume, but 
there are many other writers, to whom it was not necessary to 
specially refer, who have abo done valuable work. So far as 
practical appUcations of the subject are concerned, the important 
work done by the American Telephtnie and Tel^raph Co., and the 
Western Electric Co. of America, are of the highest value, and much 
of the pioneer work in the important appUcations of the art has been 
done in their laboratories. The late National Telephone Co. also did 
excdlent work in this country ; and the British Post Office has a 
trained technical staff, including the late National Telephone Co.'s 
experts, continually employed on telephonic problems. The Tele- 
graphen- Veisuchsamt of the German Post Office has existed for many 
years, and has published much valuable information from time to 
time, from its records. The Japanese Post Office has also recently 
published details of important transmission investigations made in 
its laboratory. It may further be mentioned that the French Post 
Office has recently organised a " Service d'Etudes et de Recherches 
Techniques," and many smaller oi^:anisations closely study the most 
up'to-date methods. 

The author takes the opportunity of thanking the Engineer-in- 
Cbief of the Post Office for permission to publish details of Depart- 
moital apparatus, and particulars of tests which were carried out by 
the Post Office Engineering Research Staff. 

Til 
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The Author is much indebted to Mr. W. J. Hilyer, B.Sc. (Eng.), 
and to Mr. C. Robinson, B.A. (Eng.), the fonner having been kind 
enough to read Chapters XI. and XII., and the latter Chapter XIV. 

To Mr. A. B. Morice, B.Sc. (Eng.), the Author's special thanks 
are due for having worked a large part of the problems, and pre- 
pared a number of the curves, brides reading the whole of the 
proofs, and ofiering suggestions which must result in making some 
parts of the book clearer and more complete than they would 
otherwise have been. 

l/ovm^tr, 1919. 



.y Google 



CONTENTS 



INTRODUCTION 



CHAPTER I 

MATHEMATICAL FORMUL* AND NOTES 

Th« Binomial Theorem — The EKponeDlial Series— Relation! between the sine, 

cosine, and eiponential^ Geometrical prt^ression — Vectors — Operations 
on vectors— Developmeot of hyperbolic functions — List of formuUe of 
hyperbolic functions with multiple angles — DitTerEnlial coefficients and 
integrals of hyperbolic functions — Complex hyperbolic angles — List of 
foimulic involving imaginary hyperbolic angles — Maxima and minima 
problems— Simple harmonic motion and the sine function — Angular 
velocity — Ampiitnde— Phase — The cosine function— The equation of 
simple harmonic motion — Length and time in sine functions — Wave length 
and ware length ctmatant — Attenuation of the sine wave — Distinction 
between the transient and steady slate — Titles of tables of hyperbolic 
functions 



CHAPTER 11 

THE INFINITE LINE — DIRECT CURRENT CASE 

General remarks. Statement and use of formula relating to the transmission 
of volts and current- — Relation between y, K„ R, and G — Approximation 
to the tafiniie line condition- Relative effect of y and R, on Uie received 
rmirent — Comparison of the transmission efficiency of infinite circtiits — 
Power in the infinite line — Comparison of the relative power in two 
infinite circnits- Examples 

CHAPTER III 

THE EQUIVALENT CIRCUIT, DIRECT CURRENT CASE 

InlTodoctory remarks. Diagrams of equivalent and nominal circuits — 
Equivalent formalM for reference— Development of transmission formulte 
for finite transmission lines without apparatus— Remarks on the formulae 
for finite line* without apparatus — Formulae for the measurement of the 
electrical constants of a iransmissioo circuit- Comparison between the 



..Google 



CONTENTS 



received cnneot in a shorl-circaited line, with t!ie current at the same 
point in an infinite line — Development of tiHiumiission formulse for lines 
with apparatus at one end ot both ends— Proof that the received current 
is the same with apparatus at both ends of the line when the voltage is 
impressed at either end — Equivalence of T and n circuits and the lelatioD 
of Ibeir constants — Examples 



CHAPTER IV 



General — Rt^lar series loading of uniform lines — R^^ular leak loading of 
uniform lines, special case — Relative value of the series load and Teak 
load which produce the same line angle 9 in a given pniform circuit — 
R^lar leak loading, general case— G. A. Campbell's formula— Arti- 
ficial cables — The nominal circuit — Error due to the use of the nominal 
fomulK in measaring resistance and insulation — Examples 



CHAPTER V 

THE HUMAN VOICE IN TELEPHONY 

IntrodDCIion — Nature and varieties oF sound — Resonance— Limits of pitch of 
the human Toice — Mean frequency of the human voice — Range of sound 
perceived by the ear — The oscillograph — Enamination of oscillograms of 
the voice — Vowel records — The time required for current waves to attain 
the steady state — Comparative amplitude of speech soiuids as sliown bj 
qscillograms — Variation of wave lorm in diftercnt circuits — Lag of received 
current in submarine cable — Comparison of speech records taken by 
diRerent hieans — Quality of speech in different kinds of telephone lines— 
The frequ«icy of current speech waves — Details of experiments to deter- 
mine the mean frequency of speech — Conclusions 



CHAPTER VI 



Phase ivith reference to the sending end of the line — Amplitude and vector — 
Propagation of volts and cDrrenl in an inSnite line — Development of 
formnlx for relation of volts and current at intermediate points in a 
transmission line — Power at any point in a transmission line^Examples 
in the working of alternating current problems relating lo transmisaion — 
Calculation or Z, and the complex attenuation constant — Calculation of 
cnrrent in inlinite line — Calculation of received current at the end of a 
70 lbs. finite cable line without apparatus and with apparatus, also sending 
end impedance and current — Calculation of equivalent circuits — Curve 
showing variation of impedance with length in a 70 lbs. circuit closed at 
the receiving end 93 



I by Google 



CONTENTS 
CHAPTER Vn 

REFLECTION AND POWER IN TELEPHONE CIRCUITS 
ReAeclioD, ^neca] lemiuks — Refleclion >l tbe junction of two infinite lines — 



«qiutiun$ by reflection — Relation between the power in terminal apparatus 
at the ends of uniFonn transmiision lines and the relative impedance of 
the line and apparatos — Power in ippatatus al One end or both endi, 
inctnding teiminal losa~Concluuons regarding effects of impedance — 
Comparison of calculated and observed e&cts of terminal loas — Ttsoulion 
loss— Terminal toss with different lengths of local line in circuit with 
standard common Iratlerj instruments — Remarks on design of apparatus — 



CHAPTER VIII 

THE CONSTANTS OP TELEPHONE CIRCUITS 

ite on the constants of telephone circaita— Direct cunent resistance — 
FormnlK based on Hattliiessen's Standard — Formulae based on the Engi- 
ttening Slaodards Committee's {1905) definitions — Formulx based on the 
standard of the International Electrotechnical Commission, Berlin, 1913— 
Temperature coefficient of copper — Iron wire — Phosphor bronie wire — 
Alnminiam wire — EffectiTC resistance, general— Effective resistance of 
loading coils — Effective resistance of iron wire — Inductance of a straight 
cylindrical wire — Inductwice of a return circuit — Formula for induct- 

— Cajracity of ringle-wire aerial line — Capacity of underground cables 
— Capacity of pliantom circuits — Capacity of submarine cables — 
Electrification and absorption in submarine cables — The most general 
form for the attenuation constant — The theoretical minimum value 
of jS — Volume and clearness of speech— Formula for B when nL is 
great in proportion to R and wC is great in proportion to G — Minimnm 
valae of the same formula — Note on B for phantom circuits and side 
drcuitB-^0 for loaded op«n lines— 3 for high resistance unloaded lines — 
Conditiocu in which it holds good — Formula for ;8 when leakanee is 
neglected — Wave leiwtb constant — Table of site* of hard-drawn telephone 
conductors — Table of telephone circuit constants — Examples . • ■ . 



CHAPTER IX 

THE LOADING OF TELEPHONE CIRCUITS — A.C CASE 

General — The effects of capacity in tel^ione circuits — Compensation of the 
effects of capacity by inductance — The distortionless circuit — Effects of 
leakanee in loaded and tmloaded lines— Analogy between ideal loading 
artd pore tine wave transmtssian— Practical alternative to ideal loading — 
Relation between the minimum attenuation constant and the degjte of 
loadii^ — Continuous or Kramp loading formula and deductions — Com- 
pantive effect on B of increasing effective resistance and leakanee— 
Adnntages and disadvantages of continnoui loading — DislOTIion in 



..Gooj^le 



CONTENTS 



continuously loaded circuits — Seriei lamped loading; allemating cunent 
case — Rules for spacing loading coils — Loading coils for aerial and nnder- 

f [round circuit! — Lightning protectors for aerial lines^Melhod of fitting 
oading coils on poles — Factoiy tc^ts of loading coiU — The effects of 
loading on underground air-space cables — The loaded superimpoied or 
phantom telephone circuit — {Practical applications of series coil loading 
to underground cables — Details of Birmin^hatn- Liverpool and LondoD- 
Binningliam [:oil loaded cables — Loaded aerial lines — Distortion in undei- 

8 round coil loaded cables — General notes on distortion — Effect on of 
ic addition of the phantom circuit coil5-~Application of continuous 
loading to underground circaits — Details of cable used—Series coil loaded 
submarine cables — Maiimum speed of signalliiw: with fixed outer diameter 
D— Minimum $ of submarine cable tritb fixed outer diameter D — 
Formula for the weight and thickness of the guttapercha covering of 
cable condoclora — Leakance in guttapercha and balata cables— Economy 
of material due to loading submarine cables — Impedance of coil loaded 
cables — Delaili of modern coil loaded cables — Details of two phantom 
cttcuils in a four wire submarine cable — Submarine continuously loaded 
cables, advantages and disadvantages — Table of recent continuously loaded 
cables — Table showing comparative materials and efficiency for a coil 
loaded and continuously loaded cable — Leak loading — Eiamples . 



CHAPTER X 



General requirements— The Duddell alternator— The post-office sine-wave 
alternator— Reed control of speed— The A.C.Wheatstone bridge— Develop- 
ment of tormuls for bridge balance— Details of impedance measurements 
^ the A.C. bridge— The special advantages of the A.C. bridge— The 
Dryidale D.C.-A.C. potentiometer — The Franke machine — Description of 
machine and method of making tests — Formula: applicable to the machine 
— Detail* of tests and examples of deducing circuit constants from them — 
Results of tests on 300 Iba. aerial lines — Alternative methods of calculation 
and measurement — Measurement of the electrical constants of very short 
transmission lines — Fall of potential method for measirring — Tests on 
an unloaded double-wire submarine cable — Tests on a single-wire sub- 
marine cable— Tests on ardficial cables— Artificial circuits to meet special 
reijuirements— The cross-talk meter ; description and method of use . . 



CHAPTER XI 

THE STANDARD CABLE AND ITS USES 



.u...».~«- of the method — Standards c __. . . 

of standard apparatus— Zero loop standard and sending and 
allowance curves— Current supply loss curves — Effect of fired 

.v^i^™.^ — nission circuit — Applications of the standard 

cable method of testing— Testa of C.B. systems— Tests of the «lative 
transmission efficiency of telephone conductors — Terminal loss in loaded 
lines, curves of losses— Transmission schemes—The general transmission 
scheme in the United Kingdom- Details of British commercial trans- 
mission sundardj— The design of a transmission scheme— R«inuk* on 



..Google 



CONTENTS 

ItaosmiswM) losses in lines, appamtas, and aUca — Transmission equiva- 
lent* of tele^one apparalns and cord circuits — Table of apparatus 
impedaace* — Transmission records — Use of the minus sign to denote 
gains b transmission — Importance of the nuuntenance of transmission 
standards — Examples 



CHAPTER XII 

COST PROBLEMS IN TELEPHONIC TRANSMISSION 

The minimam cost of a loaded underground cable for a gi 

effidencT—The minimum weight of copper conductor required for a fixed 
transmission efficiency in aenal line conductors — Cost curves for local 
telephone systems — Applications of the carves — Minimum cost formulx 
for local transmission systems — Minimum cost formula for aerial lines of 
small gauge — Examples 



CHAPTER Xm 



Development of formulas for the received current at the end of two lines in 
series, wiih apparatus at either end — Development of formula for the 
received current at the end of three lines in series — The effect of the 
lition of one of three circaits in series when its impedance differs fiom 
t of the other two — The effect of placing an impedance in series at 
my point in a uniform transmission line of any length — Impedance of a 



Ki": 



uniform line with a series load in the centre — The chaiacteristic ir 
of a series coil loaded line— The effect of a leak n 
or in (he centre of a loi^ line — Example . - . 



CHAPTER XIV 

THE THERMIONIC VALVE AS A TELEPHONIC RELAY 

General considerations — Early telephonic iielays — Development of the thermi- 
onic valve — Theory of action — Determination of telephonic relay charac- 
teristics — Single relay lepeateis — Problems of balance in the single relay 
repeater- — Interaction between relays in the same circtiit — Dounle relay 
repeaters — Artificial circuits to represent loaded lines — The Van Kesteren 
system of relay working — Signalling and ringing arrangements — Advan- 

Xof the relay method of improving transmission — The thermionic 
used as an osdllalor 33S 



.y Google 



CONTENTS 



APPENDIXES 



Mathematical proof of the relations between the Toll^e and cuirent In the 
steady state in a line of any length with aniformlr distiibuled electrical 

36' 



Elementary malhematicAl pioof or the relations between (he voltage and 
cnnent in the ateady state in an infinite line with uniformly distributed 

368 



To find the constants of on iilificiol T line which acts externally in the steady 
state in the same way as a line of any length with uniformly distributed 



To find the constants of an artificial n line . 



The minimum value of the attenuation constant and wave length constant 

when LG = CR 380 



Simplification of the attenuation constant and wave length constant when aC 

is great in proportion to G, and a>L is great in proportion to R . . . . 383 

VII 

Proof of the equation in accordance with which Fig. 90 is constructed, with 

(lamples of the method of applying (he curve 364 

VIII 
Graphi of exponential values 39" 

Index 393 



FOLDING OUT PLATE 

Fig. 90. — Relation between Inductance and Attenuation Constant in Loaded 

Circuits . To fate page 173 



.y Google 



INTRODUCTION 



It seems desirable at the outset to describe briefly the special 
features of this book. These may be summarized as follows : — 

(a) Numerous examples involving the use of transmission 
foimulae are given, and fully worked out, and a chapter on trans- 
mission measurements is included. 

ifi) A large amount of space is devoted to practical applications 
of tne laws of telephonic transmission, including the solution of 
important cost problems and standard cable practice. 

(c) In addition to the usual proofs of transmission equations a 
special point is made of developing the fundamental formulfe of 
transmission in what appears to the author to be the simplest way 
possible, consistent witli sound theory. 

As regards the last paragraph, the usual method of proof involves 
a knowledge of sine wave transmission, including the treatment 
of reflection at the boundary of unequal impedances, and also the 
difierential calculus. This method has doubtless great advantages 
for those who are sufQciently conversant with it, and accordingly 
the usual proofs on these lines will be found in Appendix I. and 
Chapter Vfl. 

There are, however, many persons employed in telephtmic work 
who cannot follow such advanced methods, but to wh<Hn never- 
theless a clear conception of the fundamental facts underlying the 
ordinary transmission fonnuUe would be of great advantage. An 
attempt has been made to meet this difficulty in some measure. 
It should, however, be borne in mind, as explained in (c), that the 
simpLificatious are generally speaking additional matter. 

The simplified plan adopted is in the first instance to consider 
the ^mpl^ possible transmission line, i.e. the infinite line, and to 
pnrove the fundamental foimuls relating to it without the calculus. 
This is done in Appendix II. Following on from this it is proved, 
by means of quadraticequationsinAppendixesIII. andlV., that the 
constants of an artifidal circuit can be found, which is equivalent, 
within limits which are defined, to a real transmission circuit of 
any loigth. In Chapter III. it is shown how the constants of this 
. arufidal circuit can be utilized in a simple manner by methods 
coming under the operation of Ohm's law, to the building up of the 
same transmission equations as are developed in Appendix I, and 
Chapter VII. by the more orthodox methods. 

In addition to the development of transmission formuhe by the 
aid of the laws of reflection and refraction at the junction of unequal 
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impedances, transmission losses and gains at such junctions are 
invest^ted by expressions for the power in the circuit, and the 
conditions in wbicn maximum power is obtained are found (see 
Chapter VII.), This leads to a clear appreciation of what constitutes 
loss and gain in a telephone circuit. Some unavoidable complexity 
is here involved, but this is less than that involved in the usual 
treatment. 

It must be recognized from the commencement that there is a 
certain amount of unavoidable complexity in transmission problems 
which cannot be eliminated. This may be divided mto two 



(i) That due to the inherent complexity of the laws of trans- 
mission, however developed ; and 

(2) That due to the fact that telephonic transmission involves 
alternating current calculations of a complicated kind. 

Much of the complexity of the subject is due to the latter cause, 
and for this reason direct current transmission is first dealt with. 
There is, however, nothing new in this idea. 

Although the use of hyperbohc functions is on the increase in 
works on telephonic transmission, their use is not universal, and 
the question may arise as to why they should be extensively used 
in a book such as this which auns at avoiding unnecessaiy com- 
plexity ? The answer is that in the author^ opinion their use 
matenally simplifies the working of transmission problems where 
tables of nypen)otic functions are available. Thus, to take a simple 
example. The sending end impedance of a transmission line with 

the distant end closed is Zj, ^^ = Zq tanh 9. If the value of 

is known the value of tanh 9 may be found direct from a suitable 
table. The same result may be arrived at by the aid of a table 
of exponentials such as that given in Appendix VIII., but in that case 
further arithmetical operations are necessary before the required 
value is obtained. The fact is that in any finite transmission line, 
with or without apparatus, every expression for the volts, current, 
and impedance, at any point of the Une, contains a factor or term 
which can be expressed as a hyperbolic function, and it cannot 
be expressed in any other way which involves so tittle labour 
in evaluation when suitable tables of hyperbohc functions are 
available, wMch is assumed. Even, however, if they are not, no 
additional work is caused by the use of the functions. The material 
advantage pointed out will be found, on studying the subject, to 
be supplemented by others of an important kind, which are explained 
in Chapter HI. 

As regards the importance of telephonic transmission to large 
telephone administrations, it is only necessary to point out that the 
subject deals with the efficiency of all the telephones and lines in 
the system. The plant may cost many miUions of pounds, and the 
most efficient and economical method of laying it out can only be 
found by the fullest knowledge of all the factors involved. The 
proper study and apphcation of telephonic transmission must result, 
therefore, in great economies, as compared with any non-scientific 
method of providing the plant for a given transmission efficiency. 
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CHAPTER I 

•^ MATHEMATICAL FORMVLM AND NOTES 

1. Introdaotory Remarks. — ^The following fonnulse and notes are 
given with the object of directing the reader's attention to the more 
important fomiulse used in the book, and providing some assistance 
in their elucidation. The chapter forms a summary of essentials 
which is not intended to supersede the detailed study of mathe- 
matical treatises. If, however, the reader is acquainted with algebra 
up to and including the theory of indices, the compoimd interest 
law, and simple logarithms, and Is familiar with ordinary trigono- 
metrical formuliE, he will probably be able to make good use of 
the notes. 

In some cases, however, the differential calculus is used, but as 
a rule throughout the book, an alternative, and simpler, treatment 
is indicated with the object of making the fundamental parts of the 
subject accessible to as large a number of readers as possible. 

2. The Binomial Theorem. — This theorem provides a formula 
which makes it possible to immediately raise any binominal quantity 
such as {a -f 6) to any proposed power. The theorem stated alge- 
braically is 

The number of terms on the right-hand side of this equation is 
« + 1 when rt is positive, the number of terms is infinite when n 
is negative or fractional. 

The accuracy of the equation may easily be verified by using 
it to develop well known formulte, such, for example, as (a + 6)3 
or any more complex power of {a + 6). 

8. The Exponential Series. — It may be seen from part^raph 2 
that if n is greater than i, no matter how large the index n may be, 
the number of terms is k -f i, so that if n be infinitely great, the 
number of terms will be infinite, and we thus obtain an infinite 
series. If such a series tends to a definite limiting value, as the 
number of terms is indefinitely increased, the series is said to be 
convergent. Inasmuch as the supposed series contains an infinite 
number of terms, it is obvious that perfect exactness in calculation 
caimot be attained, but by taking a sufficient number of terms 
any desired degree of exactitude may be arrived at. Now the terms 
of some series decrease much more rapidly in value than others, 
and the one we are about to deal with is a rapidly converging 
series. Equation (i) may be made use of. As a first step in its 
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development (a + 6)" is modified as follows. Let a = i, b = - aod 
n = x, and let the sum of the series be called e, then we have 



(»+4).-(i+!)"-« 



If X is a very large quantity and if this algebraical series be expanded 
by the binomial theorem, we obtain 



+r 



This expansion converges so rapidly that if the sum of the fiist 
13 terms be taken, the value of e is correctly found to seven decimal 
places, or e =27182818. 

In any equation of the form y ^ a', where a is any constant 
and X any variable exponent, y is called an exponential expression. 
If the constajit has the value e already developed, we have y = ^. 
Now 6 is the base of the Napierian logarithms, also known as the 
natural, and the hyperbohc logarithms. If e be raised to the 
power X by the aid of (2) and the binomial theorem, we have 

^i+?+^+^!_+ ^* + — t. — +...(3) 

This is the exponential series, and it will be used in connection with 
the sine and cosine series. 

Napierian logarithms, and the expression ff', are very largely 
used in analytical investigations on account of some remarkable 
properties which they possess, and which make for simplification. 
A remarkable property of equation (3), for example, which is of use 
in telephonic transmission is at once made evident by a simple 
application of the difierential calculus. By differentiation of (3) we 
obtain 

X ''+I^I.^^I.2.S^I.2.3.1|tl-2.3.4S 

So that the series is unchanged by differentiation ; or in other words, 
S-.l = e*, that is to say, the rate of change of e* with respect to x 
is e*. If any other base than t be taken, the rate of change is more 
complex. 

An application of an exponential equation to telephonic trans- 
mission IS given at the end of the chapter. 

4. RfllaUons between the Sine, Cosine, and Exponential. — The 
sine and cosine of an angle x, which are functions of the angle in 
circular trigonometry, may be expressed as expansions in series, 
thus— 

sin X = * ^— + — (4) 

1.2.3^1.2.3.4.5 ^'^' 



1.2 1.2.3.4 



■ ■ (5) 
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MATHEMATICAL FORMULM AND NOTES 
If y^ be substituted for x in formula (3) we obtain 

'■' 1.2 1.2.3 1^2.3.4 1.2.3.4.5 

V 1.2 ^1.2.3.4 / 

+i-.4.i+Y.^hi:,--)- ■ <**> 

that is ei* = cos X +j sin » (7) 



h) is known as De Moivre's theorem. 
It may be 



may be similarly shown that 

i-^ = e~i'=cosx~jsinx . ... (8) 

5. Geometrleal Progression. — In the following equation let S be 
the sum of n terms in series 

S ==a +ar + ar^ + ar^ + , . . +flr«-i . . {9) 

Here any term is always r times the preceding term, and r is called 
the common ratio. Smce the second term is or, the Mth term is 
flr»-i. Multiply each side of (9) by r and we obtain 

Sr = <»■ + ar2 + ofS + . , . + ar" . . (10) 

Subtract (9) from (lo) and we obtain 

Sr-S=af"-a (li) 

seeing that the other terms cancel out. If r is greater than 
I we nave 

S{r — i) =ar* — a 

whence ^ S = ——^~ (12) 

If r is less than i this becomes 

S-Sr = fl-~ar" 
whence S = ''S\£/;') = -±- -. J^.^ . . . {13) 

It is clear from (13) that S, the sum of the geometrical series, 

is less than z-^, but if n is made sufficiently large - ^_ - - will 

become very small, and in this way S may be made to differ from 

'j_ - by a quantity which is less than any assignable quantity, 

therefore in the limit 

S-J-4-, (14) 

6. Veetors — General. — Physical quantities that have magnitude, 
direction, and sense are called vector quantities, or simply vectors. 
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4 TELEPHONIC TRANSMISSION 

Thus, alternating voltages and currents continuously vary in 
magnitude and phase (corresponding to direction), and are alter- 
nately positive and negative (corresponding to sense), and may 
therefore be represented by vectors. The vector OP (Fig. i) has 
a magnitude OP, a direction which is indicated by the angle ^ that 
OP makes with tlie liorizontal line a and a sense indicated by the 
arrow head in OP. 

A vector of a given magnitude may have any direction, and it 
is convenient for our purpose to regard its magnitude as the hypo- 
tenuse of a right-angled tri- 
angle, as shown in Fig. i, 
where OP is opposite the 
right angle. If O be regarded 
as the centre of a circle round 
which OP turns, the com- 
ponent parts a and b of the 
vector will be diflerent with 
every position ; but in all 
cases, except when the line 
OP is vertical. or horizontal, 
it is possible to construct a 
right-angled triangle with OP 
as hypotenuse, ^id with the 
side a horizontal and the side 
b vertical. In such a case 
the horizontal line serves as 
a fixed axis of reference, and 
this facilitates calculation. 
Fig- »■ and comparison of one vector 

with another. If the magni- 
tude of OP be called A, then this magnitude may be represented in 
different ways as follows : — 

(a) A m ay be regarded by Euclid I. 47 as having a value 
■s/a^ + 62, and this magnitude is at an angle ^ with OX, If the 



X, a V 



angled 



positive the vector value may tlien be written 
Ay = •/«' + 6'/ tan -1- 



(15) 



that is, Va'+ft' at a positive angle ^ whose tangent is -. A negative 

angle is indicated thus\^. 

(6) If in Fig. i, is the centre of a circle of which the diameter 
is XxX, all lines from to * are regarded as positive and lines from 
to a;i as negative. A line turned through a right angle in the 
positive direction, such as h', is denoted by v ~i— J *o indicate the 
degree of turning, hence the vertical line b in Fig. i may be denoted 
by jh. If the rotation had been 00° in the negative direction the 
vector would have been —jh. The vector A /# may be regarded 
as the resultant of a.-^jh, and we then have ~ 



Al^ = a+jb . 
Powers 0/ V— 



(16) 
{17) 
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MATHEMATICAL FORMULA AND NOTES 5 

Sincey^V— I ■'■j^ = —i, j^ = ~\/—i, j* = +i, etc. 
From Fig. i we have 

a = A cos ^ ; 6 = A sin ^ ; and .". jb = Aj sin # 

Adding the value of a and jb, and coilecting the results of (7), (15) 
and {16), we have 

fl+y6 = A(cos^+;sin 4,) = Aei* = y/a^ + b^ , tan - >^ = A/* (iS) 

In this case the angle ^ has been substituted lor x in (7), and this 
course will be adhered to in future references. 
Subtracting y& from a we may similarly write 

<i-/6=A(cos^— ;sin^)=A(J-i*=V'a2+6*\tan->( — )=AV^ (^9) 
In Fig. I A = V"'^ + &' is known as the modtdus. and 



Operationg on V«eton. 

7. Addition and Sabtraetlon of Veetors. — a +jb is a complex 
number having a real part a and an imaginary part jb. If two com- 
plex numbers are equal, their real parts are equal and their imaginary 
parts are equal, thus : if a +jb = c +id, then a=c and b = d. 

If A = (a +jb) + (c +}d), then 

A = {a+c)+j{b+d) .... (21) 

To add vectors, therefore, add all the real parts to obtain the 
real jiart of the resultant, and add fdl the imaginary parts to obtain 
the unaginary part of the resultant. 

The same principle applies to the sabtraotion of veetors : thus 

If A = (a +Jb) - (c +;5). then 

A = (a~c)+j(b-d) .... {22) 

8. MnltiplleaUon of Veetow.— By {18} we have a +jb = Aei*- 
Similarly we may write c +jd = B/*'. 

.-. (a -\-jb){c +;d) = Aei* x Bei*' = ABei(*+*'^ = AB /^ + ^1 (23) 

Hence the product of vectors is found by multiplying their 
m^nitudes or moduh and adding their angles. 
. 9. The Qnotient of two Veetors is similarly found by dividing one 
modulus by the other, and subtracting the angle or argument of 
the divisor from that of the dividend ; thus 

or i+i» = A£» _ A „ - ,,) _ A/i _ A 
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10. Powers of a Vector. — 

Example. — Raise A(cos ^ +j sin ^) = Ae** to the nth power. 

We have A"{cos n^ +j sin n<f) = A"s'"* = (a +;6)" . (25) 

This is proved in works on trigonometry. A is alwayspositive, 
^ is any angle, and n any number, positive or negative. The angle 
^ is usually expressed in radians. 

11. The Square Boot of a Vector. — As a particular case of (25), 
we have 

A*(cos I +;■ sin |) = Va4 = V^TJh = VR'= (26) 

Hence, to obtain the scnjare root of a vector take the square root 
of the modulus and divide the angle by 2. 

12. Logarithm of a Vector. — 

(a) I£log,(<i+y6)=log.v'«'''+6"2 /tan-i^ [see (18)] =A+yB 

then A = ilog,(a2+6i!); andB=tan-i- . . (27} 

(b) Let {a +jb) = \i^*. Since j> is log, of «**. 

■■. log. {a +jb) =log Ai +;> 

where ^ is expressed in radians. 

13. Hyperbolic Functions.— The mathematical expressions which 
show the relations of voltage and current in finite transmission lines 
contain functions of the exponential which are known as hyperbolic 
functions, and these may be derived as follows. 

By addition of equations (7) and {8) we have 

«'■* +£-'♦ = cos ^+> sin ^ +COS ^ —/ sin ^ = 2 cos ^ 

whence cos^= ' - (28) 

Similarly by subtraction of (8) from (7) we obtain 
ei* — e- )■* 



sin ^ = 



\tjQ be now written for ^ in (28) and (29), we obtain 

cos^ = cos;e— — ~ — .... (30) 
sm* = sm;S=^.(— ^— j=;( ^ ) . (31) 

The expressions 2 ^^^ — 2 — ^'^ called cosh 6 and sinh 6 
respectively. We may therefore write by {30) and (31) 

cos j$ = cosh e = ' +^ ... (32) 
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MATHEMATICAL FORMULM AND NOTES 7 

sin jS =} sinh 6 =y( — - — j 

or sinh 6 = ~ - — {33) 

The similarity between the sine and cosine and the sinh and 
cosh values extends also to the geometrical relations between the 
two as well as to the algebraic values of these functions. It can, 
in fact, be shown that there are six hyperbolic functions connected 
with the equilateral hyperbola, which have a resemblance to the 
six functions of circular trigonometry, and which are called the 
hyperbolic sine, cosine, tangent, secant, cosecant, and cotangent. 
These functions receive the general name of hyperbdlc functions, 
and are as follows ; the whole six are given together for reference. 

sinh 9=—^ — (34) 

gB A. g-9 
cosh 9 = -^ — {35) 

'"*»-^!^ ») 

cosechD-^^-^ (37) 

«""' = ^-?* '3*' 

'"^'"S^ (39) 

It should be noticed that in every case the names given to these 
functions are the same as those given to the corresponding trigo- 
nometrical function, with the addition of theletterA.whichindicaies 
that they are hyperbolic functions. 

From the fact that cos jS = cosh e = cos ^ and sin j$ =j sinh 
= sin ^ by (30) and (31), it follows that any formula in circular 
functions may be transformed into one in hyperbohc functions, but 
the + and — signs in the two sets of formuhe will not necessarily 
be the same ; cosh B has, however, the same sign as cos 1^ and replaces 
it : but sinh 9 requires further examination, seeing that j sinh 6 
= 8in ^ So long as these functions are directly equated to each 
other and involve only the first power, the operator / remains. 
There are, however, a number of equations in which the first power 
of j sinh 8 appears on each side, and cancels out. For example, we 
Imve 

sin < / sinh 9 - . u « sinh B . , „ , ,„. 

Also ^^^,='S^H,x,-\T, = ax^t. . (41) 

If the second power of j sinh fl appeals in any expression, it 
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8 TELEPHONIC TRANSMISSION 

becomes (; sinh 9)*= — sinh^ B, and similar treatment may be 
applied to other functions containing ;'. Bearing these facts in 
mmd, any equation in ordinary trigonometry may be converted into 
hyperbolic functions; for example — 

cos" 6 + sin^ ^ — I becomes by (30) to (33) 
cosh^ e + (;■ sinh e)' = cosh^ 9 — sinhs fl = i 

tan 2^ = f^rp^i i '"^y ^ expressed in hyperbolic functions thus 

j tanh 26 = ^{"-*f"V^,a ; that is, tanh 2 
■' I— (jtanhfl)"' 



2 tanh e 
\- tanh» e 



Proceeding in this way the following relations of hyperbolic 
functions to each other may be deduced. [See also (3.O to {39).] 

14. List of FormalsB of Hyperbolic Fnnotions with Multiple, etc.. 
Angles. — 

sinh {e ± 9j) = sinh B cosh B^ + cosh B sinh *i , . . (42) 
sinh {6 + 01+ B^) = sinh 9j cosh 6 cosh B^ + sinh 9 sinh »i sinh flg 
+ smh 6 cosh 9^ cosh 6^ 
+ sinh ffg cosh B cosh e, . . . (43) 

sinh 6 + cosh fl = e* (44) 

cosh B — sinh B=c~* (45) 

cosh^ 6 — sinh* B = i (46) 

sinh 29 = 2 sinh B cosh 6 (47) 

cosh {e ± 9i)= cosh 9 cosh fli + sinh 9 sinh 9i . . (48) 
cosh 2fl = cosh^ 9 + sinh" 9 = 2 sinh^ 9 + 1 

= 2 coshsfl — 1 (49) 

sech* 9 = 1— tanh" 9 {50) 

cosech* 9 = cotanh* 9 — i (51) 

sinh ' = -v/ilcosh 9 — t) (52) 

cosh I = ■v/i(cosh9 + i) (53) 

. ,6 sinh 9 _ cosh 9 — i , . 

^"'^i^ i+cosh9 - sinh9 • ■ • ■ (34) 

'-»"^^-rTSf9 (55) 

tanh (9+ 9.) = — -r-: — t ■ . . — r— ^ (50) 

I + tanh 9 tanh fij '-^ ' 

The list might, of course, be continued if necessary. 

15. Hulma and minima Values ol the Hyperbolfe Fanotloiu. — 

As 9 changes from — 00 to + m , all intermediate values between the 

limits are attained. 

sinh 0=0 cosh = 1 tanh 0=0. . (57) 

sinh 00 = 00 cosh 00 = 00 tanh 00 = 1. . (58) 

sinh(— 00) = — CO cosh(— eo}=co tanh (—«) =— i {59) 
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IS. DiBerentlal Coeffleieots and Integrals ol Hyperbolie Fnnetlons. 

d sinh 6 , „ ,, , 

— T^ — = cosh 9 (do) 

iS^^ = smh6 (6l) 

^*^* = sech« 6 (62) 

^|«LM = coth9 (63) 

<nog^cosh_ff^j^^g (64) 

d log,^t^anh fl ^ seeh tf cosech 9 = 2 cosech 2g . (65) 

/ sinha Ode = J(sinh 8 cosh 9-$)+c . . (66) 

/ cosh' ede = i(sinh 6 cosh e + 9)+c . . (67) 

/ tanhs ddB = {e- tanh J) + c (68) 

17. ComplAi Hyperbolic Angles. — In alternating current problems 
expressions are met with which involve ima^ary hyperbohc angles : 
thus we have sinh {9+j0i) =sinh ficosh^flj +cosfi $ sinh^'ffi. 

To obtain the value of this equation the hyperbolic angles 
cosh j0i and sinh jO, are converted as follows. We have from (32) 
cosh 9i =cQSJ$i. If $1 be changed to;fli this becomes 

■coshyPj =cosy-fli =cos (~ ffi) =cos flj . (69) 

We also have by (33)^ sinh Bi = sin j9i. If $1 be changed toj$i 
we obtain 

j sinh yfli = sin (—'$1) 
or sinh ;9i = —y sin (—fli) =;■ sin Sj . . (70) 

Substituting the values of cosh )'9i and sinh jB^ in the equation 
for sinh (9 +j9j) from (69) and {70), we obtain 

sinh (9 +j9j} = smh 9 cos tfi +j cosh 9 sin flj 

and similarly 

cosh (6 +jBi) = cosh 9 cos fli +j sinh 9 sin 9i 

also tanh (» ±,«,) = «HJL^ «!al>%- 

' ^ " I ± tanh 9tanhjei 

or tanh(fl±>flO=-^^^¥4^i^^4- 

^ ^ " I ±; tanh 9 tan 9^ 

Since by (69) and (70) ^-2^ =1^^ 
J vr>i u I cosh^fli cos 01 

o*" tanh ;9i =y tan 9i .... (71) 
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IS. Lrlst of Formnlte involylng Im^nary Hyperbolio Angles. — 
CoUecting and extending the results of the expressions for imaginary 
hyperbohc angles, we have the following list : — 



sin j8i =j sinh 8^ . 
cosjffi =cosh tfi 
tan^fli =y tanh 6^ . 
cot j9i = — y coth flj 
sec j6, = sech fl^ 
cosecjfl, = — y cosecli fl. 



sinhyflj =j sin flj 
cosh jSi = cos $1 
tanh ;fl, =j tan e, 
coth^flj = —j cot fli 
sech yfl, — sec Cj 
cosech^ffi = — y COS* 

sinh (ff ±;9j) =sinh 9 cos 8^ ±j cosh 9 sin 6i 
cosh (e ± }8i) = cosh fl cos fli ± / sinh 8 sin ffj . 
^ tanh e± / tan Bj 
I ±y tanh etan fli ■ 
19. Theorem relating to Hyperbolic PnnoUoni. — If 
b ^ sinh Bj 
a cosh ffi 
then v'«^ — ** sinh {fl + »,)=« sinh fl + 6 cosh 6 

From the preceding we have 

fcg sinh« fl] 



tanh (fl±jfli) 



(72) 
(73) 
(74) 
(75) 
(76) 
(77) 
(78) 
(79) 
(80) 



whence 
and 



is- 



a2 sinh2 e, ■ 



cosh" fli 
cosh 8, ■■ 



by (46) 



Also similarly we may write by inverting - 

a^ — fcs cosh2 9, — sinh^ 8, 



b^ 



sinh" fli 



sinh fli = - 



(83) 



Substitute the values of sinh Si and cosh ffj from {82) and (83) 
in (42), and we obtain 



sinh (tf + fli)=:sinh 1 



Va^ 



that is -v/a^ — b^ sinh (8 + flj) = a sinh 9 + 6 cosh 8 . {84) 

20. Haxims &nd Minima. — If ^ is a function of x there are 
numerous cases where y increases to a maximum value and then 
decreases, or where y decreases to a minimum and then increases. 
Such cases are frequently met with in transmission problems, and 
two methods of finding the maxima and minima values will nc- 
be explained. There are also more complex cases where i — --— 
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and minima values alternate and recur, but these are not dealt with 
here. The problems dealt with have a direct application at a later 
stage. Problem i is used frequently, and problem 2 is utilised in 
Chapter IX. 

Problem i. — Find a minimum value for U^/i 4. -L.) 

we have y = V^ (85} 

If a curve be plotted with values of y as ordinates and values 
of :k as abscissae, the minimum value may be read by inspection of 



the curve. It will suffice in this case to plot^ values of x between 
o and 5, as it is obvious by inspection that ■y/x continually increases 
and -y= continually decreases, and therefore there can only be one 

minimum value of v ; the maximum value of v will only be reached 
when X reaches infinity on the one hand, and is infinitely small on 
the other hand. Fig. 2 shows that the minimum value of y is 
attained when x = i. To find the maximum or minimum by 
differentiation in this case, we have 
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12 TELEPHONIC TRANSMISSION 

When the minimum value of y is reached it commences to increase, 

and at the exact value j^ = o (86) becomes 



,±(^i-J^ or Vi = 4= 



m 



and therefore x = i. 

In order to find whether x has a maximum or minimum value 

when -^=0 differentiate a second time, so as to obtain the value of 
T^, and substitute the value of ;c so found. If the result is negative. 

Applying this 



dx^ 8x' 8x' 8»'V^ / 



When X has the critical value i this is positive, and the value of 
y at that point is therefore a minimum. 

The equation -( V* + -7=) =^ '^ °"* °^ * *yP^ which will repay 
further examination, as similar equations are used many times in 
this book. It will now be shown that any equation of the form 

y^i.+ bX- ..'... (89) 

where a and 6 are constants, ;r is a variable, and « any constant 
whatever positive or negative, has a minimum value when ^ = &^ > 
and this can be proved graphically in the same way as Fig, 2. We 
have by differentiation 

For a minimum value we have 

flM«-(-+i) = bnx-^-i ; that is ? = - "Tl; -, = x^* 
or — =6x" {90) 

If « = ft = J and « = J (89) becomes y = \ (y/x + -7=) which is 

the example shown in the graph, and when x = i it will be seen that 
the equahty given in (90) holds good. 

If 1 = ft (89) becomes 
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MATHEMATICAL FORMULA AND NOTES 13 

and we have the case ot a fraction — and its reciprocal. It follows 
that the minimum value of any such fraction when added to its 
reciprocal is attained when the sum of the fraction and its reciprocal 
= 2, for by (90) ~z = —, whence a = x", and therefore — = i and — 

= I. We have, therefore, ^ + J; = 2 in such a case and — — -^ = o. 
If instead of «• we take a', then in the equation 

y='^'+l, (92) 

where x may have any value positive or negative, and a may be 
any constant whatever, the rmnimum value of y is again reached 

when *** = ^ ■ It wUl be noticed that we have again the sum of a 

number and its reciprocal. By plotting values of x against y from 
(92) the minimum value may be found. By differentiation of {92) 
we have 

2^ = a' log, a— a-* log, a . . . . (93) 
For a minimum value we have 

a' log, a = a-* log, a 
whence a* =— or (a*)* = i and therefore a* = i and » =s o. 
It follows that 

a'+l = 2anda'-^ = o . . . (94) 
If in {92) a = e, the root of the natural logarithms, we have ■ 
y = e' + «-* = 2 cosh X 
and also yi=6* — e-' =2 sinh x 

It follows from {94) that the minimum value of cosh x is i and 
also that the minimum value of sinh « = o. 
Therefore the minimum value of 

'-■"=£^-5-° • • • • (M' 

and this agrees with (57). 

Problem 2. — In the expression 

y = los.jXd^ (96) 

where D is a constant and d a variable less than D, show that the 
maximum value of y is obtained when log, -<■ = 05 = log, ^/e. This 
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14 TELEPHONIC TRANSMISSION 

is solved graphically in Fig. 3, where the values of 1^ are plotted as 
abscissae and the values ot y are given as ordinates, the value of 
D being taken as 10. 



d^ = i*j- +Vj-, both M and v being functions of x, then if 
log* 2~" ^^^ ^^ ~ "■ *^ ^^^^ 
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MATHEMATICAL FORMULA AND NOTES 15 

For a maximum value we have 

2<i.Iog, , =d or alog,^ =1 

and therefore log, r =i= log* -y/e = log* e°'i . . • (98) 

i.e. the result is the logarithm to the base e of the square root of 
271828. 

Another example of the same type, but for a minimum value, 
is the following. 

Problem 3. — What is the minimum value of 



(99) 



This is solved by means of a graph in Fig. 4, if D=io and A=i. 
constant maximum and a a. variable less than D. 



d is plotted along the horizontal line against y which is plotted 
., ., .. -,¥, .v_, ^,__ __■_.■ lvalue -' ■ ■- -'-'-—-■ 



D is again a 
.. is plotted aIo:_ „ ... 

vertically. It will be seen that the minimum value of y is obtained 

when log, , -I. The number which has this logarithm is 271828, 

the base of the natural logarithms. 
To solve by the calculus we have 

value we have 

, = I, and therefore , = 271828 . . (loi) 



General Remarks on Maxima and Minima Values. 

In dealing with problems it is generally desirable to construct a 
curve such as Fig. 2, and not rely entirely on the calculus method. 
From the curve we are enabled to see not only the maximum or 
minimum point, but the relations between % andy (as in Fig. 2) for 
all the values in the graph. We sometimes learn, for example, that 
the values of % may vary very widely from the theoretical maximum 
or minimum value, whilst at the same time y changes very slowly, 
and this may have an important bearing on practical problems. 

21. Simple HarmonlD Hotlon and the Sine Function.— The 
simplest wave form of an alternating voltage or current is the 
sine wave, an example of which is shown in Fig. 5. In practice 
alternating voltage and current waves frequently differ considerably 
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i6 TELEPHONIC TRANSMISSION 

from the sine wave fonn. but by Fourier's theorem it may be 
shown that any wave of a given fonn other than a sine wave may 
be expressed as the sum ofa series of sine waves. Sine functions 



■5 (5 2-5 3-5 4-5 55 6-5 7-5 85 
Fig. 4. 

are extensively used in alternating current calculations, and are 
of great importance in the stuoy of telephonic transmission. 
Some of the principal points in connection with them will, therefore, 
now be explained. If the radius OF in Fig. 5 rotates at a uniform 
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speed in an anti-clockwise direction, commencing in the horizontal 
position OA, the vertical line ON, which is the projection of OP on 
the vertical diameter of the circle, will increase m length as OP 
rotates from OA mitil it arrives in the vertical position, when 
OP = ON. If OP rotates with a ujiiform velocity the increase of 
ON in a given small interval of time will differ considerably with 
its position, being much greater when OP is near OA than when it 
is near the vertical position. As OP moves through the second 
quadrant of the circle the apparent motion of N along the vertical 
diameter will be exactly reversed as compared with its motion in 
the first quadrant of the circle. As the radius rotates through the 
lower half of the drcle the projection of OP on the lower half of 
the vertical diameter of the circle wUl be an exact repetition of the 
movement along ON in the upper part of the circle, but reversed 




270" 360» 



Fig, 5. 



in direction, until finally OP completes its movement through the 
fourth quadrant and arrives at the starting point OA. 

The apparent motion of N along the diameter with varying 
speed, due to the uniform motion of OP, is called Simple Harmonic 
Motion, and the length of ON at any instant is the sine of the angle 
uit through which OP has revolved from OA. at the instant when 

ON 
ON is measured, if the length OP is i. In any case sin id =7jp 

whatever be the lengths of ON and OP. I,et a line AB now be 
drawn at right angles to the vertical diameter of the circle, as a 
continuation of the horizontal diameter, and divided into equal 
parts such that the total parts represent the time taken by OP to 
make one revolution. If now a small dot or circle be plotted over 
each of the eq^ual intervals of time shown on the horizontal line 
commencing with i, the height of the dot or circle being equal to 
the length of ON, the projection of OP at that instant, i.e. to the 
sine of the angle swept through by OP and measured at the instant 
shown on the axis ol time, then a curve drawn as shown through 
all the small plotted circles is a sine curve. If the intensity of an 
electric current varies at equal intervals of time in such a manner 
that the instantaneous values of the current when plotted give a 
curve such as that shown in Fig. 5, the current follows the sine law. 
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and the same remark may apply to voltages impressed on an 
alternating currant circuit, 

22. Angolar Voloeity.— If the line OP in Fig. 5 makes one revo- 
lution per second it has an an^ar velocity of 2ir radians, or 360 
degrees per second, the radian is the usufi angular unit, and "the 
second the unit of time. If OP revolves / times per second, it has 
evidently an angular velocity of Znf radians pCT second, and in 
t seconas it revolves through 2itft radians. At the instant t the 
sine of the angle will be y, and 



, . . (loa) 
r velocity in radians 



y = sm wt . . 

where w=2n times the frequency = the angula 
per second. 

23. Amplftnds. — The maximum value of ON, Fig. 3, is the 
maximum amplitude of the curve, and in (102) this is the maximum 
value of the sine which equals i. The amplitude may, however, 
have any value ; if this value be a {102) becomes 

y^asinwt (103) 

The effect of this is that every ordinate in the sine curve in 
Fig. 5 is multiplied by a, seeing that the maximum ordinate was 
previously i. 

24, Phase, Lag and Lead. — Suppose that the sine curve, instead 
of starting from the end of 
the horizontal line, where it 
represents sin O at the com- 
mencement, begins at a point 
where it represents sin j (see 
Fig. 6), where ^ is an angle 
lagging behind O, then as OP 
(Hg. 5) revolves, the sine 
curve will have exactly the 
same form as before, since 
the circular motion, and 
therefore its projection ON, 
will still pass through the 
same cycle, the required value 
y of the sine of the angle at 
any instant t, however, is now 

y = asw(wt — ^) . (104) 
Fig. 5. i.e. the sine of an angle lagg- 

ing behind wt by ^ degrees. 
In Fig. 5 a sine curve is shown which lags by 90°. 

The equation for the sine of an angle leadmg the angje wthy ^ 




= a sin (wt + 'fi 



(i»5) 



26. The Cosine Fanetion. — A simple harmonic or periodic motion 
may also be represented by a cosine formula, for as OP revolves 

iFig. 5) its protection OM on the horizontal diameter of the circle 
where OP = i) at any instant is the cosine of the angle through 
which OP has revolved after starting from the vertical position. 



..Google 



MATHEMATICAL FORMULM AND NOTES 19 

26. Th« BqiiKUon of Simple Hartnonio HoUon. — If Equation (105) 
is differentiated with respect to the time, we obtain 

-^ = wa cos (wt + iji) . . . . {106) 

differentiating a second time we have 

■g = -w%sin{B'( + *) . . . (107) 

Substitute ^ for a 9in {wt + ^) from (105) and we obtain 

g.-t.'b.. .... (108) 

If any e<iuation of this type is met with it will be recognized 
as an equation of the hamiomc type. It should be noted tnat w 
is a constant aady a variable. 

27. Lsosth and Time In Sine Fnnotlons. — In Fig. 5 the time t is 
represented by equal distances along the axis, and these equal 
distances correspond to equal angles measured round the circle 
when OP revolves at a uniform speed ; the sine of the angle is in 
fact a function of the time and of the distance along AB. . 

If y represents an alternating current of sine form which is 
propagatea along a transmission Ime as shown in Fig. ?, the relation 
between the time and the distance may be seen for the particular 
case which has been calculated. If in such an instance the an^e 
revolved through by the current per unit length is a, then at a 
distance of I nules from the sending end of the circuit the angle is 
at, and the sine of the angle represented by the large curve is 

y= sin a/ = sin ict . . . . (109) 

In Equation (105) the angle al may be substituted for wt. In the 
case of (109) the angle ^ has been neglected for simphcity of illus- 
tration. 

28. Wave Lencth and Wave L«nfth Constant. — It will be seen 
from Fig. 7 that a complete period is shown between the points 
and 4 on the time axis, and that the point 4 is at a distance of 
236 miles from the transmitter. A complete period is equal to 
2v radians and the complete cycle has been revolved through m 

236 miles ; the change per mile is therefore -^ = 0*0266 radian. 
The amount by which the angle changes per mile is called the wave 
length constant. If this be called a, then the connection between 
the wave length / the angle a and 2? is 



(HO) 



Referring again to F^. 7. Since 3^ = ylg second is the time of 
one period we have evidently 750 cycles per second, and at any 
instant t we have . .* 

>'=sin2« X750i = sin W . . . (m) 
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20 TELEPHONIC TRANSMISSION 

As an iUustration of the connection between time and length, 
. take the value of y at the point i6 on the axis of time, 940 nules 
from the sending end. We have 

{a) 5- = sin Zff X 750 X 5io5 = sin 2)7 X 4 = sin 251 
i.e. the wave has revolved through four complete cycles, and as t he 
same values of the sine recur in each cycle, this is the same as 2ir 



ATTENUATION OF SINE CURRENT CURVE 




Fig. 7. 

or 628 radians, and is further the same as sin o, therefore y in this 
case=:0. 

(6) 3* = sin a/ = sin 00266 X 940 = sin 25 ■ (112) 
which is practically the same value as given by case (a), but ex- 
pressed in terms 01 the angle a and the length / mstead of in terms 
of frequency and time. 

29. Attenuation of the Sine Wave. — Fig. 7 represents a case in 
which the sine wave is subject to a continual attenuation according 
to the exponential law, and the attenuated sine wave is shown in 
dotted lines. The curve connecting the maxima values of the 
sine wave shows the attenuation of the current at any length on 
the line; this value may be calculated by the equation 

y = iooe-^ (113) 

If the maximum amplitude of the current at the sending end be 
represented by ic», and if the attenuation constant p = 0-00^95, then 
y gives the maximum ampUtude of the wave at any pomt /, If 
phase be included in the calculation, we have 

y = iooe-''»39S' sin o'0266/ 
The law governing such cases may be expressed in general terms thus 
y = Ke-» sin (oi + ^) . . . . {114) 
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This may be written in the form 

V = e-P'{b COS id + a sixi al) . . . (115} 
as will now be proved. 

Referring to Fig. i, where A=v'a^+6*, we have a=A cos -k, and 
6=A sin ^. Substitute these values in {115) and we obtain 

y = e-f{\ sin ^ cos a/ + A cos ^ sin a/) 
= Ae-f sin (al + ^) 

% values of a and b are suitably 

chosen (114) = {115). In this case A = ^/a^ + b^, and tan ^ = - 

If the angle lags we have 

y = Ae~Pi sin {al — if) . . . . (116) 

If (I = A cos <f and 6 = — A sin ^, this becomes 

y = e-^{A sin al cos ^ — A sin ^ cos a/) 

or y = At-f> sin {<d — ^) 

So that both (114) and (n.6) may be expressed in the general form 
of equation (115). 

Any equation of the form 

y=Ae''+Bc-ie {117) 

may also be expressed in the form of Equation {ri5), as will now be 
shown. 

Equation (117) is the sum of Equations (7) and (8) with the 
coeffiaents changed. In order to make (117) as general as possible, 
let A. and B be vectors such that A = Ai -t-yAj and B = B +;'Bg, 
then from {7) and (8) we may write 

y =a +jb = ( Al +;As) (cos e +j sin 9) + (Bj +JB2) {cos 6 -; sin «) (i 18) 
Equating the real and imaginary parts of (118], we have 

a = (Ai+Bi)cosfl — (Aj — B2)sin ff . . (119) 
6 = {Ag + Bb) cos ff + (Al - Bi) sin 9 . . (120) 

As tbe coefficients in both these equations are not restricted as 
regards value, each of them may be written in the form of Equation 
(115)- 

80. Distlnetion between Transient Voltages and Currents, and 
those whleh have attained the Steady State, — Equations (ir^), (iiS), 
etc., relate to harmonic voltages and currents, as already stipulated. 
When, however, an harmonic alternating current starts in a circuit 
it is usu^y accompanied at the commencement by a transient 
wave which dies away exponentially and quicker than the harmonic 
current. It is generally assumed that this transient stage in 
telephony b so short as to be negUgible (see Chap. V,), and that the 
spe^ currents attain the steady harmonic state. The transient 
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stage is therefore not taken into account in the foregoing investiga- 
tion. It is dealt with in Prof. Berg's " Electrical Engineering," 
chap. ix. (McGraw Hill Book Co., 1916). See also Malcolm's 
" Tneory of the Submarine Telegraph and Telephone Cable," chap, 
viii.. The Electrician Co., 1917. etc. 

81. Titles of Tables 01 Hyperbolle Fonetloiu.^ — Transmission 
calculations are very much facilitated by the use of tables of hyper- 
bolic functions, and the following will be found extensive and 
reliable : — 

(a) " Smithsonian Mathematical Tables," " Hyperbolic Func- 
tions," prepared by George F. Becker and C. E. Van Orstrand. 
These tables are published by the Smithsonian Institution, City of 
Washington. 

(6) Tables of Complex Hyperbolic and Circular Functions," 
together with the accompanjTng " Chart Atlas of Complex Hyper- 
bolic and Circular Functions," by A. E. Kennelly, Sc.D., A.M., 
Harvard University Press. 
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CHAPTER 11 

THE INFINITE LINE—DIRECT CURRENT CASE 

32. General Remarks. — ^The study of Telephonic Transmission is 
the study of the phenomena associated with the telephone speaking 
circuit, and more particularly of that part of it which deals with 
the propagation of the electric currents generated by the human 
voice. The electric currents generated by speech are alternating 
currents ; the laws governing their propagation are, however, 
exactly the same as those for direct currents, and on account of the 
relatively simple character of the latter, there is a great advantage 
in first applying the laws of transmission to the direct current case. 
Such a study has, moreover, a direct and important application. 
All the formulse so developed are suitable for application to over- 
head telegraph lines, and, indeed, to any Ones having uniformly 
distributed resistance and leakance, in cases where tne currents 
have attained the steady state. This applies, for example, to such 
commonplace operations as the measurement of the conductor and 
insulation resistance of long lines having uniformly distributed 
leakance and resistance. At present approximate formnlx are 
often applied to telegraph lines in such cases, and in certain instances 
these formulEe are far from having the accuracy of those here 
devdoped. The chapters relating to direct current transmission 
have, therefore, a special value for telegraph engineers, in addition 
to the fact that the methods here developed provide the simplest 
possible introduction to the subject of Telephonic Transmission. 

The formulae for the infinite line are, generally speaking, less 
complicated and more easily understood than those for finite lines, 
and as may be expected, all formulte for finite lines reduce to those 
for infinite ones if the ciraiit is of sufficient electrical length. From 
this point of view the infinite line case is only a limitmg one for 
the more general case coming under the heading of finite Imes. In 
practical telephonic transmission, however, the conception of the 
mfinite line is much used and is of great importance. This is not 
merely because many chains of telephonic circuits are sufficiently 
long to approximate to infinite line conditions, but also because in 
the interpretation of the effects of reflection considerable use is 
made of the conception of the infinite line, as will be seen later (see 
Chap. VII.). 

88. Formnlte for Cnrrent and Volts In the Inflnlte Line. — The 

Seneral mathematical law relating to such circuits is proved in 
Lppendix I., and in a more elementary manner in Appendix II., 
and the subject is here further developed. Generally speaking, 
very long mathematical proofs in this book are given in appendixes, 
23 
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24 TELEPHONIC TRANSMISSION 

and it is assumed that the relative appendix has been read. It 
follows from the appendixes named that the infinite line is a circuit 
in which the volts transmitted over the line continually meet an 
unvarying resistance (Rq) called the characteristic resistance, and 
at the same time the current in the circuit is subject to a continuous 
and uniform lectkance. The result of these combined actions is 
that both the volts and the resulting current are continuously 
attenuated as they progress along the line, and their amplitude is 
reduced in each case in accordance with the compound interest 
law {see Fig. 7, Chap. I.). When this law is fulfilled the volts Eg 
and the current Ij at ajiy point I on the line, are expressed by the 
following equations {see App, I. and 11. for proofs) :— 

E2 = Eie-7^ = EiC-e (i) . 

''=1'-" ''' 

whence gl = e-r' {3) 

and {i^e-T* {4) 



El is the impressed voltage and I, the current at the sending 
end 01 the line, also yl = 6. 

34. The Attenuation Constant and Charaoterlstic Beslstanee. — In 
the continuous current case there is no difference between the 
propagation constant y and the attenuation constant p, and the 
symbol y is retained for the attenuation constant. We have by 
Appendix I. — 

V = V'RG {5) 

This formula gives the attenuation constant of a circuit having 
uniformly distributed resistance and leakance. 

The characteristic resistance in the direct current case is, by 
Appendix I. — 

/K 



VI 



G 



(6) 



35. Relation between y, R*, R and G. — When the attenuation 
constant and characteristic impedance are known, R and G may 
readily be deduced from them as follows : — 



= VEGXAyj=VR'' = R ■ ■ (7) 



' VRG-^/r.g-r. .... (8) 



Vc 



The law which finds its mathematical expression in {i) and (2) 
is of fundamental importance, as by its aid a large number of other, 
useful transmission formula; may be derived, and its proper inter- 
pretation affords an explanation of some of the most miportant 
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Ehenomena of transmission, y and Rp are constants which enter 
LTgely into transmission formulae, and they are sometimes called 
the characteristic constants of the line, R and G being the secondary 
constants. 

86. Approximations to the InDnite Line Condition. — As explahied 
in Appendix II. however, an infinite line taken in the literal sense 
does not exist ; but a line with uniiormly distributed constants, and 
of any length, fulfils the same law, if tne receiving end of the line 
is closed through a resistance Rq the same as that of the character- 
istic resistance of the hne. 

Any electrically long circuit, however, fulfils approximately the 
condition 2— ^^ — = 13 (see Chap. III., Fig. 15, and remarks on that 

figure) when short-circuited at the receiving end of the line. If any 
two circuits are sufficiently long, therefore, their comparative value 
is approximately as follows : — 

2he-y =iJ 

tP — (9) 

Ko ' 

It will be convenient to call such circuits " semi-infinite circuits." 
In these equations let y and I be the attenuation constant and 
length of one circuit and yi and l^ the attenuation constant and 
length of the other. Rq and R'o are the corresponding character- 
istic resistances. If the circuit lengths are such that the received 
currents are equal, we have approximately 



whence p- = p— (10) 

Now if the two lines be extended to an infinite length their 
comparative value would be the same as that given by this equation, 
as will be seen by comparison with (2). It therefore follows that 
the comparison of two sufficiently long circuits leads to the same 
result whether the Unes be infinite hnes or not. Considerable use 
is made of this fact in standard cable measurements, as will be seen 
in Chap. XI. For such measurements circuits having a pi less 
than I are often sufficiently long (see Chap. VII. under " Long and 
Short Transmis-sion Lines }. 

For purposes of machine measurements a line may be said to be 
electrically long if it has a value of yl = 2. If the hne is increased 
in length beyond this the approximation to an infinite line con- 
tinually becomes closer ; but unless the circuit is closed through a 
resistance Rp or is indefinitely long, the received current never 
exactly agrees with that at the same point in an infinite line. By 
making the line sufficiently long, however, the difference in the two 
cases made be made as small as we please {see Fig. 15, Chap. III.). 

87. Belatlve Effect of y and B» on the Reeelved Current. — If 
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' apparatus is added at the sending end of the line the voltage 
impressed on the infinite line will be reduced, and the equation 
connecting volts and received current may be written 

g^.-y=i, .... (II) 

It is sometimes convenient to express Rq and other impedances 
or resistances in the exponential form,- In such a case let Ro = «'. 
then {2) may be written 

^(i-»' = E](i-«xe->' = Ei<-W + rt = Ia . {12) 

From this it may be seen that if q is relatively large in comparison 
with yl, then the magnitude of q will largely affect the magnitude of 
the received currenf I2 ; on the other hand, if ? is very small in 
comparison with yl, the effect of q on the received current will be 
small ; this is more likely to t>e the case in an electrically long line, 
since the longer the line the greater will be the value of yl. 

If the leakance G is large and the resistance R smalt the effect 
of Ro will be relatively smaJl and vice versa. 

88. Comparison of tbe Transmission Efllofenoy of two Inflnite 
Cirenlts. — If two circuits have the same characteristic resistance Rp, 
but have propagation constants of different value y and y, , and if 
the lengths along the infinite line are I and U respectively (or if the 
circuits have the total lengths / and /j and are each closed by a 
resistance Ro), the lengths oeing such that equal received currents 
Ij are observed, then the relations between y, yj and /, l^ are 

'f=?i '■ <-3' 

This may be proved as follows for equal received currents in 
the two cases stipulated. 
From (2) we nave 

case (a) ^t-fi = h {14) 

El 
case (6) ^e-i^i = \^ {15) 

whence e—^ = e-yih (16) 

and yl = yiU that is -> = — (i?) . 

which is the same as (13). 

This result may be defined thus— 

The relative transmission efficiency of any two infinite circuits 
having the same characteristic impedance, is measured by the 
relative lengths of the two circuits through which equal currents 
are received with equal values of impressed voltage. In such a case 
the relative transmission efficiency of the two circuits varies in- 
versely as their attenuation constants. 

If the values of R^ are not the same in the two circuits to be 
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conifiared, we have, for equal received currents, if Rq, y, I and yj 
remain unaltered, and l^ is varied to meet the altered value R'o, — 



If Ro = e« and R'o = eti, we get 

e-W+s) =e~Wt + tti whence yl + q =71/3 +tfi (19) 

The len^h of circuit required to give equal transmission is now 
/a and is evidently not the same as in {13). {13) and (18) have an 
important apphcation in standard cable measurements. 

It is evident from the foregoing considerations that the character- 
istic impedance must be carefully taken into account in dealing with 
the relative and absolute transmission efficiency of circuits, 

39. Power In the Infinite Line. — An inspection of [i] and (2) 
shows that both volts and current are attenuated in accordance 
with the same law. To find the power P at any point on the line, 
we have 



where yl = 0. 



F.2 F,2 



The power at the senduig end is therefore _L _ and it is attenuated 
as it progresses along the infinite line directly as the square of the 
attenuation factor «~* The amount of the attenuation for a 
given length / depends on the value of y ^^^ ^/KQ. 

The losses due to both R and G are energy losses, and they can 
only be reduced by decreasing the values of K or G, or both. It is 
evident that energy is lost by the fact that a portion of it is spent 
in heating the conductor, and this part varies as the square of the 
current. In the case of G, this symbol gives the magnitude of a 
direct loss of current to earth, which involves a loss of energy. An 
analysis of the formulae will show that a reduction in R decreases 
both the attenuation constant and the characteristic impedance, 
whereas a reduction of G decreases y and increases Rq. 

40. Comparison of the Relative Power in Two Infinite Clrenlts. — 
If two circuits have the same voltage Ei impressed upon them, 
and have the same characteristic impedance Rq, but have attenua- 
tion constants of different values y and y^, and further, if the lengths 
of the two circuits I and li are such as to give equal attenuation 
lengths, as in (13), then 

P=P, 
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Proof. — From (i) and {2) we have the comparative power P 
and P2 ; we then obtain 

P e-M , , 



and therefore e~^i'i=e-^ 

and therefore in (21) P = Pj (22) 

Itfollowsthatif 4=~> which is the result given in {13), then the 

comparative transmission efficiency is the same for volts, current, or 
power in this case. 

If the characteristic resistances are not equal, then if the symbols 
yl, Rn. R'o and y^ are the same as before and h be varied to obtain 
equality of energy, we have 



"^ E,.TA X -|l e-.A |;%-!r,>. 



_R'oi!-'i' 
R„ «-!».'. ■ 
If Ro = eJ and R'o = e*i {23} becomes 
_P g-iayt + vl 



(23) 



(24) 



e P is the same in each case. 

A comparison with (lof will show that in this case the compara- 
tive power at the receivmg end of a semi-infinite line is not the same 
as the comparative attenuation length of the volts and of the 
current taken separately. 

If apparatus is added to the circuit all the results given are 
modified : this branch of the subject is, however, more conveniently ' 
de^t with at a later stage (Chaps. VI. and VII.). 

The foUowing examples have been worked out to illustrate the 
formula already developed. 

Example i.^A circuit of infinite length has a resistance of 
25"i4 ohms per mile loop and a leakance of lo-* mhos wire to wire 
per mile loop. If lo volts is applied to the sending end of the circuit, 

I. The propagation constant y. 
II. The characteristic resistance Rq. 

III. The length of circuit I and the received current Ij when 
(fl) yt= I, and (6) yl = 2. 
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I. From (5) y = ■\/K^_ 

= v'25-i4 x"io-« 

= 5'oi4 X io~* hyps, per mile loop 

II. From (6) Ro = ^y ^ 

=V'25i4 X io« = 5014 ohms 

III. (a) If y/ = i,then fromEx. i,i = ^^- = i99'44 miles. 

And by substitution in (2) 



(6) If y/ = 2,then/ 
and I2 



IQg- 
" 5014 

2 X 10' ^ 
5014 

02699 ^ I0-' amps. 



= 07337 X 10-3 amps. 

miles; 



5014 



having a loop resistance of 44 ohms per mile, and for one having 
a loop resistance of 1173 ohms per mile, the leakance in each case 
being lo-* mhos per mile. 

The results are given in Table I, 

TABLE I. 



CooducUr eonttutU 


loop. 


I* 

ohmi. 


'-rJSe, 


fdccult 

wbtlk 


Receive 


B^bin 


Rohnu. 


Gn^ 


y-i 


yl-1 


yl-1 


y-« 


44-O0 
2514 
"■73 


10— • 

lo-' 


■006633 
■005014 
■003425 


6633 
5014 

3425 


150-76 
19944 

291-98 


398-88 

583-96 


0-5546 
0-7337 
I -074 1 


■2040 
■2699 
■3951 



An inspection of the table will show that equal currents are not 
received when yl = yi/j, as would be the case if the corresponding 
characteristic resistances were equal: see {17). In such a case all 
the received currents under the heading y/ = i would be equal, and 
this r^ark would also apply to the currents under the heading 
yI—2. Such is, however, far from being the case, and the difference 
IS entirely due to the differences in the corresponding characteristic 
resistances. 

It should be noted that if any two infinite circuits, which are 
to be compared, have the same le^ance G, then 
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CHAPTER III 

THE EQUIVALENT CIRCUIT, DIRECT CURRENT CASE 

41. Introdnotory Remarks. — ^The term " Equivalent Circuit " is here 
used to describe an artificial circuit which is equivalent for all 
electrical operations at one frequency, conducted from its two ends, 
to a real arcuit having unifonnly distributed electrical constants. 
In the alternating current case it is necessary in most instances to 
use resistance, capacity, and inductance to correctly make up an 
equivalent circuit, which at a given definite frequency is equivalent 
to a uniform transmission line ; but in the direct current case the 
equivalent circuit only requires a combination of three resistances 
to correctly represent a uniform line, having distributed resistance 
and leakance. This case will now be dealt with. Artificial circuits 
having the properties here outlined are dealt with by Dr. Breisig 
(*' Theoreiische Telegraphic," p. 317), and very ejctensively by 
Dr. Kenndly in " The Application of Hj^perbolic Functions to 
Electrical Ennneering Problems," and by others. Generally 
speaking it will be convenient to represent such circuits as single 
wire circuits, seeing that their study leads to the same results and 
formuhc as double wire circuits. This is a well recognized method, 
and one which gives correct results, and is, moreover, simpler for 
purposes of study than the double wire circuit. Equivalent circuits 
made up of three resistances are of two kinds, viz. (a] the T or 
star circuit as shown in Fig. 9, and (b) the n (Pi) or delta circuit 
as shown in Fig. 20, A double wire circuit is represented in Fig, 11. 
This is sometimes known as an H circuit, and sometimes as an I 
circuit. The uniform circuit corresponding to the equivalent 
circuits is shown in Fig. 8. This real circuit has a prc^agation 

constant y=VKG>and a characteristic resistaftce Zo=A/p-. (The 
symbol Zo will be used for the characteristic resistance henceforth 
for convenience and in anticipation of the alternating current case.) 
We also have yl=6 the hyperbolic angle of the line. It is proved 
in an elementary manner in. Appendixes III. and IV. that the 
equivalent circuit described may consist either of a T or a n 
circuit, and some simple relations between these circuits are given 
at the end of this chapter. It will be convenient to use the T 
circuit for our inunediate purpose — 

For comparison with the equivalent circuit, the nominal circuit 
is ^own in Fig. 10. This circuit is obtained by taking the total 
resistance R2 of the uniform circuit, as shown, and placing a leak 
containing the total circuit leakance Gl at its centre. By com- 
parison with Fig. the error of lumping as in Fig. 10 in any given 
case may be found. 
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Gl 

Fig. b. — Uniionn line. 

R2=2otanh(|) R2'Zo Unh ff) 



The equivalent circuit, as is well known, offers an excellent 
means of explaining the action of lumped loading and artificial 
circuits, and for that reason 

alone its inclusion in a work *- yRGxI - "f t- fl »■ 

of this kind would be desir- 
able. It will, however, now 
be demonstrated that the 
equivalent T circuit offers a 
relatively simple means of 
developing a number of im- 
portant transmission formula 
relating to uniform circuits. 

The method of developing 
the required formula is as 
follows. Since R2=Zo tanh- 

"■^ ■''-flr.' "*■ >"" k! 

being independent components 
of the T circuit (Appendix 
III.), any combination what- 
ever of Ri and Ri (such as 
the sum, the product, or the 
square of these numbers, for 
example) will be equal to 
some corresponding combina- ■ 

tion of Zq tanh - and ^%-. 
** -2 sinh 8 

It is proved in Appendix III. 
that although Ri and R- are 
components of anartificialline, 
the nyperbolic functions here 
given axe the corresponding 



^i~sife 



Fig. 9. — The equivalent T c: 






Zo(») 



¥-Z„(|) 



61 = 



o. — The nominal T circuit. 



values applying to a real unuorm transmission line. 



A line 



B line 



T tanh I R3 = ^tanh| 



"'"SinhS 



Rz-^tanhf R^. ^ tanh | 

Fig. 11.— The equivalent H circuit. 



.y Google 



32 TELEPHONIC TRANSMISSION 

It follows, therefore, that a nunit>er of e(^iiations ma^ be written 
in terms of Ri and R^ (by the aid of the equivalent T diagram), and 
it can be shown that the equivalent fonn of the equations in hyper- 
bolic functions, which holds good for the real line, can be arrived at 
by means of these equations without difficulty, and that in all cases 
toe formulae so obtained are the same as those developed by the 
usual method in Appendix I, for the uniform circuit. The fact 
that a given formula is expressed as a simple expression according 
to Ohm s law on the one hand, and in hyperbolic functions on the ■ 
other hand, affords a concrete example of the meaning of the 
hyperbolic function, and the examples at the same time demonstrate 
the utility and advantage of the latter. In the process of deriving 
these formula it will be advantageous to refer to the following 
Ust. 

Equivalent Formnln tor Reterenee. — 



R, = ??oe* - Zq 

{«*+!)(«« -I) sinh e ' ■ • ^ ' 

Rs2+2RiRa = Zoa .... (3) 

Ri + R£ = Zo coth fl . . . (4) 

The first three equations have already been proved in Appendix 
III., the proof of the fourth is as follows : — 

R. + R.-Z.J$^,+Zoj^.--, by w »d (.) 

If we write a for «* we have 




In order to show how formulae (i) to (4) may be utilized in the 
development of transmission formula; we will now apply them to 
the formation of some well-known mathematical expressions in 
connection with finite transmission lines, thus — 
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48. To Bnd the Sendinf-Bnd Reslstanee o( a TransmlHlon Line 
of any Lengtli Open at the ReeelrtDK End. — The diagram of the 
equivalent T circuit is 

shown in Fig. 12. By £| „ - 

inspection of the figure ^ H i I "' "Z jjj 

the sending-end resist- ' ' ' 

ance of the equivalent 
circuit is Ri -}- Kg, since 
Ri is the only leak, and 
therefore by (4) the 

equivalent value in ^m i^ 

hyperbolic functions is * ' 

immediately obtained, for 

Z = Ri+R2=ZoCoth 9 .... (5) 

The relations between R, + Rj and Zo coth 6 were investigated 
in para, 41. Equation {4} is, however, placed in the gener^ list 
given in {Kira. 41 because it is frequently applied later. 

48. Sendlnf-End Reslitanoe of a Transmitrion Line of aof 
Leogth elosed at the Reeefr- 
Inx End. — Fig. 13 shows the 
equivalent T circuit 

The total resistance of 
this circuit from the sending 
end El is by inspection 



I '^ 

Ri 



FlQ. 13. 



= R.+ 



RjRa 
Ri+Rb 



After clearing of fractions 
the rearranged expression may be equated to an equivalent ex- 
pression in hyperbolic functions by the aid of (3) and (4}, thus — 

"Zocotti 6 



, gRi Rj + R ,' _ 
'^l R7 + R,^" 



= Zotanh 9 



m 



44. To proTethat Vz x Zi =Zd. — Multiplying the left-hand side 
of (5) by the left-hand side of {6), we have — 



ZxZi=(Ri-t-Ri)^; 



(2RiRi.-KRg2) = 



Zo2{by3) 

■ (7) 



.( 2RiRa -I- Rg') 

Whence VZZ;=Z| 

^ is the resistance of an infinite line. 

The hyperbolic functions might have been applied directly to 
prove the formula in this case, but the resistances are utilized to 
illustrate the method. 

Equations (5) to (7} give expressions for the resistance at the 
sending end of a transmission line without apparatus. In order to 
obtain the current at the sending end in such a case it is only 
necessary to remember that 7 =1 and proceed as follows: — 



..Google 



34 TELEPHONIC TRANSMISSION 

45. Current at th« Sanding End In « Transmtulon Une of any 
Length open at the ReeolYlng End.— We have by (5), which gives 
the value of Z, 

i-|=zJhr,-=|'-*» ■ ■ ■ '^' 

W. Cnnent at the Sending End In a Tiansmiulon Une of any 
Length closed at the Reeelvfng End.— We have Ii = g*. whence 
from (6) 

The current at the sending end of an infinite line whose resist- 

■ 7 • T El. 
.ance is Zo.is li =-y^ 

47. Current at the Reeelvlng End In a TransmlMlon Line of any 
Ungth closed at that End.~Fig. 13 applies in this case which is 
more complicated than the preceding ones, owing to the fact that, 
as shown by (6), the sending-end resistance of the hne changes as 8 
increases, and this has to be taken into account. Refemis to 
Fig. 13, the current Ij divides at the junction of R, and Rj, and the 
current I^ flowing through R^ to earth is Ii X r-htr"- Substitute 
the value of Ij from (9). and we get 

Substitute the value of Ri and Ri + Rg from (2) and (4) in the 
equation, and we obtain 



, El coth 6 sinh _ Ej .. . 



that i! 



'""Zosinhfl 

If the transmission line in question had no leakance the current 
Ij at the receiving end would evidently be I^ = ■^, where R is the 

ohmic resistance of the circuit. In (10) R is replaced by Zq sinh 6, 
and this is true for any length of line, so that Zo sinh 9 in such a case 
may be regarded as the receiving-end resistance of a transmission 
line of any length. A conventional proof of this is as follows:— 

48. Resistance at the Receiving End of a Finite Transmission 
Line closed at the Receiving End. — The ratio of the impressed volts 
at the sending end to the received current is called the " Receiving- 
end Resistance," hence we have ■=-* = Zg. 

Whence by (10) Zg = — |i — =Zosinhff . . . (11) 
Zq sinh fl 
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4B. To And the Ratio j^ in i TransmiSBlon Line of any Length.— 

This ratio is often very useful, and it is obtained as follows. By 
inspection of Fig. 13 the current at Ij is 

T — T Ri ■ ll — ^i _ 

^=-'^R7+E^a ■■ n-Ri+Rj 

By substitution from (z) and (4) this becomes 

sinh 9 i_ ,j2\ 

"ZflCoth d cosh e ■ ■ ■ ■ \ I 

If e is very great (iz) bectmies 

ee el' 

which ^rees with (4) Chapter II. 

KO. Voltage of a Transmission Line at the Reeeivlng End when 
the Cireult Is open at that End. — By inspection of Fig. 12 the voltage 
at the end of the circuit B is the same as that at the junction of Rj 
with Ra when the line is discomiected at B. The voltage therefore 
falls from Ej to the point where R^ is earthed, and the drop in Rj 
and Ri is in direct proportion to their resistances. At the junction 
of Ri with Ri the vtdtage is £» = jj^^^ 



h 



. F _ El 
'~cosh« • 



(13) 



61. Remarks on the Formnlsa derived for Finite Lines without 
Apparatus. — ^Formulx (5) to (13) are the usual expressions for the 
electrical conditions at the ends of circuits having unifoimly dis- 
tributed constants, and they are the same as those proved in 
Appendix I. for the altematmg current case. By the aid of the 
equivalent circuit diagram the few cases examined have enabled 
us readily to arrive at the appropriate formulae expressed in hyper- 
bolic functions, but this point will be better appreciated when the 
complete chapter has been read. The advantages of expressing 
formula in terms of hyperbolic functions are, however, sufficiently 
evident at this stage, but the following remarks may make the 
matter clearer. Although the equivalent circuit is of ^reat use 
in enabUng us to arrive at a correct formula expressed in terms 
of Ri^ and Kg, yet the equivalent expression in hyperbolic functions 
pemuta of a wider interpretation than is possible from examination ' 
of the result expressed m terms of Ri and Rj. Take for example 
Zi=Zq tanh 6 (6). From this we are enabled to easily understand 
the law followed by a uniform circuit of any length having a 
characteristic resistance Zo and a line angle 0. As an example, if 
a curve be constructed for tanh 9 between various limits, the way 



.y Google 



36 TELEPHONIC TRANSMISSION 



..Google 



THE EQUIVALENT CIRCUIT 37 

in which the circuit resistance varies between those limits is seen 
by inspection. Fig. 14 has in fact been constructed to show 
values of sinh e, axk 6 and tanh 0. It will be seen from the tanh 9 
curve that m the case of a line closed at the receiving end {the case 
shown by fonnula (6)}, when the line angle is small the resistance 
increases rapidly with lei gth, but when the angle 6 approaches 2 
the resistance chanjges very slowly with variation of length, and 
soon becomes practically constant for any greater value of S. The 
received current by (ro) is inversely proportional to sinh 6, and 
therefore the variation of current with variation of 9 may be 
deduced from the curve, and so on. These examples show the 
advantage of expressing transmission foimulie in terms of hTOerboUc 
functions (see also para. 13, Chapter I.), especially as tables are 
available which reduce the work of calculation to a minimum (see 
the end of Chapter I. where the names of such tables are given). 

62. Haftsnreinent of the Eleotrloal Constants of a fnnsmlsslon 
ClreDlt. — From the measurement of the open and closed impedances 
of a finite circuit the values of Zq, 9. R, and G may be obtained thus. 
When the measurements have been made, (5) and {6) are known, 
and Zq is obtained by the method shown in tara. 44. Next divide 
(6) by Zo and we obtain tanh 9. From this by reference to a 

AUo 

by (8) Chapter 11. ^ = G, and by (7) Chapter II. yZo = R (see also 
Chapter X.). ° 

S8. Comparison of the Cnrrent at tho ReeolTlns End of a Trans- 
mission Corrent of any Ungtb, earthed or sbort-elrenlted without 
Apparatus, with the Cnrrent at the Same Point when the Same Line 
Is eitended Indeflnitely. — By (2) Chapter II. the current at any 
point / in an infinite line is 

la =lie-i' (where y/ = e) 

Also by (10) the current at the receiving end of a transmission 
line of.any length is 



") 



tbatb }'% = ^L^. . . _ . (14) 

Is I — e ^ 

The relation between 9 and sr* is plotted as a curve in Fig. 15, 
The values of fl are plotted as abscissse and ^ as ordinates, between 
the limits 9= 02 and 9= 4. The curve shows that for small values 
of 9 the value of ^ is large, ».e. there is a great difference between 
the received current at a given point / on the line if the circuit is 
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Fig. 15. 
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earthed, as compared with the current at the same point if the 
line is indefinitely extended. When, however, 6 approaches 2 the 
rate of change becomes veiy small, and for values greater than 2 
the ratio -^ is practically constant. In the limit when 6 is very 
great calculation shows that y^ = 2, i.e. the current at the receiving 

end of a long short-circuited Ime has always twice the value of the 
current at the same point on the infinite hne. If, however, two long 
finite lines are compared with each other, then since each has a 
value of current at the receiving end which is twice the magnitude 
of the current on the infinite line, at the same point, therefore the 
comparative value of the two currents [i.e. their ratio) is the same 
as if^the two lines were extended to infinity. 

S4. Resistance at the SendlitK End of a tfnlform Transmission Uae 
of an^ Length, closed by a Resistance Za at the Receiving End.— This 
and smiilar problems may be solved by an application of the method 
already applied in the case of lines without apparatus. In view 
of the fact that the transmission lines under investigation have 
generally apparatus at their ends, these problems are of great 
importance. 

The equivalent circuit diagram is given in Fig. 16. 



E., 
H|lh 



y 



Za 



Fin. 16. 
The resistance of the equivalent circuit from the junction of 

The sending end resistance from A is then by inspection of 
Fig. 16 — 

Z -R + Ri( Ri+Z a) 

Rearranging we have 

7 _ RiRb + R g ' + R jtZa + R 1R8+ RiZa 
^ Ri+Ka+Za 

By substitution from {3) and {4) we have 
Z - (Rg' + 2R1R J + Za(Ri + Rg) _ Zflg + Za(Zo coth 0) 
* (Ri + Rj) + Za Zo coth e '+Za 



7 _ ZqIZq sinh e+Za cosh B) / ,, 

' Zo cosh e + Za sinh ■ • V J> 
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By (6), which is the case of a. line without apparatus, we have 
Zi = Z(,tanh 8, and this may be written ZoJ^— l-o!- 

Now (15} is the same expression with Za cosh 6 added to the 
numerator and Za sinh B to the denominator. If 6 is small Za cosh 
is much greater than Zq sinh 0, and it follows that in the case of a 
line with a small angle 8 {generally short lines) the effect of apparatus 
added at the receiving end will be relatively greater than when 
6 is nreat, for in the latter case cosh B and sinh 8 gradually approach 
equality (see Fig. 14). In the limit when the line is indefinitely 
long and therefore 8 is great, (15) becomes approximately 



Now (6) also becomes equal to Zq when 8 is very great, so that 
in this theoretical case the impedance of the receiving apparatus 
would have no effect on the sending-end impedance. 

56. Current at the Sending End of s Finite Transmission Line 
closed by ft Resistance Za at the Reoelvlng End. — Since Ii=^ 
we have by {15) 



' Zo ' Zq sinh ff + ^u cosh 9 



(16) 



66. Current at the RecclTlnj End ot a Transmlssfon Line closed 
at that End by a Reslstanec Za. — The equivalent circuit diagram 
is the same as Fig. 16. The current will divide at the junction of 
Ri with Rg. and the portion passing through Za is 

Insert the value of Z^ from para 54 and we obtain 
I _ E,(Ri +Rg+Z a) Ri 

^ ~ {Rz^ + zR^H^j+Z^Ri +1*2) (Ri +Ri+Za) , 

By cancellation of the factor (R^ + Rj + Za) and substitution 
from (2), (3) and (4) we obtain 

E, ^° 

, ^ sinh 9 

^*-Zo4+Za(ZoCothfl) 

^^"■^'^ ^'^ Zosinha+'zacos O " " " (^7) 

57. ComparaUTO Magnitude ot Received Currents In a Long Line 
due to Variations in the Resistance of the Receiving Apparatus.— 

If Za = Zn the expression for the received current in the equivalent 
circuit and formula (17) become 
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* Ri+Rg+Zo Zo(sinh # + cosh fl) 
[See (44) Chap. I.] 

alan Is _ Rjl -« 



(i8) 



I, Ri+R^ + Zo 

This is trae for amy length of line so long as the circuit is closed by a 
resistance Zq (App. II., para. 5). Substitute the value of Ri +R2 
from (4) in tnis equation and we obtain 

Ri 



Zo coth ff + Zo 

When is very large coth B has the value i, and we then get 
R, + Rj = Zo and 

Construct the equivalent diagram for this case (Fig. 17). In this 
case -r- ^ - ^ = Ri becomes aZo*"'. 



(R2°Zo) * Zo 



R. = 2 Zo -« 



It is proved later in this chapter (para. 70) that when 9 is very 
large (say 9=5) R^ in Fig. 17 is more than 70 times R^ in magnitude, 
approximately, therefore, in such a case Zo = Rj, and this is true 
whether the long line is closed by an apparatus having a resistance 
Zo or not. 

68. To And the Bfteet on the Reeeived Current at the End ol an 
IndeSnltelr- Long Une, of Two Sets of fteeelving Apparatus havtng 
SeiUtaneei, Zq and Za letpeetively. taken One at a Time. — From 
the preceding remarks the received currents I^ and I'l in the two 
cases are 



(6) I', 



IjRi 

o+Za 



Since R^^Zo in each case the currents at the sending end will 
be equal, and therefore dividing (b) by (a), the current \\ in Zd 
may be expressed thus — 

■'•-4^ <'" 
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The meaaing of this is that if a long hne of resistance Zp is closed 
by an instrument having a resistance Za, the current received in Zfl 

is _ r^" times that received in an instrument having the same 

resistance as that of the hne, and substituted for Za. The same 
result is arrived at in Chapter VII. by the study of the effects of 
reflection. 

59. Receivlns-End Realstance In « Uniform TransmissloD Line 
of an; Leofth closed by a Reslstanee Za «l the Reoelvlnc End. — 
The ratio of the impressed volts at the sending end to the received 
current is called the " receiving-end resistance." \Ve have again, 
as in (ii), 

whence by (17) 

Zg = (Zo sinh e+Za cosh 6) . . . (20) 

This is the required resistance. 

60. Sendlns-End Resistanee of a Transmission Line of any Lenglb 
elosed at each End by a Resistance Za. — ^The equivalent circuit 
diagram is 



l|'k~ 



T 



s {15), and by the 



Z, =2a + 



Rs« +^RiRi +Z«(Ri + R,) 
i+Rs 



thatis Z,-- ^-__^.j^_^^ 

Rearranging, and by substitution from (3) and (4). we obtain 
Z ^Za' + (R,'+2R,R,)+2Z5(R, + Rs) 
• ' " (R,+R,)+Z« 

^ Z<|g + Zq' + 2Za(Zo coth 0) 

ZoCoth 9-t-Zfl' ' 
_ (Za' + Zq ^) s inh + 2ZaZo cosh 8 
Zocosh tf +2«sinh 9 
^U^_+M) si^ , ^. jz„ cosh »! 
~ zjcosh 9+Z« sinh a ' * '^^' 
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61. Seoding-Bnd Gvrrept In « Transmission Line sloud by a 
Raalstanee Za at both ends ol the Line.— As in (16) we have 



Zpcosh fl+Zasinh e 



If the line is very Jong this reduces to 

, _E,/__Zjt+Zj__\_j. Zg + Za _ El 

^'-^ !i„i?L,f — |-'^'(-Zo+ar'~zr+i 



(22) 



l-Za _ 
__ ^,„. 

63. Reeelvlng-Bnd Current in a Transmission Line elosed at each 
End by Equal Reslstanees, — The received current is (see Fig. 18) 
I =1 Ri 

' ^Ri+Ra+Zfl 

Substituting the value of I^ = ■=! from para, 60 we have 

I - ■_ Ei ^R i+Ra+Za) ^ R i ^ 

' Z«* + (Rb' -i-'aRiRB) + 2Z«(R, + Rj) "^ Ri + Rj + Z« 

By cancelling and substitution from (2), (3) and (4) we obtain 

F ^ 

, ^ EiR i ^ sinh $ 

'' Z^«+ (Rs'-f- 2RiRa)+ 2Z*(R;+ Rg) "Zo^+TT+aZSZ^^StTfl 

E, 

( '^"zi^" ) "'"^ ^ + 2Za cosh fl 

If the line is very short sinh 8 is very small and cosh A approaches 
I. In the limit when 6=0 we have 

El 
iZa 



h = 



which is obvious, since there is then nothing in circuit but the 
apparatus 2Za and the battery Ei. 

If the line is very long both sinh & and cosh 8 approximate to - 
and we obtain 

I, h 

Zo 2 ^ 2 
& 



\ Z, ) 

iTZ.)' 
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If Zo = Zg this becomes 
_Ei«' 



■'-'V »' lJ = ^V ■ ■ ■ (^5) 



If, however, Za=Zf,'m (23), we also obtain 



Is 



" 2Z0 



Now (23) is true for a line of any length, whereas (25) is merely 
derived from the equation for a lone line. The reason for the 
identical result in the two cases is simple : when a line is closed by a 
resistance equal to its characteristic resistance it acts as an infinite 
line, no matter how long it may be. In such a case Zo+Za=2Zo 
as shown in (2^) ; this is the sending-end impedance, as may be 
verified byputtmg Zo=Za in (21). The resistance of the receiving 
apparatus does not now appear in the equation. (See the remarks 
on the infinite line in Appendix II., 5.) 

63. ReeelTins-End Resistanee of a Transmission Line of any 
Length closed at each End by a Resistance Za. — The process is the 
same as in previous cases. We have 

that is Zj = j(|^+-^ sinh S + iZa cosh flj . . {26) 

If Zo = Z« this becomes Zj = 2Za (sinh fl + cosh 6) = 2Ziie', or 
2Zo«*. 

64. Sending-End Resistanee ol a Transmission Una of any 
Length closed at the Sending End by a Resistance Za, and at tb« 
Receiving End by a Resistance Z&. — The equivalent circuit diagram 
is shown in Fig. 19. 



A R2 R2 B . Zt,. 



It is evident from the method adopted in dealing with the 
preceding examples that the resistance from A is 
Z,=Zfl + R I Ri(R8-hZ6) 

Rearranging and by substitution from (3) and (4) we obtain 
Z _ ZaZ6 + (Rgg + 2RiRg) -KZa + 2&)(Ri + Ra) 
' "" (Ri+Rsr-fZfi " 

_ ZaZb + Zpg + ( Za + Zft)Zn coth P , , 

Zocoths+Z6 .... (27) 
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Multiplying numerator and denominator by sinh $ and simpli- 
fying we nave 

yZaZ6-f-Zp2^ 

Zq cosh 9 + Zft sinh 6 



Zojf tr^r.^ j sinh 9 + (Za + Zb) cosh #f 

66. ReceiTlng-End Cnireiit in a Transmission Une slosed at 
One End by a Resistance Za and at the ReoelvInK End by a Resist- 
anee Zb. — The received current is by inspection of Fig. ig 



l! = 



IiRi 



Ri+Rs+Zfr 
where ^i=^ 

Sulretitute Zj from the left-hand side of (27) and we obtain 



Ei(Ri+Ra+Z 6) ^Ri_ 

{ZiZ5)+(EiH-2RiRa)-H(Za+Z6)(Ri-|-R2) '^R^^.R^^Zb 



By cancelling and substitution from {2), (3) and (4) we obtain 
. sinh 9 

*' - \:iu'ih) -t- Zo* -t- (z« +nyio coth » 



' t^^+f°'>^"'' -* + (2a+Zi)coshfl 



(30) 



66. ReeelTlng-End Resistance of a Transmission Line closed at 
One End by a Resistance Za, and at the Other End by a Resistance Zb. — 

We have -^ = Zg, whence by (30) « 

Z.=|l2'^+|«')^'"'"' + (Z»+Zi)cosh.| . (31) 

67. To And the Sendlng-End Current of a Transmission Une 
closed at One End by a Reslstanoe Za, and at the Other End by a 

Resistance Z6.— We have ^ = Zj, whence by {28) 

J ^£ r Zn cosh g + Z& sinh 9 ^1 , , 

1 ZoJ^^*^'^^^"'') sinh e + (Za+ Zb) cosh fljj 

68. To show that the Received Current Is the Same In the Clrettil 
depicted in Fig. IB whether the VoItaKe Ei Is applied at the End Za 
or Zb. — The current I, with the voltage applied at the end Z« has 
already been found and the result is given m (29) and (30), 

If the voltage be applied at the end Zb the resistance measured 
from that point is by inspection of Fig. ig 

Z.-Z6 + R,+^«f».±?^ 
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Rearranging we obtain 

2 ^ZaZb +iRj2^+2RiR2) ±(Za +Zb)(Ri +_Rs) 
' iRi+RJ+Zi 

This is the sending-end resistance from Zb, but it is not the same 
as (27), which is the sending-end resistance from Za. 

The received current is, nowever, by inspection of Fig. 19, 

Substitute the value of the current from Ij=-=i. We then have 

I Ei(Ri+ Ri,+Za) ' Ri 

' ZaZb + (RjS + 2RiRa) + {Za+ Zb)(Ri + ^) '^ Ri+R^+Za 

"" ZaZb + {Ra^+aRTRii} + (Z 

This is the same as (29), which proves that in such a case equal 
currents are received at the distant end of the line when the same 
voltage is applied at either end irrespective of the relative resistance 
of the apparatus at the ends. 

The resistance at either end of the line may have any value 
whatever. Assuming Zfi to be o, it will be seen that the received 
current is the same with the same applied voltage at eitho- end of 
the line. The condition referred to is shown by Fig. 16. 

Tlie same proposition may be proved for other combinations of 
lines and ap^ratus in series (see Cnapter XIII.). 

69. The Equivalence of the T ana n CiroalU and the relation ot 
their Constants. — In Appendixes III. and IV. it is proved that either 
a T or n circuit may be constructed, which is equivalent for opera- 
tions from the two ends to a real circuit. It will now be shown 
* that when the constants of either the T or the n circuit have been 
found the constants of the other circuit may easily be deduced from 
them. Figs. 9 and 11 show the equivalent T circuit, and Figs. 20 
and 21 the equivalent n circuit. 



«. 



R. » Zq Sinh e 



R3 - Z„ Coth (f) 



Rj ' 



, Colh (I) 



if Figs. 9 ahd 20 represent the same uniform line, w 
RiRs=Zo tanh | Z^ coth - =Zo« 
(from Appendixes III. and IV.), whence 



_V 
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THE EQUIVALENT CIRCUIT 

Also RiR, = ^^ Zo sinh 9 = Zo* 

(see (5) App. III., and {21) App. IV.), whence 

R^-j^ ■ ■ ■ ■ 
Since RjRj and RjRj each equal Zo' 

.-. RaR8=RiRi and ^ =^ ■ 

R.- f* Sinhe 




(34) 
(35) 



Coth S 



It can also be shown that 
R,=Zotanh ? = Z 



cosh B 



sinh 8 
{See Chap. I. (54). and (5) App. III.) 

Divide by Ri = - . - .^ „ and we obtain 

Rg _, R4 _ Zo (cosh fl ~ i) .^sinhj 
Ri Rg "anh 9 ^ Zo 



R,(cosh tf - 1). 



(36) 



70. Dfldnetloo from Equation (36).— When 6 approaches o the 
value cosh — i is extremely small, and in the limit when 9 = o 

cosh fl— 1=0, that is 15^=0. or in other words, Rj is incomparably 

small in comparison with Rj. As $ increases, the value of cosh 9~i 
increases nntil fl=i'3i7 when cosh ff— 1=1, and therefore R^=Ri. 
For greater values of fl, cosh 9— i is greater than i, and contmually 
increasesj when 6=5, for example, cosh fl— 1=742. 

It is evident from the preceoine remarks ana examples that Rj, 
which represents the value of half the equivalent T circuit, con- 
tinually increases in ratio with respect to Ri (or = 1 with increasing 

values of 9, until in a very lor^ circuit {i.e. with a lai^e value of S) 
such as may exist in practice, Rs is more than 70 times Ri. Apply- 
ing these remarks to the case of a real circuit with uniformly 
distributed leakance and resistance, it will be evident that when 
the line is short the conductor resistance is small and the insulation 
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resistance comparatively high; as the circuit increases in lenrth 
the resistance of the conductor continually increases and the insula- 
tion resistance decreases, the combined ef^t in a long circuit is that 
the sending-end resistance becomes constant. (See Appendix I.) 

EXAMPLES ON CHAPTER III. 

No- I- A single wire Cu conductor having a resistance of 25'i4 ohms 
per mile and a leakance of i micro-mho per mile, haa a. line ai^le 

fl =; I . Havii^ giyen that Z(, = -/ — show that in the D.C. case — 

(a) Zo = V^ii^Ri + Ri) 

a>) Z. = ?2(^l ±^ = Za tanh 6. [See formula (6).] " 

"1 + ^B 

Now R = 2514 ohms per mile 
and G = I X 10-^ mhoa per mile 



. /a24_ 



5014 X lo' = 5014 ohms 



(a) In the equivalent circuit for this line {see Fig. 13), and using 
formulee (i) and (i) 

Rg = Zg tanh - = 5014 x tanh 05 = 2317 ohma 

= 4366 '5 ohms 

also ■v/Rat^Ri + Rj) = \/^3^7 ^ 10850 = 5014 ohm3=ZQ 

[See formula (3).] 

(b) Zg tanh 6 = 5014 x tanh i = 3819 ohms 

R«(^^l_t Rs) = '°85°X'3'7 ^ 38,9 ohms 
Ki + R, 65835 

By verifying in this way that equations expressed in terms of 
ordinary resistance give the same result aa hyperbolic functions, 
familiarity with, and confidence in the latter will be obtained. 



No. 2. For a circuit having the same constants as that given 
in Example No. i, construct the equivalent T and n circuits. 

See Figs. 9 and ao. For proofs see Appendixes III, and IV. 

The values of Rj and Rj have been calculated in the previous 
example, hence the equivalent T circuit is 

R2'Z3t7ohiii5 Ra-23l7ohma 
R,-l 4266-5 ohms 
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THE EQUIVALENT CIRCUIT 
From (33) "> = R" = ^^ " "''5'' »'""' 

From (34) R' -¥, ' S^s' ^' """' 

The equivalent 11 circuit is shown in Fig. 23. 
R4 = 589 Z ohms 



3-|l08S0o)uits Rj-llOl 



Fjg. 23. 



No. 3. A Cu conductor weighing 150 lbs. per ml. has an insulation 
resistance of 05 megohm per mile, and a line angle $ = i. 

{a) Find the nominal insulation and resistance of the line (sometimes 
called the apparent insulation and resistance) if the total leakance 
(G/) is lumped in the middle of the total resistance (R/), and 

((>) Find the insulation and the. conductor resistance (as measured 
at the sending end) if formulx (5) and (6) are used to determine the 
results. 

(a) Now y = v'KG = \/ — ~ X2 X io-» = 003425 hyp. per ml. 

and yf = I 

■■• ' = ™,7^-c = ^91 98 mis. [See (5). Chap. II.] 

- ^ 1712 obms. Call this value *. 



Therefore Nominal Insulation Resistance (see Fig. 24, and Fig. 1 
with the remarks referring to it) 

= - +y = 856 + 1712 =2568 ohms 
and Nominal Line Resistance (see Fig. 25] 



■ ' t+y -^™ 

(ft) Insulation Resistance as measured at the sending end of the 
real line (see Fig. 26) 

->ZoCoth0[from(5)l 
■ -=i7r2 X 1-3130 ='2248 ohms 
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Line Resistance as measured at the sending end ot the real line 
(see Fig. 27) 

= Zn tanh $ [from (6)] 

= 1712 X 7616 = 1304 ohms 

To constmct the equivalent circuit R, and Rj must be calculated. 

»"'' R« -Zo «»nli-" - 1712 X ^eai _ 791 ohms 

I ' f -856 ohms ■i--856ohin8 ,. 

11712 ohms 



Fic. 24. 
^ » 856 ohma ^ - 856 ohms 

1 * 

ij= 1 1712 ohms 

R2 " 791 ohms R2 ' 791 ohm 



Hhh 



1457 ohnu 



R2=791ohins R2 = 791ohms 

R,'= 1457 ohms 



No. 4. («) A single wire Cu conductor weighing 150 lbs. per ml. 
has a. line angle $=1 and a leakaace of 2X10-S mhos per mile. It is 
earthed direct at the receiving end. Find the length of the Une ; also 
the received current if 10 volts are applied to the sending end. 
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THE EQUIVALENT CIRCUIT 5^ 

(b) At each end of this line similar apparatus of 400 ohms resist- 
ance is joined in series : 10 volts are applied at the sending end and the 
receiving end earthed. Find the received current. 

(e) What is the length oi the line without apparatus if tjie received 
current is the same as found in (b), when 10 volts are applied at the 
sending end and the receivii^ end is earthed ? 

(a) From Example No, 3 (a), the length of the line is 291 98 mis. 



17124 xsinb 1 

m: — = '<x)496g amps. 

1712-4 X 1 1752 

.■>,■■, ^1 prom (23)] 



sinh 8 + iZa cosh 6 



/ ,7I24' + 400' V 3^^,. 8 

V 1712-4 / 



2122-2 + 1234-5 

= '? ■ = 002979 amps. 



hence * = i A'^^ 

but fl = jJ 



JH26. =4164 mis. 
003423 
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CHAPTER IV 



71. iDtroduotory Remarks. — The method here adopted of finding the 
effect of inserting lumped loads in a uniform transmission line in 
series or leak is as follows. In the first instance, a T or 11 circuit 
which is equivalent to the unloaded uniform transmission line is 
calculated. Loads are next added to the equivalent T or n circuit, 
and the formulae for the modihed equivalent loaded circuit is 
developed. This loaded equivalent T or n circuit is equivalent 
to some uniform transmission line, having electrical constants 
R, L, G, and C, which can be found. If the uniform transmission 
line thus found is compared with the uniform unloaded transmission 
line the effect of loading may be seen. Dr. Kennelly has dealt 
extensively with this method in the book referred to in para. 41. 

Consider an equivalent T circuit such as that shown in Fig. 9. 
As already shown, this circuit can be made equivalent in the direct 
current case for all operations conducted from its two ends, to a 
uniform transmission line having a characteristic resistance Zq 
and a line angle S. It should be noticed that the proof of the 1 
circuit in Appendix III. stipulates that the leak resistance Rj is 
independent of the conductor resistance Rg. This is evident if 
the physical circuit be considered. Take, for example, a conductor 
on a fine of poles where the insulators have a given combined 
resistance per unit length of the line. If the resistance of the 
conductor is changed, and nothing else, we may assume the resist- 
ance of the leak to remain unchanged, if it is independent of the 
applied voltage. Suppose that the resistance of the conductor 
Rj changes whilst Ri, the equivalent resistance of the leak, and 
also the circuit length, remain unchanged. 

In that case the values of Zq and will necessarily change, 
seeing that the value of each depends partly on the resistance of 
the line per unit length. It follows that if Rj=-:-#-^ before the 



alteration it will have a value Ri = . ," after the alteration, 
where Z'n and 81 are the new values of the cnaracteristtc resistance 
and the line angle, brought about by the change in the conductor 
resistance. It also follows that Zq sinh ffi=Z'o sinh 6, and therefore 
Zo _ sinh e , , 

Z^,-smHT, (^' 

since by supposition R^ is the same in both cases. The same 
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reasoning evidently applies to the n circuit, seeing that there is a 
fixed relation between the formulEe for the T and the n circuit 
'.), Chap. III. 

, ReKolar Series Loftdlng of Uniform Unea. — If equal resist- 
ances are inserted at regular distances in series with the conductors 
of a uniform transmission line, it is said to be regularly loaded, and 
this type of loading is called series loading, to distinguish it from 
leak loading, in which the resistances are joined in parallel with 
the conductors. The resistances, which are inserted as described, 
are called " series loads " or " leak loads," as the case may be. 

It may be, premised that a reduction in the real part of the 
line angle 9 may be obtained by the introduction of suitable loads 
when alternating currents of telephonic frequency represent the 
working conditions of the circuit to be loaded, but the line angle 9 
as a whole is always increased by loading, and in the case where 
direct currents are used, there is a consequent increase in the 
' attenuation constant of a loaded transmission line. Loading is 
no exception to the rule that the same general considerations apply 
both to alternating and direct current transmission, and as before, 
on account of the relative simpUcity of the direct current case, it 
will now be investigated. 
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Let AF, Fig. 28, represent three uniform sections of line, AB, 
CD, and EF, loaded with loads of zZa at equal intervals. Each 
section of loaded conductor for purposes of calculation, may be 
said to comprise a length of line, such as AB, and the half load 
Za at each of its en&. Each of the unloaded circuits may be 
represented by its equivalent T circuit, as in Fig. o. and each section 
of^ uniform Une, such as AB with its two end loads Za, offers a 
similar case to Fig. 18, and the resistance and current at the sending 
and receiving ends might be directly found by formulae (21) to 
(26), Chap. ni. If three equivalent T circuits, each of which is 
equivalent to one of the unloaded lengths, such as AB, Fig. 28, be 
loaded with a load Za at each end, and then joined in series, we 
have *he arrangement shown in Fig. 29. 

In order to find the effect of loatfing, it is convenient to find 
the constants of a uniform circuit which is equivalent to one of 
the loaded sections in Fig. 29, and this circuit, by comparison with 
the unloaded lengths in Fig. 28, will show the result of adding the 
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loads to that section. The constants of the required uniform circuit 
may be found in various ways, two of which are as follows :- — 

"(a) First Method. — By formula {23), Chap, III., the received 
current Ig at the earthed end of one of the loaded T sections in 
Fig. 29 may be found (cp. Fig. 18). Having thus found I^, the 
next step is to find, by the aid of (10), Chap. III., a uniform circuit 
of the same length as the uniform hne AB in Fig. 28, but having 
characteristics Z'o and ff^ corr^ponding to the loaded circuit 
instead of Zq and $ as assumed in Fig. 28. By equating (23) to (10) 
Z'o and di are found. We have 

'la'iJr'Zni . , ' „ ~ ^ 1\ sinh fli ' *^* 
^f-=^- smh 9 + 2Z« cosh 9 " * 

Here the expression on the left gives the current Ig of the loaded 
and earthed conductor. 2a is the impedance of one load, and Zn 
the characteristic impedance of the line whose angle is ff. All 



I 



g;"'*'"sSh? 



'^ 



these values are known, and therefore I^ is known. The expres- 
sion on the right is the formula for the received current in an earthed 
uniform conductor ; Ei is the same in each case. 

From (2) Z'o sinh ffi is found, and to find Z'o and sinh 9i sepa- 
rately we proceed as follows. The total resistance of the leak R, 
in Fig, 29 is known, and it is unaltered, we therefore have by (i) 

si^~fl ^ Mnh^e"' ^^^ ^'"*^^ ^'^ ^"^ '1 ^ already found, we have 



Vsli 



sinh fli, the value of %y is found from a suitable table. The values of 
R and G are then found from {7) and (8), Chap. II., for yj xZ'o=R, 
whence yi/Z'o = fliZ'o = R^ and similarly ^ = G/. 

R/ is the total resistance, and G/ the total .leakance of a uniform 
line of length /. The values of Z'o, Pi, R, and G have therefore 
been found, and this completely determines the required uniform 
circuit, which, by comparison with the unloaded sections of Fig. 28, 
will show the result of loading the conductors. The sending-end 
impedance of the circuit given in Fig. 18 is obtained from (21), 
Chap, III. (see also (30), Chap, XIII.). 

(6) Second Method. — To find the uniform circuit which is 
equivalent to one of the loaded sections in Fig. 28 construct a re- 
arranged equivalent T diagram of one of the loaded sections of 
Fig. 29, The resistance Rj, which is half the resistance of one of 
the unloaded T circuits in Fig. 29, may be regarded as increased 
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to the value Ri+Za=R'a, and this increased value may constitute 
the arm of a new equivalent T circuit ; the leak resistance Ri of 
this new T circuit being the same as before. The rearranged 
diagram is shown in Fig, 30, 



r'2'R;» Za-2otaf>h|' R'2=R;-t-Za=Zotanh| ' 
Zo Zo 



* R = ■ — 

' ' SinhO Sinhe, 

Fig. 30, 



By {36), Chap. III., we have^'=cosh tfi-ior^4 
and from this 0i may be found by means of a suitable table of 
hyperbolic functions. To find Z'o we have R'a^Z'o tanh ^, from 
(i), Chap. III., and as R', is known from Fig. 30, and ff| has been 
found, Z'o may be found oy the aid of a table of hyperbolic func- 
tions. Having found Z'o and S^, the constants R and G of the 
required unifoim line may be found as before. This uniform line, 
by comparison with the unloaded sections of Fig. 28, shows the 
effect of loading these conductors. 

73. Regular Leak Loading of Conduotors. Speela] Case. — In 
view of the fact that any equivalent T circuit is reJated to a corre- 
sponding n circuit, as shown in Chap. III. (33) to {36), it is 
always possible to find a 11 circuit having the same line angle ? 
as a given T circuit. If this reasoning be applied to Fig. 30, it 
will be seen that a loaded n circuit having the same line angle 
as this loaded T circuit may be found, and this method offers a 
convenient means of solving the problem. The procedure may be 
shown as follows. By (36), Chap. III., we have ^ = ^*. Let 

Ri and Rg be the equivalent resistances of one of the unloaded 
T circuits, as shown in Fig. 29, then Rg and R. are the resistances 
of a n circuit, which is equal to one of the unloaded T circuits in 
Fig. 29. If the T circuit be loaded, the loaded T circuit will be 

Za^R^^Zp tanh(|') Zp tanh(x) g Ra+ Za 



RL 



SinhB, Sinhe 



that shown in Fig. 30, and its equivalent resistances are Ri and 
R'(, where Ri is unaltered, i.e. it is the same in Figs. 29 and 30. 
This loaded T circuit may also be represented for our immediate 
purpose as in Fig. 31. 

Digilized by Google 



56 TELEPHONIC TRANSMISSION 

The corresponding unloaded n circuit, as already shown, has 
equivalent resistajices R, and R4. Fig. 20 will ^ow the construc- 
tion of the diagram. If this circtut be leak loaded so as to obtain 
the same line angle 01 as in the case of the loaded T circuit {Fig. 
31), only Ra need be altered, i.t. that portion representing the 
resistance R^ will remain unchanged, we have therefore by {36) 
Chap. III., ^ = ^, where the left-hand values refer to the 

loaded 1 circuit, and the right-hand ones refer to the loaded n 
arcuit. The diagram of this circuit is given in Fig. 32. 



R4-ZoSinhe,«ZoStnhe 



R^3-Z* Coth ft 



Rj-z; CothOL 



When the equivalent resistance R3' has been found, as explained 
from the known values of R^', Ri, and R^, the value of the leak 
Ga to be added to —, which is the leakance per mile multiplied 
by half the length, of the unloaded circuit, is as follows : — 

and therefore =^, =J- + Ga=?' + Ga . . . . {3) 

K3 Kj 2 

The value of Rj', expressed in terms of hyperbolic functions, 

is (App. III. and IV.) by substitution in the equation ^, = ' 

Zo 

Zo tanh -^ 

If we write Zn" for b^, we obtain [see (5)1 

Z„"coth|' = R'8 (4) 

By the foregoing procedure a leak-loaded circuit having the 
same line angle as the loaded T circuit in Fig. 31 is found, but 
the charactenstic resistances in the two cases are not the same ; 
they are, however, related as follows : 

By (33) and (34), Chapter III., . RiR* =V ^Kg'Rs'. Sub- 
stituting the values of R^' and R3', as shown in Figs. 31 and 32, 
we have 
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Zo" = Rj'Rs' = Zo' tanh ^Zq" coth ^ ; whence Zq* = Zq'Zo" 

or Zo = VU^' (5) 

Any number of circuits similar to Fig. 32 may be placed in 
series, and as each is equivalent to a section of uniform line, the 
sum of the n circuits wul be equivalent from the combined circuit 
ends for all electrical operations conducted from those ends, to 
any similar operations conducted from the ends of the sum of the 
sections of the corresponding unifonn circuits. This equality also 
holds for the ends of all the intermediate n circuits compared 
with the corresponding point on the unifonn circuit. These remarks 
also apply to T circuits, for example, those shown in Figs. 28 and 
zg, or any similar combination. If, for example, the end of an 
intermediate T circuit coincides with the middle of an artificial 
circuit made up of a number of T circuits, the current and voltage 
relations at that point are precisely the same as at the middle of 
the real line. 

74. RaUtivB Value ot the Seriu E.o«d and the Leak Load whleh 
prodace the Same Line Angle Bin a Given Uniform Cirenlt. — We 
have already shown how to find the leak load which gives the same 
line angle as the series loaded circuit. It will now be shown that 
the senes load divided by the leak load = Zo^ in such a case. 

If a series load Za is added to a uniform circuit at intervals of 
I miles, the resistance Z'a of the load per mile, which is to be added 
to the circuit resistance per mile, is Z'a = -j-. The total resistance 
per mile is R+Z'a, and therefore the characteristic resistance Zq' is 



Zo' = 

If a leak load Gn is added to a unifomi circuit at intervals of /i 
miles the leakance of the load per mile, which is to be added to the 
normal leakance G per mile, is G'a = y , and the total leakance 

jer mile is G 4- G'a, and therefore the characteristic resistance for 
:he leak-loaded circuit is 



ffii 



^•-\/g 



G+G'a 
Multiplying Zq' by Zg' we obtain 



- / R+"Z^ /R_ / R+Z '»^ 



(6) 



where Zo is the characteristic resistance of the uniform line. 
Now smce Zo'Zq' = Zq* by (5), therefore from (6) 

7 ! _ /R + Z 'a.7 
'^" -VG+G^^» 
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whem:e ^o = V§|2T=n/I ■ ' ■ <« 

^y (6). Chap. II., and consequently 

/Z/a_ /R_7 

The required relative values are therefore Z'a and G'a as given 
in (7), et seq. 

75. Bsgttiu Uak Loadinc— General Case. — The special case of 
leak loading just considered only covers one particular aspect of 
the case, the problem will now be dealt with from a more general 
point of view. The mode of procedure is similar to that adopted 
in the case of series loading dealt with in Figs. z8 and 29, Let Fig. 
33 represent a uniform hne spUt up into three sections, AB, CD, and 
EF, of equal length. The total conductor resistance in each section 

is R/ = Zq*, and the total leakance of each section is G/ = =■ . One 

G/ 
half of this leakance or — is shown at each end of the uniform line. 



Ri«2o 9 B- cRt = 2<> » D ERt«Z, 



m 



nr 



A,* 
Si = s. stZs. 

2 22. 2 iZo 



TTTTl 



2 2Z0 2 2Z« 



In order to leak load such a circuit, leaks On are added to each 
of the normal leaks — , as shown in Fig. 34. 



aW=Zo 9 6 cR^ZqB n eR^-Zq ^ r 



TTT 



iTrt 



nm 



i^ + Ga '(^*G«) (f*Ga) (^*Ga.) 

I'lG. 31 
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£acb intermediate loading point may be regarded as having 
a lealc Gt+2Ga split up into two equal [Kirts, the leak at each ena 
of a section being [- Ga. 

Next construct the equivalent circuit diagram of one of the 
three equal unloaded uniform lengths in Fig. 33. The corresponding 
n circuit, given in Fig. 20, shows the construction of the diagram ; 
the equivalent resistances are Rg and R*. If this circuit be leak 
loaded by adding leaks Go to the leak whose resistance is R3 (Fig, 
20), we obtain a new leak having a resistance such that p— — 5- — Gu. 

In this loading operation the line resistance is not anectea, and 
therefore the value R* remains unaltered. Fig. 35 shows a smoothed 
section of a leak-loaded circuit which is equal to one of the loaded 
sections shown in Fig. 34. 

R4=Zo Sinhe.'ZoSinhe 



R.=2;Coth(|) R'3-Z; Coth( 



Fig. 3S. 

The values Zq' and ^i for this circuit may be found as follows. 

We have from (36), Chapter III., ^,=cosh 9i~i. or^i+i=cosh #1. 

From this equation Si may be deduced. To find Zq' we have 

R3'=Zo' coth -' {see Fig. 35), and since fli has been found, coth Si 

may be deduced from a suitable table. We then have ^- = Zo'. 

coth?> 
2 
The values of R and G may then be found as in previous cases, 
and the details of the uniform line to which Fig. 35 is equivalent 
determined. Thi? uniform line, by comparison witn the uniform 
lengths in Fig. 33, shows the effects of lealc loading. 

76. G. A. Cimpbell'i Formula. — A definite formula showing the 
relation between a loaded section, such as is indicated in Fig. 28, 
and the uniform unloaded line to which it is equivalent, appears 
to have been first given by G. A. Campbell in an article entitled, 
"On Loaded Lines in Telephonic Transmission." Philosophical 
Magazine, vd, v, p. 319, March, 1903. The formula is as 



Cosh fll : 



, Z«., 



The symbols are here changed so as to be uniform with those 

S'ven in this chapter. 8, is the line angle of a uniform unloaded 
le which is equal to the loaded section of uniform line whose 
angle is S, and Za is the impedance of a load (Fig. 36). 
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The fonnula may be proved as follows. 

Let Fig. 36 represent one of the sections of Fig. 29, earthed at 
the receiving end, as shown. 



k. 



If Ii is the current entering the loaded section, the current at 
I2 is by inspection, by Ohm's law (see Chap. III.) — 

By substitution of the values of Rj and {Ri+R^} from formulae (2) 
and {4), Chap, III., we obtain 

, Zn 



Zo coth 9 + Za Zg cosh 9 + Za siah 



Now by (12), Cliap. III., if Ii and i, are the current at the 
beginning and end of a uniform line without apparatus, we have 
^ = cosh 8. If the values of Ij and Ig are the same in the uniform 
line as in the case of Fig. 36 and formula (8), the value cosh 9i may 
be substituted for ^ , and we then obtain 

cosh fli = cosh fl + =^ sinh * 
^0 

Which proves Campbell's formula if Ii and I« are the same in 
the case of the loaded and unloaded sections, which are also supposed 
to be of the same length. 

77. Artlftelal Cablet.^ — It has already been shown that any real 
circuit with uniformly distributed constants may be represented 
by an equivalent T or n circuit for all electrical operations conducted 
from its two ends. There is no limit to the length of unifoim line 
which may be so substituted in the direct current case ; but in 
the alternating current case it will be seen later that limits are 
often imposed. It frequently happens that an artificial circuit or 
cable is required which represents a real circuit for a given length 
comprised between certain line angle hmits, and is variable in 
ste|ffi of some definite line angle or angles between those limits. 
It IS a common practice in such cases to utilize a number of nominal 
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n or T circuits in series, and by this means to make up any number 
of units of the nominal circuit, or some multiple of it, as may be 
required to form a complete artiiicial cable. We will now investigate 
the effect on the received current in general terms of utilizing a 
nominal T circuit instead of an equivalent T circuit {see Fig. lo, 
and the remarks concerning it in Chap. III.). The nominal T 
circuit in this case is given in Fig. 37. 

, . £L-7 -2. at-y ^ 



I s 



GJ 



The apparent resistance of this circuit, measured from A. is 
The received current at B is 

'-f!ftl <■"' 

El 
Now Ii = y . Substitute this value of I^ in (10), and then 

substitute the value of Zj from (9), and we obtain 

El?" 

= ^^TS"2o9(flH^ .... (11) 

4 

This expression involves an error due to lumping all the leakance 
at the centre of all the circuit resistance, instead of taking the 
correct equivalent T. The true received current at the ena of a 
transmission line, or of an equivalent T earthed at the receiving 
end without apparatus, is given by fonnula (10), Chapter III., 

it is la <= = — T-V-.' Fig. 38 shows the ratio between the received 
* Zo sinh 9 * ■* 
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and 53 are good examples. A current scale is marked at the right- 
hand side of the figures and a time scale is given below the speech 
oscillognuns. The time scale is constructed from the alternator 
record at the bottom of the figure, which is the curve of a sine wave 
current having a frequency of 800 cycles per second. The letter 
S is made up of an explosive consonant followed by the vowel e 
(as in pea). In Fig. 52 the parts are numbered i, 2, and 3. Here 
I indicates an interval of silence between two records of the 
same letter, 2 is the consonant, and 3 the vowel. So far as can be 
judged from the record the whole of the explosive part of the 
consonant only occupied about 0015 second in pronunciation, and 
it appears to change gradually into the vowel e, as may be seen by 
identifying the outline of e oy comparison with Fig, 47, and yet 
a speech trial with the telephone used in making tne oscillogram 
showed that the letter could be generally recognized at the end 
of 46 miles of standard cable, although it was sometimes confused 
with b. The current received at the end of 46 miles of standard cable 
is only 0^5 per cent, of the current at the sending end of the same 
cable. Fig. 53 shows the letter b: this is distinguished from p by 
the fact that the explosive consonant at 2 is preceded by a voiced 
sound, produced by the vibration of the vocal cords, as may be 
readily verified by pronouncing the letter. The_parts i, 2, and 3 
show respectively the voiced sound, the explosive sound catised 
by the lips, and the vowel. In this case, however, the explosive 
is hardly distinguishable on the oscillogram. The details of this 
letter are better seen in Fig. 54, which is the record of a different 
speaker ; in this case, however, the oscillograph drum was run 
much more rapidly. In this record the fig. 3 at the left-hand side 
of the oscillogram indicates the vowel e at tne end of one letter b, 
and the fig. i shows the voiced part at the commencement of 
another letter b. The speaker whose voice is recorded in this case 

froDounced the letter a number of times in rapid succession, so 
hat the end of one letter is practically continuous with the beginning 
of the next, the total time of transition from the last full period of 
the e in 3 at the left-hand side to the first properly formed beriod of 
the voiced part of the following letter, as indicated by the figs. 4 
and 5, is not more than one-hundredth of a second, and it may be 
less, because it is possible that the transition curve between 4 and 
5 was largely due to modification of the voice in changing from the 
end of one letter to the beginning of the next, rather than to the 
time required to change tne current to the steady state. The 
line in this case was, however, made up of resistance only. Fig. 55 
gives the consonant part of the b only (i.e. itgives the b without the 
final e) by the same speaker as Fig. 34, and Fig. 47 shows the vowel 
e taken in the same conditions. Fig. 56 shows a record of the letter 
b at the beginning and end of a line of 20 miles of standard cable 
(equal to r-»»), the speaker was the same as in the case of Fig. 54, 
the apparatus, including the oscillograph, was also the same in ^e 
two cases, and there is a resemblance in the general character of 
the curves, if the different nature of the line is taken into account, 
A speech test in the case of this letter b showed that it could be 
distinguished in the same conditions as the letter p already referred 
to, over 46 miles of the standard cable. A reference to the Figures 
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will show that the maximum amplitude of the current where 
recorded did not exceed lo milliamp^res at the sending end of the 
line in the case of p and b. It is known that a current whose root 
mean square is 5 mUliampferes represents fairly loud speech, and that 
normally such a current i% not often exceeded in telephonic con- 
versation. 

The foregoing facts, then, show that the explosive consonant part 
of a letter p or 6 represented by a current of not more than 10 
niilliamp^res at the sending end, and sometimes lasting not longer 
than two-hundredths of a second as a maximum, may he recogni^d 
by means of a telephone receiver at the receiving end of a trans- 
mission line having an attenuation constant such that the received 
current is less than one per cent, of the sent current. The failure 
to distinguish a letter p from a 6 is probably not due to any failure 
in recognizing the explosive consonant, but is more likely to be due 
to the tact that the voiced consonant preceding the explosive one 
in the letter b is not always audible, and it will be observed from 
the records that the amplitude of the voiced consonant is less than 
that of the explosive one. It appears probable, therefore, that 
amplitude is more important than length of signal, and that the 
duration of an explosive consonant, which represents one of the 
shortest speech sounds is sufficient to permit of its transmission 
over a long line with sufficient amplitude to ensure its recognition in 
a telephone receiver at the end of the line. 

91. Compirative Amplitude of Speeeh Sounds as shown by 
OseUlogrxms. — It will be at once evident by inspection of the 
oscillograms (Figs. 56 to 65), that the amplitude of the component 
parts of the same oscillogram are in many cases very different ; this 
remark applies to any m the records of a complete letter made up 
of a vowel and consonant, for instance *, b, /, s, ish and zhee. This 
is very noticeable in the record of the letter / (Fig. 59). The 
oscillogram in this instance only shows the vowel portion of the 
letter at its commencement, although the letter was clearly pro- 
nounced in a normal manner; when, however, a speaking test was 
made by the same apparatus and speaker as recorded in tne oscillo- 
gram, the consonant sound missing in the oscillogram was audible 
m a telephone receiver at the end of 20 miles of standard cable. 
In order to obtain a record of this sound it was afterwards uttered 
as loudly as possible in a continuous manner without the vowel 
part, the result is shown in Fig. 60. The record of letter s (Fig, 61) 
also fails to show the hissing consonant portion of the letter, the 
recorded portion shows only tne vowel at the beginning of the letter, 
and this is similar to that at the beginning of the letter /. When 
ai speech test of the letter s was made in the same conditions as 
before, it was found that the hissing sound was not at all faithfully 
recorded in the receiver, and when the latter was joined to the 
transmitting apparatus direct without cable, the same imperfection 
was noticea ; it was in fact found that the received sound resembled 
/ more nearly than s, and it was difficult to distinguish these letters 
from each other ; other telephone sets gave the same result ; the 
telephone apparatus does not in fact appear to be capable of cor- 
rectly reproducing this letter. The difficulty experienced in its 
transmission is, en course, well known. A separate record of the 
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hissing portion of the s is ^ven in Fig. 62. A marked disproportion 
in the ami)litude of the vowel and consonant portion of the sound 
ish is seen in Fig. 63, and a separate record of the consonant portion 
sh is given in Fig. 64. An attempt to record the sound zkee is 
shown m Fig, 65. In all the cases examined the vowel gives generally 
a much greater amphtude than the consonant except in the case 
of the explosive consonants p and b, which are veiy short. Now 
when the consonant sounds are associated with a relatively hi^ 
frequency as in the cases of /, s, and tsh, the imperfect rend^ing of 
such sounds in long distance transmission is Kkely to result. If 
ordinary conversation is conducted in such cases, however, by 
practised speakers, familiarity with the language usually enables 
the mind to Ml in the gaps ; but if figures or separate letters are 
transmitted it is sometimes necessary to resort to well-known 
mnemonic devices to secure accurate transmission. 

92. Vkriatlon of the Wave Form with the Type ot Clietilt OT«r 
which the Speeeh Waves are tranimltted. — The oscillograms of 
t^ephonic sounds vary considerably with the nature of the load 
connected to the telephone. The three examples of the letter b 
(Figs. 54, 56, and 57) illustrate this. Fig. 54 is the record of the 
letter b when the circuit in series with the telephone and the osdllo- 
graph -consisted only of 200 ohms ohmic resistance. In Fig. 56 the 
ohmic resistance was replaced by an artificial cable equivalent to 
20 miles of standard cable (CHap. XL). In Fig, 57 the circuit 
connected to the telephone and oscillograph was a loaded submarine 
cable having 100 millihenrys inserted at intervals of one naut ; 
the circuit length was 96 nauts. This record differs in wave form 
from the other two. Figs. 50 and 51 are oscillograms of the letter 0, 
the speaker being the same in each case. In the case of Fig. 50 
the circuit consisted of aoo ohms, whereas in the case of Fig. 51 
speech was conducted through 30 miles of loaded standard cable. 
This record shows the sent and received currents at the ends of 
the cable when the vowel was spoken ; the cable was loaded with 
250 millihenrys at intervals of one mile. It will be seen that the 
effect of loading on the amphtude is marked. This is seen by 
comparing this record with Fig. 56 where the attenuation is greater 
for 20 miles of the same cable unloaded. 

Lag of the Received Current in a Submarine Telephone 
Cable 
A reference to Fig. 57 will show that the received current curve is 
displaced with reference to the sent curve, i.e. the consonant and 
vowel portions are not in the same vertical line. In this case the 
cable length of 96 nauts in combination with the inductance and 
capacity probably reduced the velocity of propagation sufficiently 
to cause me received current to lag benind the sent current. This 
suggests a possibility of measuring the velocity of propagation by 
the oscillograph. The necessary details are not, however, known 
in this case. The displacement is, however, what might be exported 
from the calculated velocity and average frequency of voice records 
such as that shown in Fig. 57. 

98. Comparisoo ot Speeeh Reeordi taken by Different Heani. — 
In order to permit of a comparison between the records taken by 
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the method already described and given in this chapter, and other 
records taken by altogether different means, a few records have 
been taken from two independent sources. 

Fig. 66 shows records oJ p and b followed by the letter a. These 
r. : — :_ „, , ._.__ ... _._. —ey are from 

Institution 

n. • ■• -i — -J'-/ --J — J • — ' Experimental 

Phonetics and its Utility to the Linguist." The records were taken 
by means of a kj^ograph described in Nature in the issue of June 
gth, 1Q17. If the p m Fig. 66 is compared with Fig. 52 it will be 
seen that in each case we have a straight line indicating the unvoiced 
part pTKeding the explosive consonant, which latter also appears 
in both figures, the vowels which follow in the two cases are different 
and cannot therefore be compared. The lower b in Fig. 66 may be 
compared with the record of the voiced part and the explosive 



Fic 66. — Reading from the top downwards — mouth — tracings of: fully 
aspirated p; partially aspirated p; unaspiiated p; unvoiced b; and fully 
voiced b; each followed by the vowel a. 

consonant in 6 as given in Fig. 53. The explosive is much greater 
in relative amplitude in Fig. 66, The comparison of the * and b 
may be said to show the same general facts, i.e. that in the p we 
have an unvoiced part and an explosive recorded in each case. 
In the case of the 6, as was to be expected, the voiced part appears. 
The details in the two cases compared are not, however, very 
similar. 

The records of e, also / and s, in Figs. 6? to 69 are taken from a 
paper on " The True Nature of Speech," oy Mr. John B. Flowers, 
read before the American Institution of ElectricaT Engineers, New 
York, February gth, igi6. In this case the records were made by 
an Einthoven string^galvanometer, and the records are those of 
whispered speech. Fig. 67 should be compared with Fig. 47 and 
other recor(& containing e. The letter / in Fig. 60 has a geneicd 
resemblance to the f in Fig. 68, and the letter s in Fig. 69 has many 
of the characteristics of the same letter in 62. The records are 
given for comparison, so that the reader may be in a position to 
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iudge-for himself as to the degree of similarity, taking into account 
the difference of speakers and recording apparatus. 

M: Quality of Speech in DlHerent Klndi of Telephone Line*.— It is 
well known to telephone engineers who make comparative speaking 
tests on circuits of the various types referred to, that the character 
of the speech received on such Imes varies considerably in clearness 
of artioilation and pitch of sound. The speech received at the 
end of an electrically long unloaded submarine cable is relatively low 
in pitch and " drununy " owing to the fact that the upper harmonics 
have been more attenuated than the lower ones. Notwithstanding 



Fig. 67. — e, aain" 



t4/hHiHH4+1~W4ff 



Fio. 68.— /.aain "fee." 



\^/v^^^^A^/^™^vv*V"\A 



this, speech on commercial subjects c^ be conducted over such 
cables. A long loaded circuit is higher in pitch and has a somewhat 
metallic ring, although the articulation is designed to be sufficiently 
clear. In an unloaded aerial line the speech is more natural, and 
there is very httle distortion (see Chap. X.). It is clear from the 
foregoing observations that we may have a large variation from the 
conditions of ideal speech and still be in a position to conduct fairly 
satisfactory telephonic communication over long lines. 

96, The Freqnenoy of Cnnent Speech Waves. — A glance at the 
various oscillograms here given will show that the composition of 
the speech waves varies considerably in different sounds. The 
fundamental tone of the vowel sounds varies generally between 
200 and 300 periods per second, whilst the harmonics of the vowels 
in some cases visibly exceed 2000 vibrations per second. The 
highest vowel sound recorded appears to be the letter e. The 
consonants, except the explosives, have generally a less amplitude 
than the vowels, and they vary widely m the frequency of their 
fundamental tone. Now in order that speech may be perfectly 
reproduced, it is necessary that all these wave forms ^ould be 
reproduced in the telephone receiver with sufficient amplitude to 



..Google 



90 TELEPHONIC TRANSMISSION 

produce their corre^wnding audible sound, and that too with the 
same relative ampUtudes as those impressed on the circuit at the 
beginning of the hne; this is, moreover, on the assumption that 
the impressed wave at the beginning of the Une correctly represents 
the wave impressed on the telephone transmitter diaphfagm. 

96. Remark* on Experiments made to determine the Mean 
Frequenejr of Speeeh. — In view of the widely varying and rapidly 
changing voice waves exhibited by the osciOograms here given, it 
is a matter of great difficulty to find the mean frequency of speech. 
If we consider the receiving end of a long telephone circuit and the 
attenuation to which speech waves are subjected in such a circuit, 
it is evident that the original relative amphtude of the various 
speech sounds as shown on the oscillograms, plays as important a 
role as the frequency in determining the possibihty of satisfacto^ 
speech. Obviously if the received amplitude of a wave is too feeble 
to permit of its audible reproduction in the receiver owing to its 
initial small amplitude, even a relatively low frequency may cause 
dif&culty, notwithstanding its small attenuation, whilst a sound of 
greater amplitude and bi^er frequency may be heard. A number 
of investigators have, however, made experiments with the object 
of finding the mean frequency of the human voice in telephony. 
Dr. Hayes reported experiments in the Transactions of the St. 
Louis Hifemational Electrical Congress (1904), Section G, pages 
648-649. A curve was given showing the relative loudness of 
sound at various points along a tdephone Une as observed 
on a telephone receiver ; from this Dr. Kennelly computed the 
equivalent frequency as 803 cycles per second from the known law of 
t^ephonic attenuation, and its dependence on frequency. M. Devaux 
Charbonnel, in "£tude sur les Lignes T^^phoniques ; fecole pro- 
fessiormelle sup^rieure des Postes et Tfl^graphes," Paris, 1909, 
page 10, found the indispensable frequenaes of the voice to he 
between 800 and 1200 penods per second ; the method adopted was 
to compare an ohmic resistance with an inductive resistance in a 
telephone circuit and to find when the two had the same impedance 
efiect on speech ; knowing the value of the ohmic resistance, the 
frequency was deduced from the impedance of an inductive resist- 
ance, this being a function of the frequency ; this determines the 
upper limit of frequency, A capacity was similarly employed to 
find the lower limit. Proi. Breisig by an analogous method; see 
" Mitteilungen aus dem Telegraphen — VersuchKunt des Rdchs- 
Postamts," vol v., page 98; Juhus Springer, Berlin, found the mean 
frequency to be approximately 800 cyclesper second. Experiments 
made in the Research Section of the Engineer in Chief's Office, 
Post Office, to find the upper and lower limits of frequency necessary 
for intelligible speech by the use of filters which shut out all fre- 
quencies above and below any desired number, led to the conclusion 
that the frequencies between 500 and 1600 are necessary for clear 
conversation. It is interesting to note that with all frequencies 
above 1000 cycles per second cut ofi, or with all frequencies below 
1000 cut off, the limit of conversation was reached. 

The foregoing review of some of the available evidence on the 
subject will enable the reader to appreciate the reasons for the 
adoption of a mean frequency not less than 800 cycles per second. 
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This, however, in the author's opinion should not be too rigidly 
inteipreted in view of the following facts. Hie different sounds 
composing sp«ech are of widelv diffenng frequencies and amplitudes, 
and unequal attenuation results as they progress along a given line. 
Now, as the upper overtones are more attenuated than the lower 
ones, depending on their frequency, they become extinguished 
before the lower ones if the amplitudes are equal, and it follows 
that the mean effective frequency of speech must gradually become 
less as the waves progress along the line and the circuit increases 
in length. (For evidence of this see Mr. C. E. Hay's remarks in 
the d^cussion on a paper by the author on " Aerial Lines and their 
Electrical Constants,' read before the Institution of Post Office 
Electrical Engineers in January, 1914.) So that it is difficult to see 
how any fixeof frequency can hold good The following observations 
bear on this point. 

In making tests of the comparative transmission efficiency of 
two uniform transmission circuits by means of a standard cable 
test, which is a method that has been l^ely used, it does not 
necessarily follow if equality of speech is ootained with given 
lengths of the two circuits (see Chap. XI.), and if the same ratio 
of length is obtained by cajculation at some one frequency, that 
therefore the real mean frequency of speech is that taken in the 
calculation, as is sometimes assumed. Consider, for example, the 
case of two high resistance cables having the same electrostatic 
capacity per mile, and havii^ resistances R and Rj per mile. Then 
we have by (57), Chap. VIIL, 



li^V&i-VlTi ■ - ■ • W 



where w = 2»f. 

It will be seen hy inspection of the ratio of ^ to p^ that the 
frequency cancels out, and that the same ratio is obtained for any 
rate frequency. In actual practice, of course, the voice has many 
^equencies, but with the same type of cable the overtones become 
progressively extinguished with length in the same way by (i), 
so that the frequency does not afiect the result. If, however, the 
standard cable is compared by a speech test with an unloaded 
aerial circuit (see Ch^. X., Table 11., and note that formula (48), 
Chap. VIII., applies to open lines), the less attenuation of the 
overtones in the aerial line would result in an increase of the length of 
line giving the same received current as the high resistance unloaded 
line, as compared with the case where the aerial line suffered the 
same attenuation of overtones as the cable. The effect of the smaller 
attenuation of the overtones in the aerial line would in fact make 
it appear that the mean frequency of speech, as judged by such a 
test, was higher than is the case in reality. 

To Ulustrate this point, suppose that the standard cable has an 
attenuation constant § per umt length, and that the aerial drcait 
dealt with in Table II., Chap. X., has an attenuation constant ^1 

per unit length. The ratio ^ for three different frequencies would 

be as follows : — 
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3000 ^:2§33=i5-2 5000 ^:iS^=i8-5 7000 °"4J =21-47 
^ 000549 000574 ^ ' 000583 ^' 

It will be seen that as the frequency increases the ratio i increases, 

and this means that the ratio of length of aerial line to unit length 
of standard cable for the same received current also increases with 
frequency. Conversely a high ratio of length as determined by a 
standard cable test might lead to an assumption of a relatively high 
mean frequency, whereas the relatively high jatio might be due m 

fiart to the greater attenuation of overtones in the cable than in 
he aerial hne. In any case the frequency cannot be directly 
deduced from the ratio ^, because j9 varies approximately as the 

square root of thefrequency, whilst ^1 is nearly constant with change 
of frequency. 

Whatever may be the explanation, however, there is no doubt 
that the result of comparative speech tests on transmission lines, 
made by means of the standard cable, agree fairly well with a 
frequency assumed to be not less than 800 cycles per second. 

97. Conoluiions. — (a) Telephonic speech waves may be regarded 
in the great majority of cases as having attained the steady state. 

a The question of the mean frequency of speech involves many 
ex factors, some of which do not yet appear to have been 
fully investigated. 

(c) Speech tones in the neighbourhood of 800 cycles per second 
and tor a considerable range of frequency on both sides of it are 
of great importance in telephony. 

(rf) For practical purposes, sine wave calculations based on a 
mean frequency of Soo cycles per second, may be used for the 
calculation of the results to be expected in speech tests on telephonic 
lines. 



.y Google 



CHAPTER VI 



98. Introdnetory Remarks. — Although the transmission fonnulx 
developed for the direct current, and alternating current cases, are 
the same (compare Appendix I. and Chap. III.) there is a marked 
difierence in the calculation of the fomnuie in the two cases. The 
direct current case is, in fact, only a particular case of the more 
general one which deals with altematmg ctirrents. The detailed 
application of the latter, which involves vector quantities, is much 
more involved than the former, which only requires the use of 
scalar quantities. 

It must now be assumed that the reader is sufficiently famihar 
with Chapter I., including the portion entitled " Sunple Harmonic 
Motion and the Sine Function, to follow the further developments 
and apphcations in this chapter. 

S9. Phase with Betersaee to the Sending End of the Line. — The 
propagation of a current of sine wave fonn, and its attenuation in an 
infiiiite Une, are illustrated in Fig. 7. A series of exactly similar 
sine waves are generated by the source of energy joined to the line, 
and these are transmitted along the circuit. The current at the 
sending end is shown at the moment when it starts from zero, 
and it is assumed that the current has reached the steady state. 
If a point on the line be talcen where the wave has Its maximum 
amphtude at the same instant as the current at the sending end 
of the line has the value o, say, for example, the point marked 
9 on the horizontal line of Fig. 7, the phase at the latter point is - 

radians, or 90 degrees different from that at the sending end. When 
the maximum amphtude is attained at the sending end, the ampli- 
tude of the current at the point g is at its minimum i.e. zero ; but 
the difference of phase between the sending-end and point 9 is still 
^ degrees, and so long as the velocity of propagation and the 
impressed sine wave form and frequency remain constant, the phase 
difierence will remain constant. The same reasoning apphes to 
the phase difference at any other point on the line, and it may be 
positive or negative. It is evident from the fieure that there may 
be a number of points on the line with the same pnase difference with 
reference to the current at the beginning of the line. If a point on 
the line is considered by itself, however, without reference to any 
other point (sjiy the case of point oinFig. 7], the current in its propa- 
gation past that point passes through all possible instantaneous 
values /times per second, in this case / = 750- 
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100. AmpUtnlo «id Veetor. — So long as a fixed voltage is im- 
pressed at the sending end, and the circuit conditions remain 
constant, the maximum amplitude at a given point will be unaltered. 
In practice it is preferable to consider the current or voltage at any 
point on a transmission line in tenns of its maximum amplitude 
and phase angle, as explained in Appendix I., in preference to the 
instantaneous value of the current or volts. In Figs, i and 6, 
Chap. I., A represents a maximum amphtude which is constant 
whatever be tne an^e ^ or ^+u>t, and by para, zg, Chap. I. 
it follows that any voltage or current on a line may be represented 
by a vector, and in Appendix I. (20) an application of this equation 
is given. The vector quantity of volts or current thus defined has a 
constant modulus at any fixed point on a transmission line, no 
matter what the phase angle may be at any given instant, and 
therefore the ratio of two vectors at any two points represents 
the ratio of the maximum votts or coirent at those points, as the 
case may be. 

101. PiopasatloD of Volts and Gnnent In Infinite Line. — The 
combined attenuation and change of phase per imit length of the 
volts and current in an infinite line is given by the complex attenua- 
tion constant or propagation constant, and this is by Appendixes I. 
and II. 



y = B +;■» = V(R +ya'L)(G +jv>C) . . . (i) 

og the infinite line is determined by il 
:e Zq, and by Appendixes I. and II. 



The current entering the infinite line is determined by the 
characteristic impedance Zq, and by Appendixes I. and II. 



= Ij, and 
the current at any point / on an infinite line is by (2), Chap. II. 

'■'-^'-^-Tf^ (3) 

Similaily the volts at any point / are by (1), Chap. II. 

If E2 is divided by Ig we obtain ^ = Zg 

Now Zo is a constant, and since y* is a constant quantity at 

any point of the line, the volts must, therefore, be attenuated in 
accordance with exactly the same law as the current, and further, 
as the constant Zq is generally a vector with an an^e, the volts 
and current have even^where the same constant pha^e difierence. 
These relations only hold for an infinite Une or for a finite line closed 
at the receiving end by an impedance Zg equal to the characteristic 
impedance of the line, w is assumed to be constant. 
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The current and voltage at inteimediate points on finite lines 
follow more complex laws, and these will now be investigated. 

102. Correnl it toy Point x In a Uniform Transmission Lino ol 
any Lenstb, Short (aienlted at the Boeoiving End. — In Figure 70 



Fig. 70. 

I is the total length of the circuit from i to 2 ; 
L is the variable distance of x from the sending end ; and 
{* — /i) = /■ is the variable distance of x from the receiving end 2. 
If ]> is the propagation constant, the following relations will bold : 

yl = the line angle 9 
1*1= .. .- ^1 

The formula for the current lie at x is deduced as follows : — 

By (17). Chap. III., I. -z-^-4'zJ^„S , 

where"* Zd is any terminal impedance. If Zn be substituted 
by a transmission line having a. sending-ead impedance Za, the 
combination in (17), Chap. III., will be unaltered as regards its 
sending-end impedance, as will be further evident from a reference 
to formula (15), Chap. III., for such axi impedance. Now Za is 
tmrestricted as to magnitude, and it may be replaced by any 
impedance Za =2i =Zo tanh 6,. See (6), Chap. III. If, then, a 
line be substituted for Za in Fig. 16, and this line has the same 
characteristic impedance Zq as the line ly Fig. 70, the junction 
of the two lines will be represented by x, Fig. 70, and the length of 
line added will be that shown as Ij in the same figure. 
Formula (17), Chap. III., is now modified as follows : — 

I, El 

Zq sinh 9i + Zq tanh tfg cosh 6i 



~Zo (sinh J, 4- tanh Bj, cosh fl,) *^' 
Where e^ and tfg have the meaning already explained ; (4) may 
be written 
jjj_ El cosh flg 



Zg sinh 01 cosh 0^ -f Zo sinh 0g cosh 61 

_ El cosh gg _ El cosh gg (.1 
If, anh {«! + »g) Zp sinh ^^' 
[See (42), Chap. I.] 
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As an application of (4) the following illustration will serve : — 
Since (l-li)=ls. then if ^i=J. « is at the middle point of /, 
and therefore yl^ = yl^, or 9i = 9^= |. In that case (4) becomes 

zAinh-+tanh?cosh?) 2Zosinh- 
"3 2 2/ " 2 

This is the current at the middle point of a line dosed at the 
distant end. If the line had been closed direct at the middle point 
the current at that point would be 

1* = -^ (7) 

Zosmh - 

by (10), Chap. III., seeing that the Une angle is now -. 

It follows from (6) and (7) that the current at the middle point 
ot a Ime which is earthed at the distant receiving end is half that at 
tne same (middle) point when the line is earthed direct at that 
pomt. 

108. Comnt at tny Point x In a uniform Unite Trsnamisslon Line 
open *t the ReoeivInK End.— The mode of procedure apphed in the 
preceding case appUes to this case also, and Fig. 70 illustrates the 
conditions if the receiving end is disconnected. In place of Za m (17), 
CHap III,, Z„ coth e, which is the formula for the sending-end 
unpdance of a Une disconnected at the distant end, is now sub- 
stituted [see (5), Chap. III.]. The required current Ix is then 

I* = ^' (R^ 

Zo sinh tfi + Zo coth 0g cosh e^ ' " ^ ' 

Multiply and divide (8) by sinh #j, and we obtain 

Ij _ El sinh flg El sinh flg 

Zo(sinh Si sinh Pg + cosh 0^ cosh 6^ Zo cosl (Si + 9^ 

whence j Eisinhes 

Zo cosh ■ • lyj 

104. VoltME* ftt any Point Id a nniform Transmission Line of any 
Lenfth closed at the Reoeirtng End.— Since E = IZ, the vohage at 
any point may be found by multiplying (5), which is the current at 
any point x when the receiving end is closed, by Zp tanh fl,. which 
IS the mipedance measured from x with the sending end dosed. 
We thus obtain 



El cosh gg El sinh tfg 

^ = -Z^^HEX ^ 2o tanh flg = ^2^g^ 



(10) 



IDS. Voltage at any Point on a Uniform Transmission Line ot 
any Lenfth open at the Beeelvlnc End.-— The required result is readily 
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found by the same method as that adopted in the preceding case. 
We then obtain by {9), and (5), Chap. III., 

„ , „ El sinh e» ™ 1. „ El cosh So , . 
F,, = M«=2^^^xZ.coth«,_ J-,,-^ (II) 

106. Relation between Volts and Current In Finite Lfnea. — It is 
easily seen that the relation between volts and current in finite 
lines does not give the same constant phase relation as was found 
to be the case in an infinite line. The relation between the volts 
and current at any point x in a line closed at the receiving end is 
|— = Zg tanh 0g, which is the impedance measured to the receiving 

end from x. When the line is very long tanh B^ is constant, and 
this is the uniform condition for the mfinite Ime. If, however, 
the line is finite the phase difierence and change of mi^nitude of -J^ 

is measured by the variations of tanh e^ where O^isa. complex angle. 
For smalt values of flg, tanh 9^ changes rapidly as the angle changes - 
but as 5g increases in magnitude tanh 0^ changes less rapidly, and 
after 0o = i the change is slow (see Fig. 73) . 

10^ Power at any Point of a Transmiulon Line of any Length 
elosed at the Reeelvlnig End. — ^This is obtained by multiplying (5) by 
(10), these being the current and volts on such a line. We have 

p _ El cosh 02 El sinh e^ ^1' cosh O ^ sinh 6^ 1 \ 



1, smh 6 ^ sinh 6 Zq sinh^ 6 

Since sinh 28^ = 2 sinh 0g cosh 9^ (12) becomes 

p Ei'sinh2flg . . 

*^* 2Zosinh2ff ^'31 , 

108. Power at any Point x In a Transmiflslon Line of any Length, 
open at the Beoelvlng End. — We have again Px = Exlx, and therefore 
multiplying the appropriate equations for volts and current we 
obtain from (9) ana (11) 

p _ El sinh tf a E^ co sh g g _ E i'anh 6^ cosh flg , , 
~ Zo cosh e ^ cosh e " ^Z^oshi= 9 ' ^^^> 
As in the case of (12) the numerator of (14) may be substituted 
by El' smh 20i j^jj ^j^j jijgjj becomes 

p _Ej^Knh 2»2 
2Z0 cosh2 e 

(4) to {14) refer to D.C. or A.C. cases, but it was convenient to 
dev^op the formuhe here. 

109. Examples In the working of AltemsUng Cnrrent Problems. — 
It has already been pointed out that the only difference between 
alternating current and direct current transmission formula: is that 
the former involve vector quantities, whereas the. latter do not. 
The difference is, however, one that involves considerable com- 
plexity in the alternating current case, and in order to illustrate 
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the method of solving such problems some worked examples will 
now be given. 

Example i. — Calculate the characteristic impedance and the 
attenuation constant for standard cable, which has the following 
constants per loop mile : — 

Resistance (R) = 88 ohms 
Inductance (L) =o-ooi henry 
Capacity (Q = o*o5|4 microfarad 
Leakance {G) = i micromho 
Assume tu = zwf = 5000. 

This example furnishes the method for calculating the transmis- 
sion data given in Table II., Chap. VIII. It should be noted that 
although (36), Appendix I., gives a formula for the direct calculation 
of the attenuation constant, this formula is not used in this case, 
as it will be found simpler to calculate the real part of the propagation 
constant y by (i) wnich gives exactly the same result as (36), 
Appendix I. 

We have 

r = v'(R+J'.L)(G+y»C) [by (111 
From (18), Chap. I., we deduce 

. R +;«L = v'TiT:jriC"Yiaii-" ^ = A/j -8814 /3° 15- 

G +;,,C - VG'+u'Cytaii-' ^ = A,^i = 270 X io-« /89*47' 

by (24) Chap. I. And 

^°-VSI^r- = V 270xio-* ^i~=57M\43 16- 
by (a6). Chap. I. Also 

y = VAAi( /^ + ^1) see (23),Chap.I. = V88-4 X 27oxio-g /93^' ' 
■ = VAK J*'^** see (26), Chap. I. ==01543 /46° 31' 
= Ag/^ = p +;a = o-io6i6 +; 011193 

where o = Aj sin ^j and ^ = Ag cos ^a (see Fig. i. Chap. I,). 

This example will serve for reference in future similar cases 
it will not then be necessary to repeat the full details here given. ' 

Example 2.— (a) A double wire unde^round circuit consisting 
of 70 lbs. Cu conductors, and having the constants given in Table l' 
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Chap. II., has lo volts applied at the sending end Assuming 
that the line is infinitely long, find the distance from the sending 
end and the value of the current at the point where jSi = i and where 
pi = 2. What is the value of the characteristic impedance of this 
circuit if lu = 5000 ? 

R +;o.L = 25 14 + 5; = 25'63 / "° I5' 

G +70.C = io-« + 325 xio-^=325 xio-«/89^49' 





.-. y = V25*63 X 325 X io-»/ 101° 4' 




= 00913/ 50° 32' 


= 00580 +;" 00705 




2» V 325x10-* 




and 


\78= 34' = 280-84X39° J/ 


If ^/ = ] 


[.then 






0-0580 


■■ 17-24 mis. 


hence 


ai = 


= I '2145 


Current at this point 






=?^ (from (2), Chap. II.) 




10 xe-i X «-''■" 


"_3"6788\69''35' 




280-84X39° ^ 


280-84X39° 17' 



* 13-099 X ior-»\30° 18' amps. 
= 13*099 \30° 18* milliampB. 
[See {19), Chap. I. and {24), Chap. I.] 



If ^ = 2, then 

/ = ^A = =14-47 mis. 
00580 -"^^ 

hence <J = 2-4291 

Current at this point 

" 280- 84X39" 1/ 

^ 1-3533X139°"' 

280-84 X39° XT' 

J X lO-'Xgg" 54' amps. 



Extmfk 3. — Find the sending-end impedance and current, and ' 
also the current at the recdvin^ end of a closed double wire 70 lbs. 
unloaded telephone cable circuit, which has an attenuation length 
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such that fil=:i when the impressed voltage is lo volts, havii^ 
given that 2w/ = 5000, 

The characteristic impedance and propagation constant may be 
taken from Table II., Chap. VIII. 

We have Zq = 280-84 X^g-'i/ 

a = 0-070462 
^ = 0058016 

d = {fi+ja)l. and it is given that je/ = I, .-. ;=|=_|^-, =17-24 

whence a/ = 1-2145 and e = (i +;i-2I45) 

Z, = Zo tanh e {by (6), Chap. III.) 

I^=z^-S(^y<9). Chap. III.) 

i»=z7£h*(^y('°)'C'»^P"i) 

From (78) and (79), Chap. I., we deduce 

sinh O +ja) = sinh ^ cos a +j cosh ^ sin a 

= sinh I cos i'2i45 +/ cosh i sin i'2i45 
= 1-1752 XO-3488+; 1-54308 X 09372 
= a +jb = A/^= (0-4099 +ji 4462) = 1-5032 / 74° 10' 

cosh +ja) = cosh fi cos a +j sinh j3 sin a 

= cosh 1 cos I -2145 +;■ sinh i sin i 2145 
= 154308 X 0-3488 +;■ 1-1752 X 09372 
=■ '^1 +Jh = Ai /ji = (0-5382 +JI-I0I4) = I -2258 / 63° 5/ 

•■''^J ' cosh{^+;a) 1-2258 /63° 57 ' 

'''**°" A7/I; = X, l±z^ =" 1-2263 /10° 13' 

Zi =Zotanh 9 = 280-84X39° 17' X 1-2263 /10° 13 ' 

= 28084 X l-2263(\39° 17' + / 10° 13' ) 
= 344-4X29° 4' vector ohms 

^i='7 *-^^v:a = r~-'-^ = ^Q 04 X 10-8 ;2Q° 4' amps. 

ZotanhS 344-4X29° 4' -'— ' ' ^ ■ - *^ 



' Zo sinh * 280-84X39° 1/ X 1 5032 /74° 10' 
= a.T6Q X lo-' \t4° S3' amps. 
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By means of the data given in the foregoing example, the 

impedar_ „,, _, ... 

by the aid of fonnulte (5), (8), and (13), Chap. III., and it 



lance and current at the sending end, and the receiving-end 

I __j___,. _ may readily be four ^ 

I, Chap. III., 



impedance and voltage, with the line open, miiy readily be found 
by the aid of fonnulte (5), (8), and (13), Chap. III., and it 

may also be verified that r=- \ ' a ^ given by (12), Chap. III. 

This latter equation is frequently useful, and it is easil ""' 

the relation in question holds. We have from Example 

h = 2369 X I0-; \34f53' _ 0-8158X6^57 

Ii 2904 X I0-" ji^ A ^ J J/ 



8 (63° 57' cosh (i+;izi45} cosh 6 

_ ^.. ^. .__ circuit described in question 3 has nov 

of telephone apparatus joined in series at each end of the line 



of telephone apparatus jomed m senes at each end of the Une as 
represented in Tig. 18, Chap. III. The impedance of the two sets 
is the same, viz. 425/45°. Find the received current Ig by means 

of formula (23), Chap. III., Ei = lo volts. 

As in the preceding example Zq = 38o-8\39'' 17' 



.-. ZflS = (28o-8\39" i7')2 = 78849X78" 34' = 15630 -y77284 
Zfl2 = (425 /45°oT = 180625 /90°o' = o +y 180625 
Zq' + Za^ = 15630 +;■ 103341 = 104510 / 81° 24' 

*> T = ---=?^^-^ =372-2/l20° 41' 

Zo 280-8X39° 17' ^- 

, El 



' 2 ) ^"^ * + 2Za cosh 



The values of sinh 6 and cosh 9 are the same as in Example 3, 
we therefore have 

' " 37^^/ 120° 41' X 1-5032 / 74° 10' +2 X425 / 45" X I 2258 /"63° 57^ 

10 

559-5 / 194° 51' + 10418 / 108° 57* 



-540'8-;i43-4-338-3 -|-;9875-4 

It should be noticed that as 194° 51' is an angle in the third 
quadrant the horizontal part of the vector is from right to left and 
tne vertical component is downward, and therefore both are 
ne^tive. 108° 57' is in the second quadrant, and in this case the 
horizontal component only is negative. 
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10 
— 879-1 +;■ 842-0 



= 8'22 X 10-' \ 133" 46' amps. 

A comparison of the cuirent in this case with that obtained 
in Example 3 shows that the vector current has been reduced from 
23-69 to 8'22 milliamp^es with a large change of angle, by the 
addition of the necessary apparatus at the two ends of the cuxniit. 
The maximum power in the sending and receiving apparatus is, 
however, obtained when the impedance of the apparatus is equal 
to that of the characteristic impedance of the line. (See Chapter Vll.) 
Calculation of Equivaieni T and n Circuits. — In construct- 
ing such drcuits for practical tdephone use the double T and 
n circuits are much more useful than the single T and n form, 
owii^ to the fact that the fonner are symmetrical when joined to 
double-wire telephone circuits, whereas the latter are not. The 
difference l>etween the two will be seen by a comparison of Figs, o 
and II and 20 and 21. Exainples of T and single n circuits will 
now be given ; but the data suffice for both types. 

It is necessary in the alternating current case to take frequency 
into account, and the frequency selected is such that 2vf = 5000 for 
reasons given in Chap, V, All the constants given are effective " 
values at that frequency. The proofs of the formulas are given in 
Appendixes III. and IV. 

Example 5. — Construct T and n circuits to be equivalent at 
(u = 5000 to 20 and 46 miles of standard-cable. Which of the two 
arrangements is the more suitable for use in these cases, and why ? 

Now « = (oio6l6±joni93)l| See Example i. 
and '0 = 571 -4X43 16' 1 

If / E= 20 nds. 
then * = 2-1232 +j 2-2386 

tanh^ = tanh(ro6i6+;iii93)[(8o), Chap. I.] 
tanh i'o6i6 +/ tan i-ii93 
1 +> tanh l-o6i6 tan i-ii93 
_, ■7864+^20625 

I +y 1-6220 

_ 2-2073 /69°/ 

~" 1-9056 / 58° 21' 

= 1-1583 /10° 46' 

sinh e =sinh (2-1232 +y 2-2386) [by (78), Chap. I.] 

= sinh 2-1232 cos 22386 +j cosh Z'viyi sin 2-2386 
= 4-1182 X (--6163) +;■ 42379 X 7875 
= - 25381 +;" 3-3374 
= 4193/127° 15' 
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.-. Zo sinh » - 57i'4 \43'iy X 4-193 / 127*15' — 2396 /83'59' 
llIT? II583 /ro-46- ■'933VM 

and Zotanh|= 57i-4\43''i6' X 11583 /lo" 46' =661-9X32° 30' 

The equivalent circuits for 20 nJs. of standard cable are therefore 
as shown in Figs. 71 and 72. 




661-9 \32°30' 661 9 \32°30' 



136-2X170° 31' 



The n circuit is the more suitable because none of the impedances 
composing it have an an^e greater than 90°, so that it can 
be made up without the aid of a transfonner. The impedance 
2396 / 83° 59' can be represented by a coil of 251*1 ohms in resistance 

and 476'5 mhys. in inductance ; the impedance 493'3\ 54° 2' by a 
resistance of 28g'7 ohms in series with '301 mfds. 

If i = 46 mis. 
then 9 = 4-8834 +y5i488 

.-. tanh ^ = tanh (3-4417 +ya-5744) 
= '9842? -y -63707 

1 -r 98497 X 63707 
^117 31 \32° 54' 
I — y 62750 

ri8o6\32= / ^^^ ^' 
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sinh 6 = sinh {4-8834 +;" 51488) 

= 66'036 X '42262 — ^■66'044 x 90631 
= 2790 8 -j 59 -856 
■=66-04 65° o' 
-•- Zfldnh J = 57i-4\43''i6' x 6604 . 65° o' = 3774 ^ 108° 16' 
and -^^ 571-4 J3°_i6' ^^y3.3-j^r^, 

tanh - '9959 0° 4/ 

2 

Zotanh * =57i'4 43° 16' x -9959X0° 4/ =569-1X44° 3' 

Zo._ ^ mA-^M = 8-65 /2r°44' 
sinhtf 66-04.65^0' 

The T circuit b the more suitable in thi s case for the same 
reason as given before. The impedance 569-1 \^ 3' can be repre- 
sented by a resistance of 409 ohms in series with '^05 mfd. ; the 
impedance 8-65/21° 44' by a coil of 803 ohms in resistance and '64 
mhy. in inductance. 

These examples show that there is not always freedom of choice 
between an equivalent T circuit and an equivalent n circuit if 
transfonneis are to be avoided. Generallj^, but not always, either 
the T or the n circuit permits of this being done. It shoidd be 
carefully noted that these circuits as calci^ted are only strictlv 
correct for a frequency such that 2w/=i5ooo. In order that they 
may satisfactorily replace cables with uniformly distributed con- 
stants for speech tests, it is necessary to demonstrate by experiment 
that speech conducted on real cables and equivalent circuits gives 
similar results as regards attenuation and distortion of speech. 
It is also of importance that the theoretical constants found by 
calculation are such as may be reproduced in practical construction 
in a compact and economical manner. 

Some experiments bearing on these points have been made in 
the Post Office Laboratory on a circuit simOar to that shown in 
Fig. 72, and the results are indicated in the chapter on Alternating 
Current Measurements in connection with Fig. 128 in that chapter. 

ExamH^ 6. — A 70-lbs. double wire circuit having the constants 
shown in Table II,, Chap. VIII., isclosedatthe receiving end without 
apparatus. Show by a curve how the impedance varies as measured 
at the sending end of such a line when the circuit is gradually 
increased in length from j9/ = o to fil= 4, observations being con- 
tinuously taken as the length is increased. By (6), Chap, III., 
the impedance of a closed circuit is Z^ tanh 9 for any value of 6, the 
variable part of this is tanh 8 where 9 is a complex angle. Fig. 73 
shows the relation by means of a polar diagram. The curvetf line 
shows tanh $ and the figures marked upon the curve from "i to 4 
are the values of ^l, and tanh 8 has then the value indicated by the 
curve. Example, when 81 = 10 the angle of tanh $ is then a little 
over 10" and is positive. The corresponding vector is 1-226, as 
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shown by the diagonal scale at the foot of the curve. The an^e 
of 10° will be found on the right-hand edge of the graph, and 
it is opposite fl/ = i. The precise meaning of the curve will be 
made clear by Example 3, which includes the calculation of tanh 9, 
and it will "be seen that in the example taken the value is 
tanh (1 +yi-2i45) =12263/ 10° I3'. which agrees with the curve. 



In order to obtain the value of the impedance, which is Zn tanh 6 in 
this case, it will be observed that Zq is multiplied by 1-226^ j 10' i^', 
the value just found from the curve, and the example shows how to 
complete the calculation. In a similar manner the impedance of a 
closed yo lbs. cable circuit for any line angle between o and 4 may 
be obtained by the aid of the curve. A study of the graph brin^ 
out some points of interest ; for example, for small values of 6 



..Google 



io6 TELEPHONIC TRANSMISSION 

the value of tanh $ is nearly the same as 8, and it may be deduced 
from this that the impedance of a short Une is practically ZqA. 
The curve also shows that after ^ = 125, the change of the line 
angle * is relatively small, the range of variation being about 
^ degrees between the extreme limits. Also after jSi = 3 the an^e 
' is nearly constant. We then have an electrically long Une, and tne 
cm^e beyond this point approximates closely to the requirements 
of an infinite line. In sucn a case tanh 6 approximates to i, and 
the curve shows the vector to be i and the an^e o, i.e. the impedance 
and the angle between the current and volts becomes constant 
after this pomt, although for small values of 9 the curve shows that 
they vary considerably. 
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CHAPTER VII 

REFLECTION AND POWER IN TELEPHONE CIRCUITS 

110. General Remarks. — The motion of waves in transmitting media, 
and their partial or total reflection when the nature of the medium 
changes, are familiar phenomena in Sound, Light, and other branches 
of Physics. Maxwell discovered that waves of light are dectro- 
magnetic waves, and Hertz showed that electromagnetic waves 
travel at the same speed as light, and are capable of being reflected 
and refracted. 

Oliver Heaviside appears to have been the first to explain 
phenomena which occur at the boundary of unequal impedances 
m transmission lines, by the action of partial transmission and 
partial reflection of the electric waves at such points. {See " Elec- 
trical Papers," vol. ii. p. 131.) In accordance with this theory 
it will now be assumed that both volts and current are so reflected 
and transmitted. It will further be supposed that the harmonic 
variation and propagation of waves of volts and current act in an 
analogous way to other waves in media where their properties can 
be more readily demonstrated, such, for example, as water waves, 
and the vibrations of strings, and the reader is referred to treatises 
for fuller details. (See, for example, Franklin's " Electric Waves," 
and Prof. Fleming's paper read before the Royal Society entitled 
" An Experimental Method for the Production of Vibrations on 
Strings, Illustrating the Properties of Loaded or Unloaded 
Telephone Cables.") It will be shown that these assumptions 
of wave motion combined with elementary known electrical con- 
ditions at any point where reflection occurs in a transmission line, 
furnish the necessary data for the formation of reflection formula 
which may be used to develop transmission equations such as those 
already deduced in Chapter III. The conditions necessary for the 
establishment of transmission without reflection in a telephone line 
are also important in connection with the study of transmission 
losses. 

When electric waves are propagated along a uniform trans- 
mission line of infinite length they travel with uniform speed and 
are continuously and uniformly attenuated, in accordance with 
formulae {36J to (38), Appendix I. This in fact is the only case 
where reflection in a transmission line does not exist, if we except 
the case where the conditions of the infinite line are fulfilled by a 
finite circuit which is closed through an impedance equal to tnat 
of the infinite line. If the line changes in impedance, the velocity 
of propagation changes by (38), Appendix I., and this change is 
accompanied by reflection. Consider the lines represented in 
107 
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Fig. 74. We have two circuits in series, one being of finite, and the 
other of infinite length, having characteristic impedances Zq and 
Z'o respectively. The vohs and current arriving at B from A in 
the first instance are supposed on the reflection theory to have 
exactly the same value as if the line were a uniform and infinite 
one, i.e. the volts are Ej =£«"* and the current Ii = i^fi~*, where 
E is the impressed voltage at the sending end of the Une, Zq the 



E 



1^ 



Finite Line Infirtile Line 

Fio. 74. 



characteristic impedance of the line AB, and S the line angle of that 
circuit. A portion of the volts and current thus defined are trans- 
mitted at B along Z'o and a part reflected from B to A, the 
magnitude of the transmitted and reflected portions depending on 
the relative impedance of Zq and Z'q. If Z is infinitely great or 
zero the reflection is total, but the volts and current are differently 
affected in these two cases, as will shortly be shown. The waves 
reflected at B return to A with undiminished velocity and they are 
totally reflected at that point (if the generator has no resistancej, 
and return to B, where the previous action at that point is repeated, 
and this process theoretically continues to infinity ; each time that 
the current arrives at B the same process of partial transmission 
and reflection is repeated, the reflected waves as they run to and 
fro between A and B are continually attenuated in the same way as 
if the length AB were part of an infinite and uniform line. 

111. Rdleetlon at the JnnetlOD of Two Infinite Uim. — On account 



I, 



H|l[ 



* Infinite Line ^ (nifinite Line ^ 
Fig. 75. 



of the simplicity of the infinite line case it will be convenient to 
consider if first. Fig. 75 shows two lines of infinite lei^h 
joined in series, Z. and Zq being the characteristic impedances 
of those lines. The same result would be obtained as r^ards 
reflection, if the line AB were short and the generator had an impe- 
dance Za. We will suppose that the line Za remains constant in 
impedance but that the line Zn may be changed for any other 
line of innnite length with a different cliaracteristic impedance, 
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which may have any impedance value Zq from zero to infinity. 
It will be convenient to consider the limiting values zero and infinity 
o( Zo at this stage. In each case the volts and current reflected at 
B are respectively eQual to the incident volts Ee"* at that point, 
and to the current f-e~'. The results of this total reflection may 
be interpreted by the aid of the known electrical conditions at 
B when the line is disconnected or earthed at that point. The 
assumption of total reflection in these cases is in accordance with 
the physical analogies referred to, and also with well-known 
properties of electromagnetic waves, apart from other considera- 
tions ; and it will be seen that the formulae deduced on this supposi- 
tion are in accordance with other formulae deduced independently. 
112. Reflsetion at the Disconnected End of a Transmission Une. 
— In Fig. 75 let the line Zq be disconnected at B. It is then 
known that no current exists at the point B, seeing that the 
imi>edance at the disconnection is infinite, but a resultant voltage 
Ea is known to exist there, due to the action of the impressed volts 
at the sending end on the impedance at the receivmg end, and 
Eg is known to be of the same sign as the impressed volts. Let 
the volts E«"* incident at B be called Ei and be positive, let the 
reflected portion of Ei be Ej, and the resultant of E^ and Eg be Eg. 
Similarly, let the current incident at B be li, the reflected current 
It, and the resultant value of U and I^ be Ig. Since we have total 
reflection we know that Ei =£(, and, as already stated, we know 
that the resultant voltage Eg is not zero and is positive. It f<dlows 
that Eg is positive, for otherwise Ei— £2=0, which is not the 
case, therefore we must have 

E3 = Ei + E, = 2Ei (I) 

As regards the cunent at the same point, since the resultant 
of the incident and reflected currents is known to be zero, and since 
total reflection exists we must have 

I» = [i-Is!=o (2) 

Formula (i) and {2) may be stated thus ; At a point of dis- 
' connection, the incident voltage is equal to the reflected voltage 
and of the same sign ; the incident current is equal to the reflected 
current and of opposite sign. 

lis. Refleetlon at the Short-«Ir«iilt«d End of a TransmbsiOD 
Lino. — In this case the resultant volts Eg s=o, since the line is at 
zero potential at B. A current, however, exists at B due to the 
sending generator and the short-circuited or earthed line. In the 
case of both volts and current we have again total reflection. The 
value of Eg is obtained thus 

E8 = Ei-E, = o (3) 

This foUows from the fact that £1 = Eg, and Eg is known to 
beo. 

The corresponding current equation is 

l8 = Il+Is = 2ll (4) 
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This follows from the fact that I^ = Ij, and Ig is greater than 
o and positive. 

Forraulae {3) and (4) may be defined thus : At the short-circuited 
end of a transmission line, the incident voltafe at that point is 
equal and of opposite sign to the reflected voltage ; the mcident 
current is equal to and 01 the same sign as the reflected current. 

It should be noticed that in the cases of both disconnection 
and short circuit the reflected voltage is of opposite sign to the 
reflected current. 

Combining equations (i) and {3) we have 

E8 = Ei±Ej (5) 

When the voltage has these values the simultaneous value of 
the current is from (2) and (4) 

I| = Ii + It (6) 

The reversal of sign in the case of Eg and I^ in (5) and (6) indi- 
cates that E2 is always of opposite sign to Ij. 

114. Vtrifleatlon ol Formnlte derived bj the ReflecUoo Proeeu. 
— The results obtained are in accordance with formulae aiready 
developed in Chap. III. To show that the volts would be doubled 
in a disconnected infinite line as compared with the volts at the 
same point in a line of indefinite length, we have by (i), Chap. 
II., Ea = E«"', where Es is the voltage at any point (sayjwint 
B, Fig. 75) in an infinite line. If the line were disconnected at 

the same point the vtdtage would be — r—j by (13), Chap. III. 
. The ratio of these voltages is 



- = e~* cosh 9 = 



Now in an infinite line e~* may be neglected, and therefore 
the ratio becomes i, i.e. the voltage at point B in an infinite line 
is half that at the same point when the line is disconnected at that 

Soint, or, in other words, the voltage at a disconnected point is " 
ouble that of the infinite line at the same point, which agrees 
with (t). When the line is earthed it is seen from para. 53 
that the current is doubled as compared with the infinite line, 
and this agrees with (4). In both these cases the results are 
expressed in terms of the voltage and current at the point B in 
an infinite line, the value in the infinite line being taken as i for 
comparative purposes. 

116. Partial TraaimlSBlon and Refleetion In an Infinite Tiaos- 
mlsiion Uue at the JnnetloB of Unequal Impedanees. — Fig. 75 
illustrates this case. Equations (5) and (6) also apply, because 
the algebraic sum of the incident and reflected volts Ei and Eg 
or current Ii and I2, is always equal to the resultant or transmitted 
volts or current Eg or Ig, and equations (5) and (6) are the mathe- 
matical statements of these facts. As regards the si^ of voltage 
and current in this case, £1 and Ij are still always po^tive, and are 
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fixed by the infinite line equation. If a fraction fn^E-i = E3 is 
transmitted, where Mi is less than i, then (i — «i])Ei= +Ej is 
always reflected. We will, however, merely assume that fUiE] = Eg 
and show how to obtain expressions for the coefficients of trans- 
mission and reflection by means of equations {5) and (6). The 
sign of E( may be + or — , and it may be detennined as follows : 
Tae sign is -f when Zq (Fig. 75) is greater than Z,, for in that case 
the impedance at B is increased as compared with a uniform 
impedance Z. throughout, and the voltage E3 is also increased, 
i.e. it becomes greater than Ee~* = Ej owing to the fact that the 
impedance at B is now greater than the infimte line impedance Za. 
Id that case Eg must be positive. At the same time the current 
I^ diminishes for the same reason, and is always opposite to Eg in 
sign ; the + sign meaning that the voltage or cuireni at B, Fig, 75, 
is greater than would exist in the uniform infinite line Za, and 
the minus s^ meaning that it would be less. 

116. CoeillBieiits of Transmiislon and Refltetion. — From the 

E receding definitions, bearing in mind that equations (5) and (6) 
old good for cases of part iaT reflection and transmission, equations 
will now be developed for the value of the coefficients of transmission 
and reflection expressed in terms of the impedances Za and Zq. 
It must be borne m mind that E^ is always opposite in sign to la. 

To deduce the Coefficients of Transmisstonmi for Volts, and mjor 
Current. 

Caseia. E8=Ei+E8 {7) 

I8 = li-l8 (8) 

At the same time we have, as may be deduced from Fig. 75 
and the previous definitions — 

E8 = l8Zo| 

E« = I^ (9) 

lii = liZ,J 

Let £|=fftiEi as stipulated in the preceding paragraph, and 
insert this value in (7), 

then miEi =Ei H-Eg or Ej. = (mi — i)Ei . (10) 

By the aid of (9) and (10) equation (8) may be written 

E8._E, Eg El (i-mi)E | Ei, . 

aZn 
whence m^ = 7 T.» (11) 



'Zo+Z 

This is the coefficient of transmission for volts. 
The coefficient of Flection is therefore 
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Case lb. — The coefficient of transmission m for current is 
derived from {7) and (8) as follows : — 

Let Ij = twii 

From (8) wli = I] ~ I^ or Ig = Ii(i — m) 

From (?) and (g) IjZo = IjZ, + IjZ. 

and .-. mliZo = IjZ, + Ii(i —m)Z, 

Whence mZg = Z, + (i — m)Z« or m(Zo + Z,) = 2Z, 

whence m = ^— _r y (^3) 

This is the coefficient of transmission for the current when {7) 
and (8) hold good. The coefficient of reflection is therefore 

I ffi^i ^^ _Zo-Z. 

Zo + Za Zo + Za 



(■4) 



Wlen Ea-Ei-Ej (15) 

and I,-I, + I, (16) 

Let Ej = w»iEi as before 

Then by (15) MiEi=Ei — Eg or Ej =Ei{i -«i) 

From (16) and (9) "if ' = ^ + ^'"^■i thatisg-^^ 

whence nti = « "„ (17) 

This is the same as (ii), and therefore the coefficient of trans- 
mission for volts is the same whether Eg has a plus or minus value. 
It follows that the coefficient of reflection for both cases is that 
given by (13). 

Case 2 (o). The coefficient {«) for current is derived from (15) 
and {16) as follows : 

Let I« = «Ii {18) 

From {16) mix = Ii + U or \^ = (m — i)Ii 

From (9) and (15) I,Zo = IiZ. - IgZ. 

whence mliZo = IjZ, - (m - i)IiZ. .... (19) 

or ImZq = Za + Za — WiZa 

or «(Zo + Za) = 2Za 

whence m = ^—jp/ ....... (20) 

In this case also the coefficient of transmission has the same value 
as in (13), and therefore the coefficient is the same whether Ij is 
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positive or negative, and it foUows that the coefficient of reflection 
for current is the same as (14), whether Ig is positive or o^ative. 

It will be seen, therefore, that there is only one coefficient of 
transmission and one of reflection for volts and for current respec- 
tivdy, at any given point. 

If these equations be applied to the limiting impedances of 
zero and infinity the same results are obtained as previously 
deduced. For the resultant voltage with the line disconnected 
or short circuited we have by (11) 

2Z0 _ 2 Infinity _ 
"'-Z,+Zi- 2.+ Infinity-^ 

I.e. the resultant voltage is twice that which .would be obtained 
on an infinite line at the same point. Similaily by (13) the current 
with the line disconnected is obtained. We have 



If the line is earthed at B we obtain the resultant vohs by (ji). 
We then have 



»'i = 



aZp 2x0 _ 

z. +Zo~zr+o" 



At the same time the resultant current may be obtained by (13). 
We then have 

These results agree with the previous deductions. A reference 
to equation (13) and para. 58, Chap. III., will show that an 
expression similar to the coeflScient of transmission was developed 
from entirely different considerations. 

The reflection and transmission formuls deduced in the pre- 
ceding equations will now be applied to two concrete cases to ^low 
the method of application. 

It should be noted that, although fonnulx h) to (20) were 
formed from consideration of an infinite line, the formulae are 
true for any length of line if all the reflections and transmissions 
are taken into account. The infinite line was utilized because it 
limits the reflections to one in each case. The following problem 
shows a method of applying the formuife to a concrete case. 

117. FormiUon of Transmission Equation by the Prooeu of 
RefleoUon. — To find the combined impedance of a transmission line 
of any ler^h between two constant tmpedances. — In formula (26), 
Chap. III., an expression is given for the receiving-end impedance 
of a transmission line of any length with similar apparatus at both 
ends. The following problem is identical with that one in its 
main features, as will now be shown. 

Fig. 76 represents the case of a short line in the middle of two 
indefinitely long lines, and we will now develop a formula which 
permits of^tbe attenuation in the circuit being computed. A further 
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aspect of the problem is to find a formula for the transmissioD loss 
b«weet) A and D as compared with the transmission loss which 
would exist if Zd = Zn. Za and Z^ are characteristic impedances. 
Let Zo be variable ana Za constant. 

.1. 1 Za < Z Zo ^^ Za 

H'l a1 — — rrz ~^ 

Infinite Line Finite Line Infinite Line 



Transmitted Current. — If the current incident at a point A in 
the infinite line Za is Ig, 

The current at B becomes ^^^Za ^ ^= ^^ *™*'' 

The current arriving at C from B is Is zTjT^Za'"*' ^^ '* ^'' 

Then the current at C being I3 the current at D is ^^, "V x I|. 

Note that Za and Zq are in turn used in the numerator of the 
transmission coefficient ; the impedance of the section preceding the 
change of impedance to which the formula refers always appears 
in the numerator of m. 

Reflected Current. — The current on arriving at C spUts up into 
two parts, the transmitted current (already dealt with) and the 

reflected portion l ^ m -'? . which is reflected back to B, where it 
has the value ItTiX^*"'-*'*^ portion j*— v/" <>* *his current is 
again reflected back to C, and it there becomes Wi^^ry") «"**• 

This process of reflection is indefinitely repeated. 

Summation of Refiecled and Incident Currents.— \t we designate 

(Mtz ) '* ^^ *' **'^"-''' **** ^""^ *** ^^^ current at C due to the 
incident current, and repeated reflections, will be 

>' = Ia + l8*+l3»' + Ia*'+ 

= l8(r+ar + «=+xa+ . . . . ) 

= ^'2f?Z^^"'<^+*+''+^+---) ("> 

The quantity in the brackets is a geometrical prwression, and 
X is less than 1. By (14), Chap. I., the sum of an infinite number 

of terms is ^ . If a = l the total current at C may therefore be 

I —X ■' 

written 

t T 2Z« ,-a I ,„„, 



^'Z^T^o' 
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At the point D this becomes 



4ZaZr 



'v^^^-'t^. (^3) 



Now it can be shown without difficulty that this fonnula gives 
the same result as (23), Chap. III. Ttus latter formula was, of 
course, developed from different considerations. To prove that 
the two formulce lead to the same result it will be convenient to 
deal with the impedance corresponding to (23) as here developed. 
If the voltage at A, Fig. 76, isEj, and the current at Dis I^ as in (23), 



Substitute the value of x and we obtain 



^'^-■^^"'''t-(^fD-1 • (-) 



_Ei.,( (Za+Z,)' (Z»+Z„)' / Z»-Z|i Y-m) 
4Mi„ \Za+Zt) i 



_E, MZa+Z„)' (Z-i-Zq)' 

= Eijl Z^'+Z.' , aZiZp 
TTi 4Z«Zo "^4Z3Z; 

This impedance is developed in para. 62. and „ _ 

{z6). Chap. III., and tlie latter is easily converted to (26) above ; 
thus from (26), Chap. III., 

Z,= ^'+^°' sinh » + 2 Z« cosh « 

= ?2i+22!|' -Z2l + Z»!'l' + 2Z.f,+ ,Z.C' 




-^^' I 42oZfl +4ZHZ-0 * I "4^Zo 42^// * 7' 
Now (26) and (27) only differ in the fact that -=4 in (z6) 

laced by aZa in (27). This difference is due to the end conditio! 
_. the circuits under consideration. A reference to the relati\, 
circuit diagrams will show the difference (see Figs. 18 and 76). 
In the one case a line of any length is terminated at each end by 

ar infinite 
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apparatus having the same unpedance, whilst in the other case a 
line of any length is terminated at each end by similar infinite 
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lines. In each instance a line of any length is thus inserted between 
two constant impedances, and that portion of (26) and (27I in the 
outer brackets shows how the received current at D in Fig. 76, 
and in the receiving apparatus in Fie. 18, is affected by the fact 
that the impedance of the inserted line difiers from that of the 
two impedances between which it is inserted. It is evident by 
inspection of ^26] and (27) that ii Zg — Za the whole quantity in 
the outer brackets reduces to i, this assumes that Za and Zo have 
the same angle ; we then have the condition for no reflection and 
the equation reduces to that of the infinite line. This equation 
may be written as follows : — 

The effect of the angle of the vector impedances Za and Zq in 
this case is dealt with in para. 121. 

An equation similar to (28) was given by Monsieur Devaux- 
Charbonnel in " Les Cables Td^phoniques Soumarins," in La 
Lumiire Electrtque, 15th Tune, 1913. See also Prof. Breisig's 
" Theoretische Td^graphie," p. 302, and " Note sor le Calcul des 
Reflexions dans les Lignes Compos^es," by M. H. Pleijel in the 
" Comptes Rendus de la Conference Internationale des Techniciens 
des Administrations des T^^graphes et des Td^phones de I'Europe : " 
Paris: Imprimerie Nationale, 1910. The subject is also dealt 
with in Dr. Kennelly's " Application of Hyperbolic Ftmctions to 
Engineering Problems," cliap. vi., and Prof. Fleming's " The 
Propagation of Electric Currents in Telegraph and Telephone 
Conductors," p. 63. 

It is evident from the consideration of {26) and (27) that the 
same result is obtained whether the formula be devel<^d by the 
method of Chapter III,, and Appendix III., or built up by the reflec- 
tion process. 

K' 118. R«fleetion at the Ends of a F1nlt« Transmiarion Une open 
at one End and closed at the other. Expression for Volts at the 



I I A Finite Line B 

Fio. 77. 

ReeelTing End. — The preceding example shows a method of dealing 
with reflection at the boundary of unequal impedances, the following 
example shows the case of a finite line as depicted in Fig. 77. The 
earthed generator E has no resistance, and the disconnected 
hne AB is of finite length. The example is given by Dr. Kennelly 
in the chapter quoted. The problem is to find the voltage at the 
open end of the line. The first voltage wave by hypothesis acts 
as if it were in an infinite line. The voltage E, after transmission 
to B, has the value Ee~*, by (i). Chap. II. It is reflected 
there and has then the value 2E«~* by '(i). The reflected 
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wave Ea"* then travels back to A, where the incident voltage 
is Ee~^, but the reflected wave is — E*"** by (3}. On arrival 
again at B the voltage increment is — E«~**, and, as before, this 
quantity is doubled at that point and becomes — 2E<~'*. The 
reflected part — E«~** is transmitted to A, where it has the value 
— Ee"** before further reflection. It travels back after reflection 
as E«~**' and on arrival at B after reflection has the value 2Ee~^^. 
This OTocess is theoretically continued to infinity, the total volts 
£1 at B b^ng the sum of an infinite series which has the value 

= 2Ee-*(l -<-'" + «-^ - S-" + . . .) . (29) 
The series in the brackets is a geometrical progression, and by 



in this case has the value — «"*** and therefore - 
Therefore (29) has the value 
E,=2E-' 



^^=^e ■ ■ (30) 

Which agrees with (13), Chap. III. 

By the application of formulse (i) to (20) numerous transmis- 
sion equations may be developed, but the more important ones 
for our purpose have been already developed by other means, 
and it is not necessary to repeat them. It is seen fromthe preceding 
investigation that some light is thrown on transmission losses at 
the junction of imequal impedances by taking reflection into account. 

Now it is possible to investigate such losses from quite a difEerent 
point of view, i.e. by the application of energy equations, to find the 
conditions for maxunum power at the junction of impedances in 
transmission lines, and as the method is relatively simple, and the 
subject of great importance, it will now be dealt with, 

119. Rdatlons between the Power Is Terminal Apparatus ' at 
the Ends of a UnlloTui Transmission Line and the Relative Impedance 
of the Line and Apparatns. Introdnetory Remarks. — In order to 
understand the transmission phenomena which occur in a telephone 
circuit with speaking apparatus at either or both ends of the line, 
it is necessary to have a clear idea of the effects of changes in the 
vector impedance of the apparatus and line, on the power in the 
circuit, and the conditions which govern the maximum power in 
the apparatus at either end of the line. This will now be considered 
as a power problem, without taking reflection into account. The 
following cases will be dealt with : — 

(a) A uniform transmission line with apparatus at the receiving 
end. 

(6) A uniform transmission line with apparatus at the sending end. 
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{c) A unifonn transmission line with similar apparatus at both 
ends of the line. 

(e^ A uniform transmission line with apparatus of different 
impedance at the two ends. 

It may be remarked at the outset that the mathematical expres- 
sion which shows the relation between the vector impedances of 
the line and apparatus and determines the power in the apparatus, 
is the same in its main essentials in the first two cases, and the 
elucidation of the fourth case {d^ results in the conclusion that the 
best result is obtained with similar apparatus at both ends of the 
line and comes in the same general category as the other cases. 
Case (a) will therefore be examined as fully as appears to be 
necessary in the first instance, and the other cases will be examined 
sufficiently to make it clear that the same general conclusion applies 
to them. In all cases thf impedances are vectors, but for convemence 
the angles {A, ^j, etc.) are only introduced when necessary. 

Case (c) refers to current only, but the mathematical expression 
deduced is covered by case (a), and it is therefore included. 

120, Power In the Reeelving Apparatni and Adjacent Line in 
a Trftniinl»lo& Circuit of an; Length closed through the Apparatus 
St the ReeelTing End, — Case \a). — Fig. i6, Chap. III., illustrates this 
case. Theline without the apparatus has a resistance Z^ =Zo tanh 9 
by (6), Chap. III., and it is now required to find what impei^ce Za 
must be given to the receiving apparatus, taking into account that 
Za and Zp are vectors, in order that it may absorb the maximum 
amount of power with a hxed voltaf^ £( at the sending end, and if 
nothing changes but Za. By (17), Chap. III., we have 



1^ = ^ 



E, 



Zosinh tf+Zacosh^ 
The power in the apparatus Za will be 
Ei«Za 



(31) 

the reciprocal of P, and we thus 

I _ Zo(Zo sinh # +Zacosh 6)^ , , 

P ~ Ei'ZoZi ... 132| 

_ Zo(Z„' sinh' t + Za* cosh' « + aZ nZg cosh I smh ») 

E.'Z«Z„ ■ 

_ Zn/Z,' sinh' »+Z,i' cosh' » , v . ■ v .^ 

~StA ZSz; + 2cosh »smh »j 

-$'{(^"^'"- + ^^^V^^"'"«»''«l <^' 
Let the impedance Zq be written Zg/^ and Za become Za/^ 
where both Zq and /^ and Za and / ^^ may have any value. 

It will be convenient at this stage to write a for sinh« 6 and b 
for cosh« 9, formula (33) then becomes 
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By (18), Chap. I,, this may be written 
and by (24). Ch^. I., this is 

Hovrji^i — ^) s= — y(^ — ^i) and therefore (35) may be written 

p-^*[{-zi'^"*''+»|^'-'^!+^vT'] (36) 

121. Efleets of Impedukw CbangM on the Raeeived Power In « 
'--■-- ""lies* " 



{35} 



Line. — These effects may be elucidated as ftdlows. 

From (7). Chap. I., (36) may be written— 

I "^["^H (* - *') +> ^ t'' - *i)} 

+ 6^{cos (^ - ^1) — ;■ sin {^ - ^j)} + 2 sinh cosh sl 
= ^(<*§ cos {*-,!,) +<.^y sin (,t-^) 

+ 6^ cos {* — ^1) — 4^ y sin (^ — #1) + 2 sinh S cosh j} 

=%^{(4"+'|)-(*-« 

4- («^ - 6^) ;■ sin (^ - *i) + 2 sinh ff cosh tf} 



To separate the Angles from the Modulus. — ft only Za varies 
struct a diagram of tne vector quantities containing the variable 




(«f:-6lf)si"it-*,) 



Fig. 78. 
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(36) may now be written 

Itan-'^ +gy^ . (37) 

Squaring the quantities in the brackets under the root sign 
we have 

■ +2»s{cos«W-*i)-5iii'(*-W}+»'^{<:"s'(*-*i)+sin'«-*i))l 

I tm-'fe + gyal . (38) 

Now cos* (^ — ^1) + sin* (# — ^1) = I, and therefore (38) may 
be written 

| tan-i0i + 2Vaft! . (39) 

This pves the same result as (34), but it gives the moduli and 
angles separately and the effects wSl now be investi^ted. 

Minimum Value of the Modulus. — The only variable Za in {39) is 

in the expression ("'g-j + b^ ^) 

If the constant quantity a^Zo' is called Ui, and the constant 

quantity -^ is called bi, the expression becomes (3A^-i-biZaA, 

which is similar to (89), Chap. I., and therefore by {90), Chap. I., it 
is a minimum when 

Za* --Z^ °^ \/ b Z 
But by definition 
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= 2sillh»9COSh=0=^-2* . (41) 

It should be noticed that since -=- = tanh 9 the angje ^2=0 



By substitution of (41) in (39) we obtain 

p-^|'\/Ft^+*^ {<-• (* - *■> - »"• w - ♦■)}] 

+ slnh 26} . (42) 
If (^ — ^1) = o, this becomes 

The effect of the angle may now be seen as follows. 
If the angle (4—4>ii is 90*, then cos (^— ^,) = o, and sinh (^—#1) 
= 1 and cos* (i -~ ^1) — sin* (^ — ^1) = — i ; therefore {42) becomes 

I- Zof<^ 

or p=_^_^sinh2fl .... (43) 

The eSect of the angle in this case is to double the power P 
as compared with (42) et se^. A practical case occurs wnere the 
angle (^ — 4n) =90° approximately, when the standard apparatus 
(see Fig. 135) is connected to the standard cable. 

Now (42) and (43) are for lines of any length, and it is evident 
that the value of (43) for the case of a long line may be written 

P^^-^E?- ^'"* 

General Foimulse f or p in the Case of a Long Line. — If the values 
of a and b are inserted in (39) we obtain 



+ 2 slnh' » cosh* » jcos« W - *i) - sin' (* - ^J jj 
I tan-'^ + 2 sinh e cosh o\ . . . (45) 
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If the line is very long this becomes 



+ ^&^&^cos> «-« -sin! «-^,)} 
|taii-i^, + 2-X J 

Itan-'fe + z . (46) 
If Zo = Z<j and (^ - ^j) =0 this becomes 

If (^ — ^1) = 45° aJid the line is long, a useful foimula is obtained 
for the case where the standard apparatus is used on loaded lines, 
for the angle of the apparatus is 45 ^ and the loaded line has a very 
small angle -' 

If U~ 4,1) =45", cos2 U - ii) _sin» (* - A.) = cos* 45" -sin* 45° 
= i-t=o. Fonnula (46) tKen become ^^ ^^ 

P= E:^uiv(&+Z?)l^:^*?+^j] • (47) 
If in (46) ^ — ^2 = 9*5 *"*i 2a = 2o we have 

F = -j^i-[-|V(r+T=^ + 2|J -^g^j- . (48) 

This last result, and other cases where Z(,=Za, may be illus- 
trated vectorially, for the quantity under the root sign in (46) is ■ 
a special case 01 the quantity under the root sign in (39), which 
is the equivalent of the quantity in the inner brackets in (36). If 
this latter expression be modified for the case of a long Une, we 
obtain 

If Zu = Zo the quantity in the brackets may be written 

y=cos(^ — ^,) -i-y sin (^ — ^1) -|-cos (* — ^1) — ; sin (*-♦,) 
= 2 cos (#-*,) 
If for convenience we write ^g for (^— ^i) we have 

y = (cos ^g + ;■ sin ^8 + cos ^a —J sin ^s) = 2 cos ^g (50) 
Fig. 79 illustrates this case. 



..Google 



REFLECTION AND POWER IN TELEPHONE CIRCUITS 123 

Two similar vectors «**' and e~f** are here represented. If 
we imagine the two vectors to revolve in opposite directions with 
equal speed and the angle ^j to steadily increase from 0° to 180,° 
the two vectors are equal and the sum of the angles is always 
z cos ^q. If the angle = 0° the vectors are together along the hori- 
zontal line from the centre to the right. If 4.3 = 90° the vectors are 
both in the vertical position, and 2 cos ^g = o. This means that 
when Za ^ Zq, and the angle is 90°, the quantity under the square 
root sign in equation (46) = o, which corresponds with the result 
obtained in (48), as denoted by the quantity under the root sign. 
When the angle is then 2 cos ^3 = 3, and if tne value of the square 
root factor in (46) be taken when (^ 




Fjo. 79. 



to give the same result, as shown by the e 
Sinularly if the angle ^3 is 45°, then 2 cos if-s ~ 
' " ■ . . Lndif2n=Z " 



mple following (46). 
„.„... .- <707 = 1-414. This 

is the case given in {47), and if Zq ~Za the square root of the quantity 
under the root sign is f/z ^ 1414 in agreement with Fig. 79. 

If the vectors are rotated into the second and third quadrants 
2 cos ^s becomes negative, and if they are rotated to the angle of 
180°, 2 cos ^3 = —2, The physical limitations of the problems which 
are likely to require solution here do not appear to involve an angle 
of {4> — 4i) = ^3 greater than /i35°. i-i- & limiting angle of apparatus 
impedan ce o f /90° and a line of characteristic impedance with an 
angle of\45°. 

122. Powei In the SendlDg Apparatus and Adjacent Line In a 
Transmlsilon Circuit ot an; Length closed at the Reeeiylng End 
without Apparatus at that Point.— Case (6).— Fig. {16), Chap. III., 
illustrates the case, but in this instance the battery is applied at 
the other end of the line. The resistance of the apparatus is Za, 
and that of the line Zq tanh 9 by (6), Chap. III. The sent current 
is therefore 

I = E . 

^ 2a + Zotanh 0' ' ' 



(51) 
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The power in the sending apparatus Zd is 
Ei'Za 



(32) 
(53) 



"^ ~'' """(Zo+Zotanh «)» 

. 1 Zo(Z<i+Zotanhtf)' 

■ ■ P ~ EjSZoZo 

_ Z|)(Za'+ Zo= tanh* # + zZaZn tanh #) 

Ei'ZoZ, 

- E? (Iz; + —23 — j+ ^ '*"'' ') 

Zq (^Z<1_„^. ^ , ZoSinh«tfcosh«tf\ , 2 sinh fl cosh' g \ 

- E.' cosh' « l(.Z;"^" + " Zd cost* » ) + ESh» — ) 

_ Zo f/Zo sinh* e , Za cosh* ff\ , , ,■ k u .^h o\ /s^\ 
"E.TJSErsl^-'-z,— +-Ti j + 2sinh«cosh«) (34) 

Now the quantity in the outer bnickets in {54) is the same as 
that in the outer brackets in (33). In each of these formulae the 
quantities outside the brackets are' constants for the purposes of 
this investigation, and as the determination of the maximum power 
depends upon the quantities within the inner brackets, the two 
formulas tead to the same general result. 

128. Terminal Lou In Transmiulon Lines. — Case (c). — In this 
case the problem is to find the effect on the received current of a 
difference in the impedances of the apparatus and the line, in a 
long circuit with similar apparatus at both ends. It will be shown 
that the required formula in this case can be reduced to an expression 
covered by the investigation in case (a). 

In order to develop an equation to express (he so-called terminal 
loss foimula it will oe convenient to adapt (23), Chap. III., to 
the required conditions, when the meaning will be easily shown. 
We have here the case of a circuit with similar apparatus at both 
ends. In that case 



If the line is indefinitely long this may be written 

r/ EiZq 2E1Z0 



(55) 



This is the general expression for the current at the receiving 
end of a suMciently long line. 
If Zd =1 Zo (55) becomes 

If (35) is multiphed and divided by 22a it hecomes 

'»-"2Z5"(ZiTZri' .... (37J 
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This equation has evidently the same value as (55), and since 
(55) and (57) give the same result we have 

2Za 

1 

andUH»efore . S_^«_gS+|«L' .... (3,, 

This may be wntten 



If the an^e be expressed, the formula for tenninal loss is the 
quantity in the outer brackets in (46). If we equate this quantity thus 

/tan-' ^,+2)] {61) 

then Of may be treated as an attenuation, and (61) is the same 
as (59) if Zfl and Zo are vectors in the latter equation. 

124. Power In the Beoelvlng Apparatas and Adjaeent Line at 
the End of a Trinsmtaston Une of any Length, the Line having 
Apparatua Joined to It at both Ends.— Cas« (1^. — Fig. 19 illus- 
trates this case. The resistance of the receiving apparatus is 
Zb, and by (30), Chap, III., the received current in Z6 is 



Now Za and Zb are vectors, the power in the receiving apparatus 
Zb = V = li^Zb, therefore writing £ as before, we have 

P = wm {(^to— - ) ^^^ " + (z« + z*) <^<«h «}' (62) 

To hnd the minimum value bring this to the form of (89), 
Chap. I., as follows ; — 

Zn'sinhtf-hZaZSsinhg+ZoZa cosh g + ZoZ& cosh g ia 



I (Zn{Zosinh#+Ziicosh9}+Z6(Zasinhfi+ZoCoshff)l» 
( 



I (Zo(Zos[nh tf +Ziicosh 9) + Z6I 
-E?' ZoVZS 

I f Zr, sinh fl + Za cosh $ . 
"EiM v'ZJ 

^^^(Z»siri.« + Z„co.h.)|' _ ^^^ 
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As Zb is the only variable, the portion in the outer brackets, 
as in the preceding cases, is of the same form as equation {89), 
Chap, I, 

If we «Tite a =Zo sinh 9 + Za cosh fl, and 6 = ?iii2^ + 2.»^2^* 

^0 
then by {90), Chap. I., we have for a minimum value of i and 
a maximum value of P 

ifl+Za 
y/Zb 

Whence Z6 =Zo<^osi,"h «'_±^<^M . . . (65, 

" Za smh fl + Zq cosh 8 ^ ^' 

Now the expression on the right-hand side of (65) is the same 
as (15), Chap. III., and it is therefore the impedance of a line 
with apparatus joined to its distant end and closed there, as shown 
in Fig. 16, Chap. III. Consequently the maximum power in Zb 
is obtained when its impedance is equal to that of the combined 
line and apparatus to which it is joined. If Za = Zg the equation 
reduces to Zb = Zq. Formula (65) gives the best impedance for 
maximum energy in the receiving apparatus. If, however, the best 
impedance for the sending apparatus Za when joined to the 
combined line and Zb be considered, it may be expected in the 
light of the preceding results to be obtained when 

y^ 7 {Zq sinh 0+Zb cosh 9} ,^. 

'^*'-'^°ZisinhO+Zo"Eoshfl •■•(«>) 
and this may be proved in exactly the same way as in the case 
of (65). In order that Za and Zo may simultaneously have the 
best impedance when one of them varies at one time we must 
haveZd andZb—Zo. It is easily seen that Zfl=Z6=Zp is a solution, 
for if Za — Zt;,m (65) andZ6=Zoin (66), then the equations reduce to 
Z6 = Z, and Za = Zq- In actual practice each end of a circuit is 
alternately used for sending ana receiving, and the solution 
Zfl = Z6=Z(, meets this case also. It follows that a circuit must 
have similar apparatus at both ends if the best result is to be 
obtained. The power at the receiving end of a line with similar 
apparatus at both ends is given by {67) as deduced from {28). 
Since Zj = y* the power in the receiving apparatus Za is 

I^zZa=^|^, thatis 

The quantity in the outer brackets is the same whether the current 
or the power is in question. The quantity containing the variable 
impedances (including their angles) in the outer brackets, vis. 

4-(n+|) "-J' "= »""» 4(1"*-"' +!'-"'-'■') -" ""« 

effect of varying the modulus is shown in para. 121. 
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125. Conelnstoiis regsidlng Eflaet ot Impedanee. — The following 
conclusions may be drawn from this investigation : — 

(a) The maximum power in the apparatus at the end of a 
transmission line is obtained in all cases when the modulus of the 
impedance is equal to that of the line or the combined line and 
impedance to which it is joined. 

(b) The effect of a change of angle when the impedance changes 
is in all cases to give an improvement in transmission. 

For this reason the so-called " terminal loss " may really 
amount to a gain in some cases as compared with the infinite line 
condition, i.e. the condition when the modulus of the characteristic 
impedance of the infinite line is equal to that of the apparatus, 
ana the ancles are the same in each case. For example, the effect 
of the standard apparatus on the standard cable is to give a material 
improvement as compared with the infinite line condition because 
the angle (^ — ^i) = 90° in the former case, and is o in the latter 
case, whilst at the same time the ratio ^ is not very far from 

equaUty. 

The case of loaded Imes is of importance. The angle U — ^{f 
approximates to /45'' when the standard apparatus is used, since 
the angle of the apparatus is 45° and a loaded Une has a very smaU 
angle. Formula (47) then applies. It should be noticed that 
even in this instance the angle has a more favourable effect than 
it has in the case of the inhnite line. If, however, we adopt as a 
practical zero the case of the standard apparatus connected to the 
standard cable, then by comparison the loaded line connected to 
the standard apparatus has a marked loss. It is in fact the frequent 
occurrence of this combination which has given rise to the term 
"terminal loss." 

(c) It must not be overlooked that the angular effect is calculated 
for a frequency of 800 cycles per second, whereas the voice fre- 
quencies are many and various, and it is not easy to see the precise 
effect of angular changes on transmission. It appears, however, 
from the preceding investigation that any angular change in the 
impedance at the junction of two impedances gives an unprove- 
ment in transmission, as compared with transmission in the infinite 
line, so that some improvement on this account may be generally 
expected, and this is found to be the case. Calcination at one 
frequency only, however, when the angle is large, does not always 
agree closely with the results of voice tests. 

126. Applications ol Foimnls. CalenUted and Observed Eflsota 
of Tarminal Loss. — It is convenient and useful in telephonic trans- 
mission for purposes of comparison, to express current losses at the 
junction of unequal impedances, in terms of the attenuation on an 
mfinite Une, which would produce the same current loss. Thus by 
(4), Chap. II., r=e~*, that is the current ratio »* between two 
points at a distance / apart is «~** where e — yl and y is the attenua- 
tion constant per mile. If 3^ = 0'5, this means that a current in 
the infinite line is reduced to half its sending-end value when the 
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line angle is 0. Similariy if at the sending end or any other 
point, the current is reduced by half owing to a change of impedance 

ratio ^,the result may be expressed as equivalent to an attenuation 
such that e-'i =s o'3 where ft =s log, o'5. 

Now Fig. 80 shows the effects of a change of impedance at 
the ends of an infinite line, for all values of ^ between i and 4. 
The case illustrated is the theoretical curve for a long loaded line 
connected to the standard apparatus at both ends of tne line. The 
relative formula is (61) with the proviso that cos* (^—^1) =sin'(^— ^,) 
as shown in connection with (47). The value ft is plotted against 



»5 , Here ft represents the equivalent attenuation of the terminal 

loss, and Z(, and Za are the moduli of these impedances at 800 
cycles per second. The equation plotted is 

ft = tog. i( Vf °a + Ig /tan-i^, + 2) ■ . (68) 



It will be seen by Fig. 78 that tan *a=^ — ^,ifcos(*-^i) 

= sin {4 — ^1) and sinh 9 = cosh 6. 

In actual practice, however, the infinite line condition here taken 
as the standard of reference is not the ultimate one, but instead, 
the combination of the standard apparatus with the standard cable 
is selected as a standard of reference. The standard cable has a 
characteristic impedance of 571X43° 16' and an attenuation constant 
of 0106. The theoretical terminal loss between the standard cable 
and any loaded line, as determined by comparative speech tests, 
made by the standard apparatus (which has an impedance on zero 
loop of 425 / 45° ohms), may be determined as follows, on the 
assumption that the same attenuation is produced by the voice 
as is calculated for a fixed frequency. In this case 800 cycles 
per second is the frequency adopted for the calculations. Thus, 
it is seen by Example 2, Case {a), at the end of the chapter, 
that the effect of the joint impedance of the standard apparatus 
and standard cable is to give a negative loss, i.e. a gain 
in transmission amounting to ft = —06216 as compared with 
transmission on the infinite line, whereas by Fig. 80 if a loaded line 
having an impedance whose modulus is four tmies that of the standard 
apparatus be taken, there is an actual loss amounting to 035 nearly, 
as compared with transmission on the infinite line. The infinite 
line supposed in both cases is the hypothetical one whose impedance 
is 425 /45°. The total loss of the loaded hne as compared with the 
standard cable, when the standard apparatus is used is therefore 
06216 +035 =0'97i6. If this quantity be divided by 0106 we 
obtain the number of miles of standard cable which would produce 
the same attenuation, i.e. f?^ = 9-16. Now Fig. 83 shows the 
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results of actual speech tests of loaded lines by comparison with ,the 



Standard cable (see Chap. XI. for details of standard cable 
tests), and it is interesting to compare the results. For the ratio 

K 
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^ = 4, the terminal loss was found by voice tests to be 77 miles of 

standard cable. {See also an experimental curve give by Mr. B. S, 
Cohen in an article on " Standard Cable Measurements " in the 
Post Office Engineers' Journal for April, 1913, p. 13.) Now the 
experimental result does not vary largely from tte theoretical one, 
and from this it is evident that the theoretical improvement due 
to the change of angle is largely realized in practice. If this were 
not so the terminal loss on the standard cable, if the angle were 
neglected, would be a positive one instead of a negative one, and 
the total terminal loss would be very different to that actually 
observed. The total theoretical loss for the case of a loaded line 
compared by the standard apparatus with the standard cable is 

"^0K>6^ ^' mUes of standard cable . {69) 

where ft is the value found from Fig. 80. 

127. Tramltion Loss. — If two lon^ circuits of e<]ual impedance 
are connected to the ends of a circmt of different unpedance, the 
transmission losses due to the unequal impedances are known as 
transition losses. If the change of angle in passing from one 
impedance to another is 45°, Fig. 80 appUes to this case also. This 
is m fact approximately the case of long lengths of the standard 
cable joined to each end of a long loaded cable. A practical applica- 
tion is provided in the case of a loaded cable having an impedance 
ratio of 2 : i as shown in the curve (Fig. 80). It is found experiment- 
ally that when long lengths of the standard cable (10 miles usually 
suffices) are joined to such a loaded line the terminal loss practically 
disappears ; and it will be seen by the curve that such should be 
the case. Also, as the standard apparatus is cormected to the 
standard line in all conditions of the comparison, and this combina- 
tion is the practical zero, no loss occurs at the point of junction of 
line and apparatus. This test in these conditions provides a means 
of detemuning the attenuation due to the cable apart from terminal 
loss. 

In cases where ordy one junction of unequal impedance requires 
to be taken into account, half the value shown in Fig. 80 for the 
same value of «*^will give an approximately correct result. 

For the case where the lines have no angle, or ordy a small angle 
Qoaded lines), or where the lines Za and Zq have the same angle. 
Fig. 81 has been prepared. This experimental curve is taken from 
an article by Mr. B. S. Cohen on " Standard Cable Measurements," 
in the Post Office Electrical En^neers' Journal for April, IQ13, It 
is the result of speech tests. The dotted line curve on the same 
graph shows the losses arrived at by calculation by the author 
from formula (60) at 800 cycles per second. 

128. Terminal Loss with DlRerent Lengths of Local Line In (Mnnitt 
with the StandKid Common Battery Instrameats.~Fig. 80 gives the 
theoretical terminal loss for the case of the standard apparatus 
joined direct to lines of different impedances. In practice, however, 
some length of subscriber's line is generally in circuit with the 
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standard instrument (see Fig. 135, Chap. XI.). The curves shown 
in Figs 82 and 83 have been plotted to show the theoretical 
terminal loss when the standard circuit has different lengths of local 
line, consisting of standard cable, in series with it. The terminal 
loss at a frequency of 800 cycles per second has been calculated for the 
following cases, viz. — 

The standard apparatus with all lengths of standard cable from 
o to 6 miles in its local circuit, is connected in turn to both ends of 
three long trunk circuits consisting of 

(A) Aloaded cable having characteristic impedance of 1700 ohms 
and no angle. 

6 

M.8.C. 
LOSS 



3 
IMPEDANCE RATIO. 



(£) A loaded cable having characteristic impedance of 850 ohms 
and no angle. 

(C) A long length of unloaded standard cable. 

Referring first to C, Fig, 82, at the foot of the graph. This 
curve shows that when standard apparatus is joined to a long length 
of standard cable the gain with zero loop (which is the case worEed 
out in Example 2 {a)) is a maximum for any length of local line, and 
that the curve approaches more and more nearly to the zero line 
in the Fig., or line of no loss, as the length of subscriber's line is 
increased. In the case of the line having an impedance Zq = 1700 
ohms, the condition is reversed. Here the loss as compared with the 
line of no loss is greater on zero loop than at any other point 
on the curve. In the case of the line with an impedance of 850 ohms 
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there is very little loss with any length of local line as compared 
with the infinite line. 

The theoretical terminal loss on a line having an impedance 
Zg = 1700 ohms at a frequency of 800 cycles per second, oy com- 
parison with transmission on the standard cable when the standard 
apparatus is used in both cases, is the sum of the vertical lengths 



Fic 82. — Theoretical Tenninal Tnmsmtssion Loss and Goiu. 
Standard ^paratus with local lines of diflerent leii{[ths, at 
the em] of three long lines of different types, 

between A and C for any given point on the abscisss or horizontal 
line, and similarly for the lengths B, C. 

A graph of these values, which is the theoretical value of the 
terminal loss, is given in Fig, 83, and dotted curves of observed 
results of speech tests are added for comparison. It will be seen that 
the general character of curves is similar in the two cases, although 
there is a maximum difference of 1*3 mis. of standard cable between 
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the observed and calculated results. When, however, it is remem- 
bered that the calculated results are largely affected by the magnitude 
of the angles of the Une and apparatus as calculated for one fre- 



y SO 

(0 

Z 
£4-0 



M.S.C. IN LOCAL LINE. 

Fig. 83. — Tenniiial TnwsmiBsioii Less at both ends of long loaded 
lines, by comparison with the standard cable, when the standard 
apparatus is used. Solid lines, calculated. Dotted lines, speabii^ 
teat. D and F^Heavy loading. E and G=Light loading. 

quency, and that on the other hand the voice involves a large number 
of frequencies, the difierence is not surprising. As a matter of fact, 
standard cable curves of observed speech results also show minor 
differences when taken at different times. 
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Interpolation of Terminal Loss Curves 
If the upper curve of observed results in Fie, 83 is taken 
as a guide, a curve for a line of any other impedance compared 
with the standard apparatus and fine may be approximately 
found as follows, if the terminal loss with zero loop for the 
required cases is taken from Fig. 11(4, or is otherwise known. 
It is assumed that standard cable is used in the subscribers' 
loop in ail cases for this particular curve. From the point 
where the new value of the terminal loss on zero loop cuts 
the ordinate in Fig. 83 drop a perpendicular on the upper curve of 
oteerved results, and draw the required curve so that it is always 
this perpendicular distance from the upper curve, the result will be 
approximately the desired curve. Similarly for any other tyi>e of 
local Une, if one curve is known (preferably the upper onej the others 
can be approximately found. See also the terminal loss curves 
in Chap. XI. 

This approximate method of interpolation has its limits. A 

reference to Fig. 80 shows that if the ratio of ^ is less than 15, the 

curve diverges widely from the approximate straight line law which 
it has above that figure. If, therefore, a line has an impedance 
of less than 6go ohms when used in connection with the standard 
apparatus (425 ohms) the interpolation method described is not 
recommended. 

129. Design ol Apparatus, — The standard apparatus appears 
to be admirably designed for use on the standard cable with local 
zero loop, as the angle (^ — ^1), which is the difference of the 
apparatus and Une angles, is 90°, and the ratio ^.whereZo 
is the modulus' of the standard cable and Za that of the apparatus 
is5Z5 = 1-34. On the whole a reference to (46) and (48) will show 

that this combination is highly favourable to efficient transmission. 
On the other hand, when the same apparatus is comiected to a 
loaded line the angle (4, — ^{j is usually only about 45°, and the 
ratio «i may in some cases amount to 4 or more, where Zq is the 

characteristic impedance of the loaded line and Za the standard 
apparatus. It is evident, therefore, that the standard apparatus 
is better adapted to unloaded cables than to loaded hues, and when 
the use of loaded lines is sufficiently general these considerations 
make it clear on what lines improvement in the design of trans- 
mitting apparatus should proceed. It should not, however, be 
overlooked that the increased terminal loss in connection with 
loaded Unes is accompanied by a considerable reduction in the 
attenuation constant, and the possibility of a given change pro- 
ducing secondary effects, whether favourable or otherwise, should 
constantly be borne in mind. 

laO. Long and Short Ttansmisslon Lines.— Formula (28) gives 
an expression for the receiving-end impedance of a line of any 



..Google 



REFLECTION AND POWER IN TELEPHONE CIRCUITS 135 

length with apparatus at both ends. If, however, 6 is sufficiently 
great e~" is ne^gible, and the formula reduces to 



^'=^M<l+i)+*l- : • "°> 



It is recalled that the quantity 2Za£^ is the impedance of an 
infinite line with apparatus at its ends having the same impedance 
as the line (see (25), Chap. III.) and the expression in the brackets 
is by (60) the fomiiila tor the terminal loss in an infinite Une. 
Formula (70) is, from (28), the equation for the receiving-end 
impedance ot an infinite Une with sunilar apparatus at both ends. 
Now when this condition obtains the variation of the attenuation 
from that due to the infinite line without apparatus is readily found 
by curves similar to Fig. So, which apply to any loaded line which is 
long enough for [60) to hold good. On the other hand, if the line is 
short, the full formula [No. (28)] must be taken into account in 
every case and the calculations become lat>orious. It is, therefore, 
of importance to know what electrical length of line is required 
before (60) can be appHed, As already stated, this depends on the 
quantity e""*, i.e. on the square of the attenuation factor. 

Before attempting to interpret Fig. 84 it is advisable to read the 
remarks under Calculated and observed effects of terminal loss," 
in this chapter. 

Fig. 84 has been prepared to illustrate the changes in the re- 
flection factor which take place with increase in length. If the 
variation of A in Fig. 84 with length is shown graphically the effect 
of the complex angle 9 is to produce an undulatory curve which 
gradually reduces to a smooth uniform line when the factor e~** is 
negUgible. In order to see the effect on speech, however, the 
attenuation factor 6~^ has been used instead of e~** for the calculation 
of Fig. 84, assuming that it represents a mean of the undulatory 
curve suitable for comparison with speech. 

It will be evident on reflection that if in formula A wehave 
Zo = Za in magnitude and phase, then A = i and log, 1=0. The 
loss is then zero, and this is illustrated by the horizontal zero line 
in the figure. The curve gives in the or<hnate the loss in miles of 
standard cable for the various conductors marked on the graphs, 
when those conductors have the attenuation lengths shown in the 
horizontal base line. The graphs of the conductors represented 
by soUd lines show how the loss A varies with the attenuation length 
of the line, whilst the dotted lines show what the terminal loss 
amounts to when the variable portion of A disappears and A becomes 

constant, i.e. when e-^U --?|^ -I- |^)j =0. The dotted Une bears 
in every case the same number as the variable curve with which it 
is associated, and it wiU be seen that in all cases, as the Une increases 
in length, the variable curve approaches the constant one, and it 
would eventually, of course, have the game value. Now, as before, 
the standard cable is the arbitrary standard of reference, and it is 
seen from the curve that the apparent losses, as determined by 
comparison with the standard cable, would generally be materially 
less on short lines than on long ones, but would ultimately attam a 
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constant value, which is the tenninal loss. Lines similar to the 
standard cable, i.e. small gauge underground lines, would in such a 
case have a relatively small loss. Even in the case of the loo lbs. 
cable shown on the graph, the loss is relatively small, the maximum 
being less than 2 m.s.c. It will be seen that the difference between 



Fic. 84, — Theoietical Transmission Loss and Gfunwitjk Standard Appantua 
at both ends of Short Lines. The quantity in the outer brackets in (28) is 
called A in the ordinate of this figure. 

the dotted curve and the one in solid lines for any conductor amounts 
in no case to more than a mile of standard cable, and is generEilly 
much less, when the attenuation length amounts to 10 miles of 
standard cable. Judging by these curves oleerved temunal losses 
on lines of moderate length may be expected to be somewhat less 
than those calculated from (61). 



..Google 



REFLECTION AND POWER IN TELEPHONE CIRCUITS 137 



Impedamce (ohms) 

Fig. 85. — The curves show the len^ha (S. M.) of atandatd cable which, 
when connected to the standard common battery set, have the vector 
impedances stiown in the abscissa and ordinates ; the modulus and angle are 
given separately. The impedance was measured from the tenninals of the 
C.B. set osually connected to the test cable (Fig. 135). 
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181. ImiMdanee Curve of Standard Apparatus on Standard CabI*. 
— Fig. 8g gives the impedance of the standard common battery 
apparatus combined with lengths of line made up of standard 
cable from o to 6 miles in length. It is in use in the Engineer-in- 
Chief 's Laboratory. Post Office, and was published in an article by 
Cohen and Hill, entitled " Long Distance and Cable Telephony," in 
Post Office Electrical Engineers' Journal for July, 1916. 

1S2. Impedance Carves lor Infinite LInes.^Fig. 86 is also in use 
in the Engineer-in-Chief's Laboratory of the Post Office. It 
embodies a series of curves which give the loss due to a change of 

ALLOWANCE IN S M 
-7-6-5-4-3"-2 -I 12 3 4 5. 



S. M. 
Za Z. 



Fig. 86. — Transmission Loss or Gain at the JunctioD of two Long Lines, or 
a Long Line and Tenuinal Apparatus. The modulus is given in the abscissa 
(z" "ia)' *"*' the angle tf between Z, and Za in the ordinate. 

impedance at the junction of two infinite lines, or apparatus com- 
bined with an infinite line. It is a development of the curves given 
by Mr. A. I. Aldridge in his paper on the practical application of 
Telephone Transmission Calculations, read before the Institute 
of Electrical Engineers on May 30th, 1913. The loss, as determined 
by this curve, varies in accordance with the direction in which the 
propf^ation takes place. In fact, if there is a loss at a junction 
with the propa^tion in one direction, there is generally a gain in 
the other direction. The advantage of this form of curve is that 
it is applicable to any modulus at any angle. If it be desired to 
find the loss at both ends of a line, such for example as the loss 
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between A and D in Fig. 76, all the lines being infinite in length, 
proceed as follows. Suppose Zq is a long loaded line with an 
impedance of 1700 ohms and a negligible ai^le, and that the 
standard apparatus with an impedance Za = 425 /45° is connected 
at each end. The ratio corresponding to the calculations at the 
receiving end D is 3-. Therefore this ratio is -4?5. _i —0.25. 

£tQ 1700 

Refer to this figure at the foot of the graph and trace up in a vertical 
line until opposite 45°, this gives, a loss of — 4"? m.s.c. At the 
sending end A the direction of the current through the junction 
is reversed, and we have -^^ = 4. Referring to the figure 4 at the 

foot of the graph and tracing up to 45°, we see that the loss 
is a little over 8 miles. As a matter of fact, the curve ceases a 
little before giving the required value, but it is about 8'2 m.s.c. The 
algebraic sum of these two values is 35 m,s.c. The required value 
may be read direct from Fig. 80, and it will be seen that with the 

ratio ^ = 4 the terminal loss is 33 m.s,c. nearly. 

Examples. — (i) Verify by calculation the accuracy of one point 
in Fig. 80. For this purpose find the value of 0i when the modulus 

of ^ is 4, using formula {47) for the calculation. 

We have by (47) 



e*' 



=[;lV(isT+af)>»=ii.+^}] 



Substituting the values of ^ in this formula we obtain 
e't =liWi6 + A /tan-' 0-882 +2)} 
{Note tan-' ^ = tan-iA^ = tan-i ^ = tan-> 0-882 = 41° 25'.) 
e"={i(4-oo77 /4i°25' +2)} 

= (i (4-0077 cos 41° 25' +;40077 sin 41' 25' + 2) } 
= ii (30054 +y2-65i2 +2)} 
= i (5'oo54 +;2'65i2) 
= i'25i35+;o-6628 
= 1-4161/ 
,". fl(=log, I'4i6i =213478 • 

This agrees with Fig. 80. 

(2) Case (a).— Find the value of ft forthe terminal loss between 
the standard apparatus and the standard cable when a very long 
length of the latter is terminated at each end by the standard 
apparatus on zero loop 

Za = 425/45° ohms 

Zq = 571-4 .43° 16' ohms 
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Case (A). — With the same length of standard cable as before, 
but with 4 miles of standard cable included in the subscribers' local 
circuit, find the value of 9i. 

In this case Za = 838 /12° 2' ohms. 

We have 

(a) Zo = 571 '4 43° 16' ohms for standard cable. 

Also Zm = 425 / 45° ohms for standard apparatus. 

Hence the terminal loss is by (59) 

= log, J4160 -y39i;6+ .300:5 +y3oo5)* 
4 X 5714 \43° 16' X 425/45^ 

"^' 97i.3io /'^t4^ 



"^971.310 /1° 44 
= log,o-537i\i6''i4' 
= log, 0-5371 = — 0-6216 



52i,67i\i4°3o' 
971,31 0/1° 44^ 



(6) Zo = 571-4 ^43° 16' ohms for standard cable ; 
and Z. =838 /12 2' ohms forstandard apparatus at endof 4mls. 
of standard cable. 

... g, = log, (4160 -J3916 +8i8-7 +ii790)' 
4 X 57i'4\43° 16' X 838 /12° 20' 
= log. (i_234:7_- ^2igj)' 
1,915,200 ,30° 56' 
„ 1^^, 1.569.700. 19° 32' 
1,915,200X30° 56' 
= log, 0-8196/11° 24' 
i.e. $1 = log, 0-8196 = —0-1989 

(3) Calculate the terminal loss for a very long loaded 40 lbs. 
underground cable having the constants shown in Table II,, 
Chapter VIII., except that the inductance is 200 millihenrys per 
mile. The cable is terminated at both ends by the standard 
apparatus on zero loop. The characteristic impedance of the loaded 
cable is Zo = 1754 ohms with a negligible angle : use formula (59) 
for the calculation. 

Formula (61) gives the value of the terminal loss St, and this is 
the same as (39). 
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The tenmnal loss between the loaded line and apparatus is 

-be. ('754+425/4 5T 
^ 4 X 1754 X 425/45° 

_ , ( 1754 + 300-5 +y3 00-5)' 
— 'o& 2.982,000/45° 

(2076 /8° igT 

'"^'^g' 2,982.000/45° 

= lc^ 1-445X28° 22' 
hence tf| = log, i 445 = 0*3681 

To convert to standard cable units we have .^ .. =347 

,i.e. the tenninal loss between the loaded line and apparatus is 
equivalent to approximately 81 miles of standard eable. 

If the loaded line be compared with the standard cable by 
means of the standard apparatus, then with zero loop in the sub- 
scribers' line as in Case {a), we have by (69) 

o ™' "rOj — ? =terminal loss in miles of standard cable=Q'3 m.s.c. 
0'106 ' "^ 

(The experimental figure for this case is given in Fig. 144 ; in 
the upper curve the value is 7*9 miles of standard cable.) 
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CHAPTER Vin 

THE CONSTANTS OF TELEPHONE CIRCUITS 

1S3. Note on El«eMeid Constanta.— Every telephone circuit has four 
so-called electrical constants, viz. Electrostatic Capacity, Inductance, 
Leakance, and Resistance. The use of the tenn " constant " is a 
useful convention, but it is of course obvious, even in the case of 
direct current measurements, that any'and all of the " constants " 
only fulfil that definition in the strict sense in certain well-defined 
conditions, thus ; (a) It is evident that for a resistance to remain 
constant as that term is usually understood, the temperature must 
remain constant, (b) In the case of capacity and inductance the 
number and proximity of wires on the poles, among other things, 
affects the measiu-ed values, (e) As regards leakance, this may 
have a very wide range of values, and can hardly be said to be a 
constant. 

When the so-called constants are measured at telephonic fre- 
quencies, further variations of a complex nature arise. The particu- 
lar values jound at a definite frequency are the " effective values 
of the constants, and these values may be, and in some cases are, 
very different to those found by direct current measurements. 

184. DlTHt Current Resistance. — In Post Office practice^elephone 
conductors are usually designated by their weight in lbs. per mile 
per wire, when dealing with land lines, and by their weight in lbs. 
per naut per wire when dealing with submarine cables. In the case 
of submarine cables it may be remarked that this is ageneralpractice. 

The resistance table published by the Post Office in Technical 
Instruction XIII., relating to the construction of aerial lines, is 
based on Matthiessen's experiments. Since it was introduced, how- 
ever, the Engineering Standards Committee (1905) have laid down 
standards of resistance, and more recently the International Electro- 
technical Commission (Berhn, 1913) has formulated international 
standards, which have been accepted as regards resistance and 
density by the Institution of Electrical Engineers, and published 
in their 1916 Wiring Rules, 

The following formulte have been arranged so as to permit of 
a ready comparison being made between these various standards, 
particmarly from the point of view of the weight per wire per mile. 
Fuller details are given for the I. E.G. standard than the others. 

185. Formulee Dued on Matthiessen's Standard as given in Post 
Offlee Ei^neering Dept. Technical lostmetion XIII., jp. ^ (obtainable 
from Wyman and Sons). — The resistance in absolute C.G.S. units 
of a cm. cube of pure hard-drawn copper at 60° F. is 1731. 
One metre-gramme of pure hard copper has a resistance of 01538 
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ohm at 60° F. It follows from this that one kilometre-kilc^am 
has a resistance such that R = 153*8 ohms. 

.■■R = ^at6o°F (I) 

where R is the resistance per kilometre of a imiform copper con- 
ductor weighing W kilograms per kilometre. 

It is also given that one ohm-mile of pure hard copper has a 
resistance of Sy8 5 ohms. Whence 

R=^5at6o''F (2) 

Here R is the resistance per mile of any uniform conductor weighing 
W lbs. per mile. 

The Post Office table of resistances based on these values has 
been expanded by the author so as to include sizes of wire expressed 
in the American Brown and Sharpe gauge, and extended so as to 
" include a number of resistances not before given in the table. The 
author is responsible for the accuracy or otherwise of the additions. 
The extended table is Table I. in this chapter. 

130. Formnl» based on the EnglneerlDg standaids CommlttM's (1906) 
Defiidtioiu.~A wire i metre long weighing i gramme and having 
a resistance of 01539 ohm at 60° F. {ij^" C.) is taken as the 
engineering standard for hard-drawn, high-conductivity commercial 
Cu, For annealed high-conductivity commercial copper the re- 
sistance is o'i5o8 standard ohm at 60° F. The specific gravity of 
copper is taken at 800 and the wekht of i cubic cm. at 88q 
grammes. From these definitions the following formulse are deduced. 

For hard-drawn, high-conductivity commercial copper we have 



(3) 



where R is the resistance per kilometre of a wire weighing W kilo- 
grams per kilometre. 

For annealed high-conductivity commercial copper the formula 
is as follows: — 

R = '-^-at6o'F (4) 

where R is the resistance per kilometre of a uniform conductor 
weighing W kilograms per kuometre. 

Converting these values to resistance per mile and lbs. per mile, 
we have, for the case of hard-drawn, high-conductivity commercial 
copper to correspond with (3), 



R=^at6o'F. (5) 



where R is the resistance per mile of a wire weighing W lbs. per mile. 
For annealed high-conductivity commercial copper the formula 

_ 860-9 



R = "-^?at6o°F. 



where R is the resistance per mile of a wire weighing W lbs. per mile. 
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The resistance R in ohms per km. of a wire of hard-drawn, 
high-conductivity commercial Cu having a diameter of d. mm. at 
a temperature of 60° F. is 

The resistance R in ohms, per km. of a wire of annealed hi^- 
conductivity commercial copper having a diameter of d mm. at 
a temperature of 60° F. is 

R-'^* (8) 

The same value as that given in (7) is obtained by taking the 
resistance in absolute C.G.S. units of a cm. cube of pure bard copper 
at 60° F. as 1731, in accordance with para. 135. A comparison 
of (2) and (5} also gives practically the same formula. It will, 
therefore, tie seen that on the basis of volume comparison and 
weight taken separately, the E.S.C. and Matthiessen's table, as 
defmed in para. 135, give the same result. Page 48 of Technical 
Instruction, XIII., does not, however, refer to specific gravity, and 
does not say what constitutes hard-drawn copper. In practice the 
Post Office resistance table takes the weight of a wire i kilometre 
long and i mm. diameter as 7 kg., whereas the definition of 889 
gm. per cub. cm. leads to a weight of 6982 kg. per kilometre. 

187. Resistance Standard of the International Bleotroteehnloal 
Commission, Berlin, lfll3. — (i) At a temperature of 20° C. the 
resistance of a wire of standard annealed copper i metre in length 
and of a uniform section of i square millimetre is jV ohm = 0*017241 
ohm. 

{2) At a temperature of 20° C. the density of standard annealed 
copper is 889 grammes per cubic centimetre. 

(3) At a temperature of 20° C. the " constant-mass " tempera- 
ture coefficient of resistance of standard annealed copper, measured 
between two potential points rigidly fixed to the wire, is 000393 



'W 



-per degree C. 

file resistance and density involved in this standard are 
accepted by the Institution of Electrical Engineers and embodied 
in their 1916 Wiring Rules, as already mentioned. 

From the preceding definitions the following values are deduced. 
The resistance R in onnis per kilometre of a wire having a diameter 
of d millimetres at a temperature of 20° C. = 68° F. is 

R-55F (5) 

The resistance R in ohms per km. of a wire weighing W kilo- 
grammes per km. at 20° C. = 68° F. is 

_ 1533 



F. =I5'55'' C. this becomes 

R-'-^ (..) 



If the temperature is 60° F. =i5-55'' C. this becomes 
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If the temperature is 75° F. =23-88° C. this becomes 

R = 'M^ (12) 



The resistance R in ohms per mile at 20° C. of a wire having a 
diameter of d inches is 



R = °-^ (13) 



The resistance R in ohms per mile of a wire weighing W lbs. 
per mile at 20° C. = 68° F. is 

R-5^ M 

The resistance R in ohms per mile of a wire weighing W lbs, 
per mile at 60" F. is 

R-T .('5) 

If the temperature is 75° F. this becomes 

R=§^ ....... (16) 

The resistance in ohms per naut of a wire weighing W lbs. per 
naiit at 20" C. is 

B _ ii6a-8 , _, 

R ~ -^5p^ (17) 

If the temperature is 60° F. this becomes 

R-!5f5 ('') 

If the temperature is 75° F, this becomes 

T, 1180-5 , , 

R = -^ {19) 

188. Tamperatnr* CMOelant of Copp«i. — ^The temperature co- 
efficient adopted by the I.E.C. is in agreement with the rule given 
in the Standardization Rules of the American Institution of 
Engineers (No. 349), igi6, viz. : — 

The temperature coefficient of copper shall be deduced from 
the formula 

2-34^< <^'>' 

Thus at an initial temperature t=^o° C, the temperature 
coefficient of increase in resistance per degree centigrade is ^zt:z 
= 0-00364." 

This nile gives a temperature coefficient of increase of o'oo3g3 
for 20° C. as required by the I.E.C. resistance standard. For 6o*^F. 
=i5'55 C. the American rule gives a coefficient of increase in 
resistance per degree Fahrenheit of 0-00223, and this value is 
here adopted. 
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Note on Table No. 1.— It is useful to remember tliat formula 
(3) and (10) give nearly the same result, there is, in fact, only a 
difference of 039 per cent, between them, so that the I.E.C. 
standard for annealed copper at 20° C. is practically the same as 
Matthiessen's figure for hard-drawn Cu at 60° F. Table I., which 
was calculated for the latter, therefore gives results which are 
sufficiently near to the former for most practical purposes. 

189. Iron Wire.— This is occasionally used for minor rural 
circuits. 

The following formulae are based on the data given on p. 48 
of the Post Office Technical Instruction already referred to in this 
chapter. 

The specific resistance, or the resistance in absolute C.G.S. units 
of a centmietre cube at 60° Fahrenheit is 10616. 

One kilometre of pure iron wire wd^ing W kgs. at 60° F. 
has a resistance R such that 

R=^ohms ... . (21) 

I wire weighing W lbs. per mile has a 

4656 



^=W 



(22) 



The iron wire used bythe Post Office for hne wires is commercial 
iron, having a resistance in absolute C.G.S, units at 60' F. of 12140 
per cub. cm. 

The resist __ _ , 

mile of commercial iron at 60° . 

R-'-^ (^3) 

140. Phosphor Bronte Wire. — This wire is used for local circuits. 
Its resistance at 60° F. is approximately twice that of hard-drawn 
c<q)per as given in formula (2) (207 tunes). Its diameter is the 
same as that of copper for the same weight, and its minimum 
breaking stress at 60* F. is 1-5 times that of hard-^lrawn cop^r 
wire. 

141. AlUffllnlom Wire.— This wire has been extensively used as a 
substitute for copper. The resistance of cast commercial aluminium 
— 90 per cent, pure metal — at 20° C. temperature is 1685 times 
that of copper as given in formulse (g), (10), (13), and (14) for 
equal cross-sections and lengths of the two metals ; but the weight 
of the copper is then 33 times that of aluminium. 

For ^ual resistance the section of the aluminium is 1*685 times 
that of cc^peil l""* the copper stiU weighs i"8 times as much as the 
aluminium. The breaking strain of this Cu is, however, 2'4 times 
that of aluminium. The temperature coefficient of aluminium is 
0*0038 at 0° C. For the harder kinds of aluminium (drawn), 
suitable for aerial cables, the resistance is increased by 2 per cent. 
The breaking strain of copper is 2'i times that of aluminium for 
this latter type of wire. 

142. EfteetlTe Reiistanoe — General. — Resistance as measured by 
direct currents is always accompanied by an eneiigy loss due to 
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the heating of the conductor, the amount of which is given by 
the equation 

U=I«I«xo-24 (24) 

where U is the heat in calories and t the time in seconds. 
■ In the case of alternating currents additional energy losses mav 
arise either in the conductor itself, or external to it due to the action 
of the ma^etic &eld surrounding; the conductor on metallic masses 
near it. The received current is not in that case determined by 
Ohm's Law as expressed by the equation o =^, but by the equation 

= = I, where Z = \/r^ +:fl. In this case the apparent resistance r 

is for the foregoing reasons greater than in the direct current case, 
and it is called the effective resistance ; * is similarly the effective 
reactance. The increase of resistance in the conductor itself only 
occurs — ^to an appreciable extent— with high frequency currents. 
In the case of double-wire copper conductors, such as those used 
in telephony and at telephonic frequencies, there is only a small 
increase over the direct current resistance. In iron conductors, 
however, the effect is considerable. This arises mainly from the 
fact that the alternating current produces a magnetic field inside 
the conductor, as well as outside, and the counter e.m.f. of self- 
inductance is greatest at the axis of the wire. As a consequence, 
the current is not distributed uniformly throughout the section 
of the conductor, the tendency being to produce a concentration 
of current towards the surface ; the greater the conductivity and 
permeability, and the higher the frequency, the more is the current 
concentrat«Kl towards the surface and the greater is the resistance ; 
this action is known as " skin efFect." 

In sangle-wire copper telephone conductors, surrounded by a 
lead or iron sheath, or near otter conductors, the increase of resist- 
ance is marked. This arises from the action of the magnetic field 
upon the sheath or other conductor which leads to energy losses 
and also from the resistance of the return path (see Table V., 
Chap. X.}. 

148, Bffeetln Reslatanee of Loading Colls. — The magnetic field 
associated with the conductor is especially great when iron is 
present, as in this case. The principal phenomena which occur 
at telephonic frequencies are as follows : — 

A magnetic field is created around the wires tested, which 
induces currents in neighbouring conductors, and in the iron core 
of the loading coil ; energy is absorbed in the conductors and 
core referred to, and this may be looked upon as equivalent to an 
increase in the resistance of the loading coil. By L«iz's Law these 
induced currents would directly oppose the impressed voltage and 
diminish it. A diminution in volts is equivalent to an increase in 
re^ance in this case. These eddy current losses may be greatly 
reduc^ by laminating the iron cores or using bundles of wire mstead 
of a solidTcore (the losses vary as the sq. of the frequency]- In 
some cases aiso the wires of the conductor are stranded for the 
same reason. To still further reduce the losses the windings are 
sq>arated as far as economy of space allows. Hysteresis losses in 
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iron also increase the effective resistance. These losses vary directly 
as the frequency. Within certain working limits it has been found 
possible to reduce these losses to a very small or even negligible 
quantity. A number of formulae are available for the calculation 
of the effective resistance at different frequencies (see " CalcuIatiQn 
of A.C. Problems," Chap. I., by L. Cohen, published by the McGraw 
HiU Book Co.). 

144. The ESeettve Besisttnee of Iron Wire. — Iron is sometimes 
used for local telephone currents, as before explained. We have 
here a magnetic material, and the effect of telephonic frequencies 
is to greatly increase its resistance and decrease its inductance. 
For small magnetising forces such as those used in telephony, the 
permeability of iron is found to be approximately constant, and it 
IS known that for ordinary iron telegraph wires a permeability of 
100 is a reasonable figure. 

The following formula is mven by Oliver Heaviside, p. 97, 
" Electrical Papers," vol. ii. It shows the increase in resistance 
in any round wire, including iron, due to frequency. Let R be 
the steady resistance in absolute units per unit length of a round 
wire of radius r, conductivity k, permeability it, and Ri its effective 

resistance to sinusoidal currents of frequency / = — . Let also 
Z=^=wf.«r«.r8=27rVr«/ . . . {25) 
Then the formula required for R] is obt^ned from 
R, -4'(-+.-^o(-+^.(-+.4VsO-^.<»^.0+- ^^,^ 

^"ii^Yii ^' ^1 ^' Cii ^' i ll 

^lar^SXz^xioV ^4x32x14^^5x42x18^ ^■" 

The magnitudes -^ for values of Z from i to ro are given by 

Heaviside. The number of terms in the formula is stated to be 
suitable up to values of Z = 10, beyond that further terms must 

be taken. A graph showing the relation of Z to -^^ is given in 

Fig. 87.. 

Post Office transmission experiments have shown that values of 
effective resistance of iron wires calculated on this fonnula, and 
also the corresponding one for inductance (32). are fairly consistent 
with the attenuation constants observed. 

146. Inductance — Deflnltlon.^ — ^The inductance or coefficient of 
self-induction of a circuit is denoted by the symbol L. The unit 
is the henry = 10* absolute units. It is the induction in a circuit 
when the electromotive force induced in this circuit is i volt while 
the inducing current varies at the rate of 1 ampere per second. 

146. Indaetanee ot a Stratsht Cyllndrleal Win.— Where the 
permeability of the wire is (i and that of the outside medium is unity 

L-2j(log,|!-H-t) .... (J7) 

Here / is the length and r the radius. 
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The self-inductance of a length I of straight cylindrical copper 
wire of radius r is 

. ^ 3\ 



L = 2/Aog,?-—^ J approximately . . (28) 
a Return Clrenlt. — 
L=4i(l0S.°+^-?) . . ■ M 



147. Indnctanee at a Return Clrenlt. 



2*4 



2-0 
1-8 
1-6 



2 4. SB i» 2 

Fic. S7,— Variation^of effective reaUtonce with {requency. 

If /x= I and^ is negligible, this becomes 



L-4/(.06.5 + !) . 



(30) 



where D is the distance apart of the wires. _ - ,, . , „ j c-u 

(SeeFomulai and Tables for the cdcula lono Mutual and Self- 

indictance by E. B. Rosa and L. Cohen, Bulletm of Bureau of 

^'"Lfe'&p.^Vc°euti!„et«s in (a;) to (30). In thefoUowing 

D,i„Mb, Google 



ISO TELEPHONIC TRANSMISSION 

formula (30) is reduced to hentys per mile loop and common 
logarithms. We then have 

L =0-001482 logio- +o'oooi6i . . . (31) 

In practice, in cases where there are a large number of wires on 
telephone poles, the value given by this formula may be somewhat 
increased. Formula (31) may be used for aerial hnes or for cables. 

148. Indaetanw of b-on Wlrei — Variation with Fnqneney. — 
When the effective resistance is appreciably greater thaji the direct 
current resistance the preceding formulie for L do not hold good. 
Oliver Heaviside gives the following formula {which accompanies 
formula (26)} on p. 97 of " Electrical Papers," vol. ii. Here Lj is the 
internal mductance at the frequency involved and L = i/i, simply 

This formula is general for any frequency. 

A graph showing the relation between ^ *nd Z {see (25)} for 

values of Z between o and 10 has been calculated for reference, and 
this is given in Fig. 88. 

148. Leakanse. — The didectric losses in telephone conductors 
are generally enormously greater for currents of telephonic frequency 
than for direct currents ; for example, the leakance in a gutta- 
percha insulated cable, at a frequency of 2irf = 5000, may be, and 
sometimes is, at least 50,000 times as great as the direct current 
leakage in the same dielectric. The alternating current dielectric loss 
is generally represented as obeying a law which may be expressed 
by the foUon-ing equation : 

A-l-Bc«=G (33) 

Where A is the constant leakage, which is independent of 
frequency, and B is a constant which indicates the magnitude of 
a loss known as electrostatic or dielectric hysteresis. This loss is 
analogous to hysteresis ; it consists of a loss of energy per cycle, 
and is proportional to the frequency, the electrostatic capacity, 
and the square of the voltage. If the dielectric hysteresis component 
of {33) is very large compared with A, then the loss is such that ^ 

is a constant quantity for a fixed voltage, and this assumption is 
generally made in transmission calculations. It should, however, 
be borne in mind that these calculations are generally made for a 
fixed frequency {zirf =^000). 

Steimnetz, in his Aliemating Current Phenomena," p. 145. 
McGraw Publishing Co., 1900 edition, says it is quite pcssiole that 
a third energy loss component, proportional to the square of the 
frequency, and analogous to the loss of power by eddy currents 
in iron, may exist. In that case there is a close analogy between 
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the energy losses in the conductor and those in the dielectric, as 
will be seen from the following comparison. 

Losses in Conductor. — Resistance +hysteresis+eddy current 
losses. 

Losses in Dielectric. — Leakage +die!ectric hysteresis +energy loss 
varying as w*. 

10 

u.. 



C 4 9 9 '"7 

Fig. 88. — Variation of Inductance with Frequency. 

In each case the first term is a constant independent of frequency, 
the second term is proportional simply to the frequency, and the 
third term is proportional to the square of the frequency. 

Experiments on aerial telephone lines show that the leakance 
in that case varies directly as the frequency approximately. Experi- 
ments made by Fleming and Dyke, ana reported in a paper on 
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"Power Factor and Conductivity," read before the Institute of 
Electrical Engineers, and g^ven in the Journal of the Institute for 
1912, show that in by far the greater number of cases, the alternating 
current conductance is a simple hnear function, and of the form of 
equation (33). It was found, among other thmgs, by the authors 
named, that dry core telephone paper cable obeys the straight line 
law, and that A was very small compared with Btu. This aas been 
confirmed by Post OfiBce experiments. 

On the other hand. Post Office eitperiments on gutta-percha 
insulated submarine cables, given in Chapter X., show that the 
leakance varies appreciably from the straight hue law. 

From the practical point of view, both calculation and experi- 
ment show that the production of paper insulated, and gutta- 
percha covered cables, with a low leakance, is both important and 
possible. Recent improvements in tMs respect have resulted in 
the speaking range of submarine cables being increased by 40 per 
cent. At present a value of p- =20 can be obtained for both 

paper insulated and balata-covered cables. The leakance shown in 
submarine cables with gutta-percha insulation is very much higher. 
Experimental data are given m Figs. 125 and 126, Chapter X. 

160. EleetrostaHe Capa«lty or Cipaeltinoe — D«flnltion. — The 
practical unit of capacity is the farad. This unit is one one- 
thousand millionth of the absolute unit of capacity, or io~* absolute 
units. It is' the capacity of a condenser which is charged to a 
potential of i volt by one coulomb (io~'' absolute units of quantity). 
The microfarad or one-millionth of a farad is largely used in practice. 

161. Capaetty of Double-Wire Aerlil Une without Iron. — 

*^=-^™^P^™"^ ... (34) 
logio T- 



For proof see " The Propagation of Electrical Currents in 
Telegraph and Telephone Conductors," by J. A. Fleming, p. 193, 
162. Capaetty of a single-Wire Aerial Une without Iron. — 

C = .2:2^ mf. per mile . ... (35) 

In these formulte d is the diameter of the wire, D is the distance 
apart of the wires, and A the height of the wues above the ground. 
JOl the quantities must be expressed in terms of the same unit, 
i.e. millimetres or inches. In actual practice, when there are a 
large number of wires on the poles, the values given by these formulae 
require to be increased. 

Mr. H. R. Kempe found as a result of experunents on smgle 
telegraph wires in actual working conditions on a line caiiying a 
number of wires, that the following formula for a single wire holds 
good:— 

C = £:S2ifmf. per mile .... (36) 



"^ 
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In the single-wire experiments referred to in Table III., Chap. 
X., it should be noted that there were only four wires on the poles. 
In view of the fact that the capacity depends on the height of the 
poles, and that this may vary largely, it is difficult to make a con- 
clusive comparison between calculated and observed figures. 

168. CapMity of Undorgronnd Cftblu. — The capacity of tele- 
phone pairs in cables containing a large number of^ closely packed 
wires depends on the dielectric constant, and a factor depending 
on the form and dimensions of the cable. The usual course in 
the case of paper-core air space cables (which have a dielectric 
constant varying from 17 to ig) is to design cables on the basis 
of carefully ascertained experimental data. The subject is dealt 
with in an article by Mr. S. Hanford, B.Sc., of the Engineer in 
Chief's Office, G.P.O., on the " Determination of Dimen^ns and 
Weight by Means of Curves." See The Post Office Electtical 
Enginurs Journal, for October, 1914. 

The spaces allowed per pair 01 conductors, corrected to the 
time ot wnting, together with the standard capacity at present 
specified by the Post Office, are shown in the following table : — 

Paper Core Telephone Cables. 
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Details of the experimental formula and data required for 
the calculation of capacity in telephone cables will be found in 
" Electric Cables, Their Construction and Cost," by D. Coyle and 
F. J. 0. Howe, published by E. and F. N. Spon, Ltd., 1909, p. 
166, etc. 

164. Capacity of Phantom Glrooits In PaptNGoie Telephone 
Cables. — Wbeii cables are made up in the so-called multiple twin 
formation, i.e. when two telephone pairs are twisted to form a 
"phantom pair," the capacity of these phantom pairs may vaiy 
within wde limits. In the London-Liverpool cable (para. 189), 
the mean increase in capacity of the phantom circuits was 50 per 
cent, over that of the capacity of the pairs oh which the phantoms 
were superimposed. The range of variation was from 26 to 59 
per cent., but the former figure was quite exceptional, seeing that 
out of ten observed results nine variea between 47 and 59 per cent. 
The observed mean of 50 per cent, increase in tne capacity of the 
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phantom circuits, as compared with the sides, is the same as the 
observed increase in capacity of a single wire as compared with 
the wire-to-wire capacity of a pair in paper-core telephone cables, 
i.e. two single wires which are taJcen to make up a pair have (in a 
large number of cases) each about t'5 times the capacity of the 
pair when it is measured wire to wire. It is, however, possible to 
nave considerable variations from these figures. 

166. Capacity of a Sabmarine Cabls. — A submerged single wire 
core may be represented for capacity calculations by two long 
co-axial circular conducting cylinders separated by the dielectric, 
the inner cylinder being the conductor, and the outer the water. 
The fonnula for the capacity to earth of a unit length of such a 
cylinder is 

C^ ^-— (37) 

. 2Klog.^-S 

Where r j is the radius of the outer cylinder and r j of the* inner 

one and K = ti-t — ^-^ 7 — r- This formula for the case where 

dielectnc constant 
K = I is proved in Poynting and Thomson's " Electricity and 
MaCTietism," Part I., p. 83 (published by GriflBn & Co., Ltd.). 

If (37) is expressecf in absolute units per cm. it may be converted 
to microfarads per kilometre by multiplying by — — — g. We 
then have 



mf. per km. . . (38) 



2K X 9 X log. p 

Converting to common logs and taking the value of the dielectric 
constant for gutta-percha at 3*6 we obtain 

C = 3'^ ^ °4?4? = °:2gmf. per km. for g-p. (39) 
iSiogiojL iogj„r* 

To convert to nauts we have 

C=2:£2^ Xr85 = £i^mf.pernaut 
logio^; lOgio^^ 

But -I* = -^ where D, is the outer diameter of the e.-p. and d 
a zr-i' • ° *^ 

the diameter of the copper conductor. 

Therefore the wire to earth capacity of one naut of g.-p. cable is 

C=.2:J^mf.=-2:iV^PP"''- • • (4°) 
loSi. -2- log,, -/ 

The value 36 for the dielectric constant is sometimes given ; 
but the figure varies in practice between thi^e and four, depending 
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on the treatment and composition of the gutta-percha. The 
effective diameter li to be used for capacity calculations, in the 
case of round stranded wires, in order to allow for the fact that the 
external diameter is not that of a perfect cylinder, is a little less 
than the outer diameter of the strand; a reduction of 5 per cent, 
on this diameter is a probable mean figure for practical purposes. 
The capacity of a douole-wire phantom circuit is generally double 
that 01 the two-wire side circuit in a submarine cable, and a pair 
wire to wire has half the capacity of a single wire to earth. 

ISO. Temperature tor Sabmarlne Cable Heunrementi. — Factory 
measurements of insulation, resistance, etc., are generally made at 
a temperature of 75° F. = 23-88° C. The insulation of gutta- 
percha varies considerably with temperatore. 

167. EleetrillSBtton and Absorption in Submarine Cables. — The 
measurement of leakance at telephonic frequencies is dealt with in 
paragraph 149. When, however, the apparent direct current 
msulation of a submarine gutta-percha or balata insulated cable 
immersed in water is measured, the observed reading varies rapidly 
with time. When the testing battery — say 130 volts — is first 
applied, there is a large rush of current into the cable owing to 
its capacity, but a diminishing charge continues to flow into the 
cable for a considerable time if the battery is continuously apphed, 
gradually becoming less with lapse of time. This phenomenon is 
Known as electrification, and the insulation usually recorded as 
the insulation of the cable in Post Office practice is the apparent 
insulation after a charge of one minute. Readings are, however, 
taken at the end of every minute for, say, twenty minutes. If the 
insulated cable is allowed to fully charge for that time, and is then 
earthed, a reverse phenomenon occurs, and a current due to the 
" absorption " flows out. If the recorded curves of charge and 
discharge with time are smooth and r^ular, it may be regarded as 
a sign of the good condition of the dielectric. The dielectric resist- 
ance decreases as the temperature increases. A curve connecting 
insulation with temperature is usuaUy provided by the manufacturer 
of modem telephone cables. The usual insulation required for 
gutta-percha is 400 to zooo megohms per naut. In the case of 
balata the insulation may be much less as measured by direct current, 

and much more favourable as computed from the ratio -7 at tele- 
phonic frequencies (see para. 149). 

1S8. Th« Atteonatloi Coutait — The Host Oeneral Case and the 
Ideal Case. — The most general form of the attenuation constant is 
that proved in Appendix I., which is 

^ = -v/i*'(R*-|-«.»Ls)(G*+«iC2)-|-i(RG-«'CL) (41) 

This is applicabte to any telephone circuit whatever with 
unifonnly dhtnbuted constants ; but even if in any case all the 
constants require to be taken fully into account, as provided for 
in (41), it is easier to use the complex attenuation constant to 
obtain fi as shown in Chapter VI., Example i, by the use of vectors. 

The theoretical minimum value of ^ is 

A-=.v'RC {42) 
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and this is attained when LG=CR, as proved in Appendix V. 
In ordinary unloaded telephone circuits EG is always less than 
CR, and there are two possible and obvious ways of increasing 
LG, i.e. either by increasing L or G. Now [42) not only gives the 
minimum value of fi, but when this equahty is arrived at, it is 
seen by inspection that the frequency factor w does not come 
into equation (^2), and this means that the circuit is theoretically 
distortionless, i.e. all frequencies are equally attenuated, which, 
of course, indicates that the line transmits speech without distortion. 
It is clearly more advantageous to attain the conditions of (42) by 
increasing L in preference to increasing G, because an increase in 
L does not necessarily affect R or G, although these constants 
determine the ma^nitme of the minimum ^, whereas an increase of 
G, although it brings about a distortionless condition, may actually 
increase % An example will assist in makine this clear. To 
simpUfy the matter, a circuit will be selected which might in actual 
practice, on the assiunption of very low insulation, attain the 
conditi<ms of (42) without any artificial leak. An unloaded 800 
lbs. aerial circuit will meet the case. We have by Table 11. — 

R = z'2 ohms per mile loop. 
L = 000322 henry per mife loop. 
C = 0*0099 microiarad per mile loop. 
G = I microtnho per mile loop. 

With these constants the attenuation constant is 

^ = 000221 (43) 

If G is varied to attain the equality LG = CR,. we have 

000322 X G=O0O99 X io-« X 2-2. 

Whence G = 6'76 micromhos or ;^ = j— , x lo" ohms = 148,000 
G 670 
ohms per mile. T he attenu ation constant in that case by (36) 
becomes fi = io~*\/z'2 X 676 = 00039, which is considerably greater 
than (43), and consequently the volume of speech would be much 
less than if the normal insulation of one megohm per mile were 
used, although the distortionless condition would be attained. 

159. Volume and ClearneM of Speech In Aerial Lloes and Under- 
gronnd Cables.— The fact that the circuit is rendered distortionless 
would be an undoubted advantage if the clearness of speech on 
an aerial circuit of large gauge left anything to be desirecf ; but, as 
a matter of fact, speech on such umoaded wires is quite dear. 
This is corroborated by the details of tests on a 300-lbs. aerial 
circuit giyen in Chap. X., where it may be observed that there 
is very little change in the circuit constants when tested at fre- 
quencies varying from «i = 3000 to to = 7000. In unloaded under- 
ground circuits, however, there is considerably more distortion, 
and the distortionless circuit would undoubtedly be of great 
advantage in that case, if it were possible to attain it without loss 
of volume. In practical telephony, however, a sufficient intensity 
or volume is absolutely essential in order to permit of conversation 
bong carried on in the noimal noises of open nxons. Experience 
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shows that speech can be carried on even with a fairly large amount 
of distortion, whereas distortionless speech of relatiwly small 
volume might be inaudible. As a matter of fact, the method of 
attaining the condition of (42) by an increase of G is never adopted, 
because the same theoretical advantage can be obtained and the 
attenuation constant diminished by loading, 

160. Tha Attenuation Formula tor a Loaded ClrenK when uL 
li Onat in Proportion to R, and o>C is greit in Proportion to G.— 
We then have by Appendix VI. — 

^ = VE+-V^ .... (44) 
This condition is brought about by artificially increasing L, 
and this is fully dealt with in Chap, IX. 

It will be observed that (44) is a distortionless fonnula, seeing 
that the frequency factor to does not appear in it, and the condi- 
tions in whicn it may be used are indicated in the preceding heading. 
In actu^ practice both R and G vary with frequency. It should 
again be borne in mind that all the constants in tnese formuhe 
are effective values, i.e. the particular values of the constants for 
some definite frequency, as already pointed out. 

161. Minimum Value ol Formula (M).— On the assumption that 
only L varies in the expression on the right-hand side of (44) the 
minimum may be found as follows : — 

If --x/C be called a, and —p, be called ft, (44) becomes 

^=-^+6V^ (45) 

This equation is of the same form as (8c)), Chap. I., and 
therefore by (90), Chap. I., the minimum value is obtained when 

Vi=?N/^ <^) 

If each side of this equation is multiplied by 2-\/cL, we have 
CR=LG, which is the same condition as that required to attain 
(42). In this case, however, formula (44) applies not only when 
LG=CR, but in any case when the conditions stated immediately 
before (44) are fulfilled. 

When the conditions of equation (46) are fulfiUed all the attenua- 
tion loss is energy loss, i.e. it is the sum of the losses arising from 
the heating of the conductor (I*R), and direct loss of current by 
leakage or absorption, and such losses can only be avoided (with a 
constant value of current) by reducing R and G. (44) may be written 
fl-R /C.G /L^L^C_R /C, G^ /C 
'' = lVL + iVc^C^E = WL + icVL 



-v/E- 



. (47) 
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Now R is an efiective resistance due to the line resistance per 
mile + any resistance added by the inductance used to load, and 
this added efiective resistance is usually proportional to the induct- 
ance. So that if Ri is the resistance added by one henry Li, 
then p^L is the resistance for any other value L, and (47), in this 
case, may be written 

' ^^— ^Vl 



n the minimum value of 
! rearranged as follows as a 



In order to obtain the minimum value of fi when written in 
this form (48) may be rearranged as follows as a first step : 



Now R, J^, and ^ are constants, and if § is called a, and \M^ ^^ 



is called b, (42] becomes 



( « +hy/ZyZ .... (49) 



This equation is of the same form as (89), Chap. I., if yfL is 
the unknown variable. The minimum value of ^ by (90), Chap. I., 
is then obtained, when 



■•I 



.6VL or R-(^|+g)L . . (50) 



Notice that VC in (49) is constant, and tlierefore does not affect 
this result. 

Wlien R = (^' + j)l tlien (48) may be written ^^ij\ and 

Whence ft.=^CR(^ + g) or Ry/^ . . (5i) 

If in (44) A^ be called Zo the formula becomes 



i^ 
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162. Hot« on the Attennttlon ConiUnt ot Phantom Clraniti. — 
If the effective constants R, L, G, and C are known, the fonnulEe for 
the attenuation constants and characteristic impedance apply 
equally to both types of circuits (side and phantom). There is not 
a necessary fixed ratio between the efficiency of phantom circuits 
and side circuits. 

168. Attenuation Conitaot for Loaded Open Lines. — In this case 
the natural inductance of the line cannot be neglected, and this is 
taken into account by adding Ln, the natural inductance of the 
line, to the artificial inductance L in fonnuli (48). We will, how- 
ever, write Le for the inductance of the coil p«r mile in this case. 
(48) then becomes 



(p-'l* is the effective resistance per mile added by the coil and the 
natural inductance does not affect it) ; 






, G, 



vu+r. 



R+(Ri+£)u+L,j^. 



Next write L for Le + 1-» then we have 



R-f^U 



+(gf+g> 



« -I ,'-' "'V e • ■ • to) 

Now all the quantities except L are constants. If 7^— = A 

(r'+r) /A N 

andiia_lii = B, then (54) becomes i8=^r7£ + BV'LjVC and 
this is of the same form as (89), Chap. I., and therefore by (90), 
Chap. I., for minimum p we have ~y= = ByT or A = BL 

•■•K-&^-(&+c>-'"^-^ffe^- ■ -to) 
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Therefore {53) may be written 

Substitute the value of L from (55), and this then becomes 

A-=\/<R-R;L.X?;+g) . . . (56) 

164. Attoavation Coiutuit for Dnlowled High Resistance Cables. — 

If G and L are each o, formula (41) reduces to 

^ = VP'CR (57) 

In the case of telephone circuits this is only true for wires of 
small gau^ ; the formula is easily deduced by putting for G 
and for L m (41). 

In cases of doubt the accuracy of the formula for any particular 
case may be verified without much trouble by the use of (2), 
Appendix V., if the values of >. and wL applying to the unloaded 
cable are known, as is usually the case. The formula is 



The following details respecting underground air-space paper 
cables are extraded from Table II :— 
L = o'ooi heniy per mile loop. 
G=i X io-«mhos- „ 
C == o'o65 X io-« farads per mile loop. 
■ 5_ 10"* 1000 _ 

■ ■ C 0065 X I0-" ~ 65 ^' 

This is not an absolutely rigid figure, and as a matter of fact 
ao IS usually taken to allow for contingencies. 
<oS = (5000)' = 25 X 10' 
Inserting these values in {58) we have 

This appUes to any unloaded underground circuit havii^ the 
constants shown in Table II. 
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Now —g is so small that it may be neglected, we then have 



?=V4"CR{V(j+|) + i-^j . (59) ^ 

If the quantity in the outside brackets is i the formula Vi^^R 
holds good exactly, if not the square root of the quantity in the 
outside brackets, which we vnR call x, enables us to make a calcula- 
tion of the eiTor involved in using Vi^CR, thus ioo(i —x)= the 
percentage error. 

Example. — If the attenuation constan t of th e standard cable is 
required, the error in making use of Vj'^R instead of the full 
formula {59) is 



100 [i -^^Ji +^| +0004 -g^ = i-6x per cent. 

The effect of vars^ing other quantities may be similarly found. 

165. Attenuation Constant tor Underground Alr-Spaoe Paper 
Cables neglecting Leaksnoe. — If in (41) G = o the formula becomes 

fi =V'i«C{V<^2L2+ Rs - mL) ... {60) 

This is suitable in cases where leakance is negligible, as is usually 
the case in unloaded underground circuits. 

166. CbaraeterlsUe Impedanoe. — The full formula is by (14), 
Appendix II. 



z.-v's-t^S <^" 



This 
however, 



applies to all electrically long telephone circuits. If, 
', aiL is great in proportion to R, and tuC is great in pro- 
portion to G, as is usually the case in loaded circuits, and also in 
the case of aerial unloaded circuits, if the copper conductor weight 
is not less than 200 lbs. per mile, Zq may be written 

Zo-Vc C"^' 

167. Wave Length Constant. — From (37), Appendix I., this is 

a = VW(R^ + ".i'L2){G* + <^Mli) - i(RG - <«*CL} (63) 

If leakance may be neglected, as is usually the case, in unloaded 
underground cirouts, this becgmes 

o = Vi<^{^^iJ+R' + a,L) . . . (64) 

If LG =CR, and also approximately if <uL is great in proportion 
to R, and oiC is great in proportion to G, {63) may be written by 
Appendix VI. {10} 

, = WCC ^if = ^^^^ ■ ■ ■ (65) 
u 
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168. Table of Telephone ClreoU C«iutonU. — Table II. shows the 
calculated constants of the overhead and underground circuits 
usually employed in the United Kingdom. The figures given for 
leakance cannot, however, be deduced from the circuit dimensions 
in the same way as the resistance, inductance, and capacity. 
The leakance in underground circuits is largely a property of the 
dielectric (see para. 149), and the figure given, viz. i micromho, 
is e(}uivalent to about one megohm per mile. This figure assumes 
a high maintenance standard, which experience has, however, 
shown to be quite attainable. It is now usual, on new cables, to 
obtain not less than io,ooo megohms per wire per mile as measured 
by direct currents ; but at the same time, the apparent insulation to 
alternating currents at a frequency of 2n/ = 5000 is that given in 
the table. On overhead circuits the insulation sometimes falls 
below one megohm per mile, but that figure can be obtained with 
good maintenance for a very considerable porportion of the year 
(see para. 191, Chap. IX ). 

All the constants g^iven are effective values, i.e. values which 
hold good for alternating current measurements at the frequency 
given m the table. 

The constants given are mean figures and the calculated attenua- 
tion constants, wave length constants, and characteristic impedances 
are only correct when the assumed constants obtain. In practice the 
capacity in underground circuits frequently differs very appreciably 
from the figures taken in the table, and in such cases the calculated 
attenuation constant requires correction ; this, however, may be 
easily effected by means of Fig. 89. 

The corrections are based on the fact that the attenuation 
constant by formula (58) varies directly as the square root of the 
capacity. The curve shows that for a capacity of 0065, which is 
that taken in calculating the underground attenuation constants, 
the coefficient is i ; for any other value of capacity shown in the 
horizontal line or abscissa of the curve the capacity is given, and 
in the vertical column at the left coefficients are given corresponding 
to the different capacities. The value of the attenuation constant 
in the table is multiplied by this coefiicient to find the attenuation 
constant when the capacity is greater or less than 0065 mf. 

Example. — The 20 lbs. cable with a capacity of 0065 has an 
attenuation constant of 011643 by the table, find the attenuation 
constant when the capacity is 0054. Find the capacity 0054 in 
the abscissa, the corresponding coefficient in the vertical column 
is o'pl. We then haveoii643 X091 =0106, which is the required 
result, and is very near the attenuation constant of the standard 
cable as given in tne table, as it should be. 

189. Cbangei of the Constants line to Changes of Tempentnre. — 
In open lines the resistance increases in summer as compared with 
winter, the effects of leakance are, however, opposite in their effect 
on the attenuation constant and quite mask the temperature 
effect, so that it is usually not considered in the United Kingdom. 
As regards underground circuits, the variations of temperature are 
much less, but in well-maintained cables they are not neutralized 
by varying leakance effects. 
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This table is also approximately correct for resistance according 
to the I.E.C. staodard for annealed copper conductors at 20' C, 
The error is less than half of <Hie per cent. (See para. t3&) 
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Biamplu. 

Example (i). Calculate the attenuation constant for a loaded 
^ lbs. undei:ground cable having the resistance and capacity 
shown in Table II., Ch^ VIII., loaded with 200 heniys per mile 
j-J = 50. p = 30. Formula {48) may be used. 



.^_±(|'+J>-v/£ 



^ 44 + 70 X -200 / oes X tO^ 
2 "V '200 

_ 44 + M X o'ooo57i 



29 X 0000571 = o '01653 hyps, per mile loop. 



From (4S) 



Example (2). Calculate the modulus of the characteristic impe- 
dance for the same constants. 

In this case a suf&ciently near approximation to the correct 
result is obtained by the use of formula 

Example (3). Find the percentage increase in the resistance of 
a hard-drawn 600 lbs. copper conductor at a frequency of 800 
cycles per second as compared with the resistance when measured 
by direct current. 
By formula (25) 

Z = 2«*/«r«/ 
■ Where /* for copper is unity, k is the conductivity in C.G.S. 

units per cubic cm. = —^ , r is the radius of the wire in cm. = — ^9?i 

•^ 1731 2 

from Table I.,/ = 8oo. 

• Z r= ^'^ X 2 X (246)' X 800 
1731 
= ?971>14l:4 = 555. = o-„ 
,1731 1731 " 

From Fig, 2, when Z =0'55 gi =» i'025 approximately. 

The required percentage increase is therefore 2^ per cent. 

Example (4). Find the sdf-inductance in heiuys of a mile of 
double-wire circuit, measured by direct current, of a 400 lbs. com- 
mercial iron wire when the wires are 17 inches apart on the poles, 
and the permeabihty of iron is taken at 100. The diameter of the 
wire may be taken as 171 miles. 

Formula (30) applies in this case. We have 

if -T is relatively small, as is the case. 
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O'0Oi4S22 logio -'. The second portion is 4/^, where /is expressed 

in cm. Converting to express L in henrys per mile we have In = 
161000 X 100 = loiooooo, and dividing by io» to reduce to henrys 
we have Ifi = 0'0i6i. 

The value of L is therefore 

L = 0014822 1(^10 — 1- -0161 
that is 

00014822 logioT^ + o"oi6i= 0014822 logio^^+o-oi6r 
2 
= 0'ooi4822 X 230103 +o"oi6i =o'oo34 +0'0i6i 
= 0'0i9.'; henry 

Example fs). If a frequency of 800 cycles per second is applied 
to this circuit, find (a) the effective resistance per mile; (0) the 
effective inductance per mile. Having given that the resistance of - 
commercial iron is 12140 C.G.S. units per cub. cm. 

(a) From formula (25) we have 

as in the previous example. 

Whence Z = 1974 x 100 x j^~ x ( "^^ ^ ^'^"^ f X 800 

_ 1974 X 00467 X 80Q ^ 73955 ^ 6-06 
12140 12140 

This is the value of Z, and from Fig. 87 the corresponding value of 

By formula (23) the resistance of 400 lbs. iron is 

^Bo ^ ^^ ^^ ^ ^ ^ ^ ^^^ 
The effective resistance at 800 frequency is therefore 

Whence Ri = S4 ohms per mile. 



(6) The ratio ^ by Fig. 88. with a value of Z =606 is 0564. 
Now, by example (4) the inductance when calculated for direct 
current is o'oo34 + o'oifii, which now becomes 

00034 + o'oi6l X 0-564 = 0-012 henry per mile. 
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CHAPTER IX 

THE LOADING OF TELEPHONE CIRCUITS— IDEAL. CON- 
TINUOUS. SERIES COlt LOADING AND LEAK COIL 
LOADING—A. C. CASE 

170. Effects of Eleetrostatle Capaei^ In Transmission Unes. — 
Modem commercial loading b at present far from attaining the 
full theoretical benefits of ideal loading. The commercial fonn wiU 
be more easily understood after obtaming a clear idea of the ideal 
type, and this will now be briefly explained. Consider in the first 
instance the transmission of direct currents in a transmission 
line having uniformly distributed resistance and leakance. The 
characteristic impedance and attenuation constant in such a case 
are given by formulte (5) and (6), Chap. II. Concrete examples of 
the magnitude and effects of the imped^ce and attenuation constant 
are given by Table I., Chap. II. Next suppose that the circuits 
dealt with in this table are underground circuits having the 
constants shown in Table II,, Chap. VIII, The latter table shows 
the effects of sine wave transmission at 800 cycles per second. In 
these circuits, therefore, if a direct voltage is applied to the circuit, 

Ro=a/>. and )S = VRG whereas if an alternating voltage of sine 

wave form at 80 cycles per second is applied to the same circuit we 



■"^^-VlrfS^"" 



hv (15) and 
Table II „ C 



^ = Vil VlR^ + «*L2)(G' + U.2C2) + GR- u.2CLf 

) and {36), App. I., and these are the formulae applicable to 
II,, Chap. VIII. KL and C are each zero in the A.C. case, 

we then have Zq = ^/^ and also j8 = V^G, as they do in the 

direct current case for the same values of R and G, It therefore appears 
that the complexity of the A.C. fonnulx is due to thecircuits having 
inductance and capacity. So far as the relative effects of L and C 
are concerned in the examples taken, the capacity has by far the 
greater effect on the result, particularly in the case of the circuits 
having the higher resistance ; in fact, the elimination of L in the case 
of the 40 lbs. circuit only affects the results in a relatively small 
degree. It follows, therefore, that the more unfavourable attenuation 
constant ts practically due to the effect of capacity, and this is to a 
great extent true of the 70 lbs. and 150 lbs. conductors. The result 
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is seen from a comparison of the characteristic impedance and 
attenuation constant m the D.C. and A.C. cases in Table 1., Chap. II., 
and Table II., Chap. VIII. In each instance the impedance is much 
less in the A.C, case and the attenuation constant much greater in 
that case. The effect of the capacity is to catise the volts to be 
out of phase with the current at every point in any infinite line, the 
negative angle being that of the cnaract eristic impedance. For 
example, in the case of the 40 lbs. circuit, by Table II., Chap, VIII., 
the angle is X^i" 40' ; this results in a small power factor ; energy 
is also lost in charging the dielectric. The resultant effect on the 
attenuation constant and on Zo varies with frequency, and distortion 
of speech therefore also results. 

171. Compensation of the Effects of Capacity by Indootanee— The 
Distortionless Clronlt. — It is theoretically possible to completely 
eliminate the effects of capacity in a transmission line by the addition 
of uniformly distributed inductance fO. Heaviside, " Elect romagnfetic 
Theory," 1894, vol. i. chap. iv.). Tnis result is brought about when 

LG = RC {1} 

In that case ^=-v/RG and Zq=»/« , and the attenuation constant 

has then the minimum value for a raven value of R and G (see App. V.). 
When these relations are established the attenuation constant and 
characteristic impedance are evidently, by what has been shown in 
the preceding paragraphs, exactly the same as in the DC case for 
the same constant values 0/ R and G. The volts and current in the 
A.C. case are now everywhere in phase, in an infinite line, and the 
attenuation constant is the same for all frequencies. This is indi- 
cated by the fact that the frequency factor 01 has disappeared from 
the formulae for Zg and 0. The losses in such a case are unavoidable 
enei^ losses (see formula (24) and para. 149, Chap. VIII.), and 
cannot be reduced unless R and G are reduced in magnitude. 

It may assist to understand the effect of inductance, if it is 
remembered that if the circuit had no capacity, but that the same 
amount of inductance as is necessary for correctmg the capacity were 
uniformly distributed throughout the circuit, the impedance would 
be increased as compared with a reduction when capacity alone is 
added, and Zo would everywhere have a positive angle equal in 
magnitude but opposite to that caused by capacity in the absence 
of the inductance. The proper amount of mductance, therefore, 
corrects the magnitude of the characteristic impedance and its 
angle. 

Now although a given circuit carmot have a less attenuation 
constant for altematmg current transmission than that obtained 
in direct current transmission, with a constant value of R and G, 
it does not necessarily follow that this is the most favourable value 
of $ for such a circuit ; this will evidently depend on the leakance, 
and this is exemplified by the remarks after (42), Chap. VIII. The 
function of ideal loading is to correct the capacitv eflect and give the 
minimum fi for given values of R and G. The eftect in series loading 
is always to increase the impedance and to reduce ^. It follows from 
this that unless a given circuit is long enough, there will be no benefit 
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from loading, because the eSect of the increased impedance on the 
sent current may more than counteract the beneficial effect of 
the smaller p. 

172. EffBot of Leakuiee In Loaded and Unloaded Cireiilt ». — In an 

unloaded circuit the characteristic impedance is Zn =» / --XZ^ 

V (j + JaAj 

as already noted, whereas in the ideal loaded circuit we luive 
Zo=»/^. Now it may be seen by inspection of Table il., Chap. 

VIII., that for the vaiuesof G and C takenfor the calculation of under- 
ground circuits uC is 325 times greater than G, and it will be seen 
. by inspection of the formula for Zq in the unloaded case that the 
leakance has very little effect on the result, for moderate variations 
of G. If, however, the leakance varies when the circuit is fully 
loaded in the ideal case, Zq is inverselv proportional to the square 
root of G. The circuit impedance is' therefore more sensitive to 
leakance changes when fully loaded. Now the attenuation constant, 
by {52), Chap, vlll., may be expressed in terms of the characteristic 
impedance in the case of loaded circuits, and from what has been 
said it will be largely affected by leakance ; whereas in the case of 
unloaded circuits an examination of para. 164, Chap. VIII., will 
show that the attenuation constant in the unloaded case is very 
httle affected by leakance. It may be remarked that in all types 
of loaded circuits the attenuation constant is more affected by leak- 
ance than is the case with unloaded circuits. This may he seen by 
(44), Chap. VIII., which shows that the second term of ^ is pro- 
portional to G-v/E, i.e. it increases with G and with VI-- 

178. Analogy between Ideal Loading and Pare Sine Wave Trans^ 
mission. — When LG =CR we obtain, by rearranging the equation 
and taking the square root of each side 

Vc=V5 ^^* 

Each side has the dimensions of an impedance, and it is easily 
shown that a/^ is the characteristic impedance, for we have by 
- substitution of the values of L and C in the full formula from (i) 




/RG +jwRC /R 
'- V KGTTiTCG V G 



2o— i^"Vc~V G 



{2} may therefore be written 

Ei2G=li«R 
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But Ii'R is the energy loss in the conductor and £1^0= -J~ 

I E, ' 

= Ejlg is the energy loss in the dielectric if G = =- and ^ = Ij. 

So that (or the distortionless circuit (ideal loading) we have equal 
consumption of eneigy in the conductor and the dielectric. 
If (z) be written m the form 



'rt'Vl 



we have 'EiK.=li^L or JCEia = iLI8 ... (3) 

This equation shows the relation of the magnetic energy {LI^ 
to the electric energy per unit length in an electromagnetic wave : 
it is distortionless, and if the waves are suppraed in this 
case to be subject neither to resistance nor leakance, they are not 
subject to attenuation. This Is an example of Poyntine's Law that 
the flow of energy in an electromagnetic field is at right angles at 
every point both to the m^netic and electric components of the 
field aiid is proportional to tne product of the two field intensities 
(J. Poynting, Phil. Trans.. 1884. Part If., p. 343, etc.). When 
the relation m (3) obtains we have pure sine wave transmission, and 
the telephone circuit with ideal loading gives the nearest approach 
to it witn wires of resistance R and leakc^e G. 

174. Praotloal Alternatives to Ideal Loadlnf. — In practice ideal 
loading is never attained. Ideal loading supposes the added 
inductance to have no resistance, but this is not practicable and the 
added resistance materially atfects the result. Again, in the pre- 
ceding considerations we have supposed the leakance of the circuit 
to remain constant at all frequencies, but owing to the reasons given - 
under the heading of " Leakance," para. 149, this is far from 
being the fact. If we suppose the formula for the ideal j8 to be 
retained, then both R and G must be supposed to be materially 
increased, and further both R and G will vary with frequency, so 
that the circuit cannot be distortionless as supposed in ideal loadmg. 

This, brings us to a further consideration. It would frequently be 
impossible in practical loading on any system to provide and maintain 
the large amount of inductance required to produce the ideal result. 
Thus in the case of the standard cable more than one henry per mile 
would be required. It will further he shown that if this la^ 
amount of inductance could be satisfactorily inserted and main- 
tained, it would be at present far from economical to provide it 
(see Chap. XII.). We have, however, fortunately a practical 
alternative to ideal loading, which is based on the fact that if <»L is 
great in proportion to R and toC is great in proportion to G the 
fundamental advantages of ideal loading can be obtained, even when 
the amount of inductance employed is verv far from that required 
for the ideal condition {see Appendix VI. for proof of the relative 
formula). 

It should be noticed that the impedance formula is the same 
>vhether we have pure sine wave transmission, ideal loading, or 
ordinary commercial loading ; this is seen by comparing (2) and (3I 
in this chapter with (62), Chap. VIII. We have in each case what 
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E /L 

amounts 10-^ =a/ t^- In commercial loading an approximation to 

themagnitudeof a/ t is obtained even when the amount of induct- 
ance is one-tenth or more of the amount required for the minimum 
attenuaUon constant, but the angle between the volts and current 
gradually increases as the conditions for the minimum attenuation 
constant are departed from. In practice the wide range of induct- 
ance which jwrmits of greater or less approximation to the best 
attainable transmission result, permits of choice in the degree of 
improvement of transmission according to the needs of the telephone 
service, and in the cost of adding the inductance to proviae the 
improvement (see Chap. XII.), 

The variation of resistance with the addition of inductance and 
the variation of leakance with frequency, in addition to the variation 
in the quantity of inductance, which has been shown to be per- 
missible, result in the formula for ideal loading being modified, and 
the changes are developed in formula (42) to (56), m Chap. VIII. 

Loading also results m the speed of propagation of the waves in 
the circuit being slowed down, and the changes in the formulae 
are developed in App. VI. 

17s. Hetbods of adding Artlfiolal Indnetanee to TransnUulon 
Lines. — The following three methods will be considered in detail: — 

(a) Continuous Loading. — In this type of loading the inductance 
is provided by one or more windings of magnetic material such as 
iron or stalloy, wound continuous round the conductors. 

lb) Lamped Series Loading. — This has already been dealt with, 
for the direct current case, in Chap. IV. 

(c) Lumped Leak Loadiog. — This has also been dealt with, for 
the direct current case, in Chap. IV. 

Both (b) and (c) will in turn be adapted to the alternating current 
case. 

Before considering these various types of loading in detail, an 
important general relation between $m and the amount of inductance 
used will be developed. 

176. Relation between the Minimum Attenuation Constant and 

the Degree of Loading.— By (50), Chap. VIII., we have R = (^' -|-^)l 



{^A) 



(4) 



Here L is the amount of inductance per mile required to produce 
the mimimum attenuation in a conductor of R onms per mile loop. 
i-* is the ratio of the effective resistance R, added to the circuit by 

G 
the inductance Li when 2vf=$ooo; and ^ is the ratio of the 

leakance G to the capacity C at the same frequency (para. 149, see 

Chap. Vni.). It is assumed that }^' and ^^ are constants, i.e. that 

R] varies asXi varies and G varies as C varies over a range of values 
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met with in practice, and it is known that this is fairly correct for 
J? and for |J within the hmits here applied. 

If {48), ciiap. Vlll.. be divided by {51), Chap. VIII., we have 

Here I, is the inductance required to produce /9«, and Lg is any other 
inductance, hmited in amount only by the fact that it must be 
sufficientlv large for <»L to be so great in proportion to R that formula 
{48). Chap". Vin., holds good. For proof see App. VII. 
From (5) we have 



,(v^£^) 



p = ^[yj.Liy-L) = ^y ... (6) 

It is evident from (6) that the relation between A. and fi for 
any circuit does not depend on the absolute values of 1. and i-a, 
but only on their ratio, and for the same fraction j- the value of 
fl is always a constant quantity mater than A.. For any given 
conductor, however, the value of L can be found by means of 

(4) 



AUUIUI, iiuncvci, lilt taiv. u. — -"■■ — ^ ' „ 

if (5*+^) is known. For a fixed value of (j^ +c) *^^ 
magnitude^ of L is directly proportional to R byj4}- " a curve 

is made by plotting^ as abscissa and "^ ^2 ^ ordinates 

^ " lieis in the ordinate that will enable us to 

g a minimum attenuation constant pm and 

I in the preceding paragraph is applied 
-en in the horizontal line and 



=y 



i 



the graph connects the two sets ol values. 

L„„ and Lj is called x. Immediately 
sven rows of horizontal figures are given, 
-f inductance corresponding to j- for the 
ft-hand end of the line in each case. Thus 
den -^- = I we have the inductance required 
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have only one-fifth of this amount, or 50 mh., and accordinj^y under 
_ h^ — g_ ^\^Q value 50 mh, will be found associated with the 

value =^^ ; when ^°" = 10 we have ?2? = 25, and so on. The 

same arrangement applies to all the conductors shown. As regards 
the vertical columns where the same conductors are arranged in 

order, when =^^ =1, we have fim, and accordingly the values of 
fim are shown in the vertical columns of all the conductors opposite 
y = J. When^" = i'5 the attenuation constants of all the conductors 
are ^ X 15, which By (6) ^ves 0, In this way all possible values 
of /3 for all the conductors m the graph are given over a range of 
inductance varying from ,— = i, to j— = 12, The table assumes that 

C =0065 mf. and f*-* +f-)=7o. If it does not, correcting graphs 

with a full explanation of their use, and also examples of the method 
of using Fig. QO,are given in App. VII. The following is, however, 
an example of the use of Fig. 90. A 70-lbs. conductor is loaded 
with 55 mh. per mile. Its capacity is 0065 mf . and ( jJ + ^ ) = 70. 

What is the attenuation constant ? At the foot of the table iind 
70 lbs. in the extreme left-hand column and run along the horizontal 
line until ^5 is reached. If a vertical line is traced from 55 to the 
graph it wiU be found to be opposite 00157 '" the vertical column 
appropriated to the 70 lbs. conductor, and 00157 '^ ^^^ attenuation 
constant required. 

177. Continnout or Kruu^ Loading. — This t^i>e of loading was 
first proposed and introduced into working circiuts by C. E. Kran^, 
Engineer-in-Chief of the Danish Telegraph Administration (E.T.Z., 
p. 344, 1902]. FormulEE permitting of the calculation of the 
inductance and effective resistance added to telephone conductors 
by the wire or tape which is wound spirally round the conductor 
to produce this type of loading, have been developed by Prof. 
Lai^n (EUHroteckmscke Zeitschnjt, 1908. p. 1030). 

The inductance of a continuously loaded cable is given by the 
following formula, which is developed and proved in Prof. Breisig's 
" Theoretische Tel^raphie," p. 322 : — 

'■=4'°^T'+j+'- .(..+,)/+»)(r+.) ! • '" 
where I is the length in cm., 21^1 is the distance between the centres 
of the conductors, r is the radius of the conductor, yi is the perme- 
ability of the iron, t is the thickness of the iron winding, a is tiie dis- 
tance between the wire spirals, and o is a factor which accounts for 
energy losses due to the resistance of the magnetic circuit. 

In continuous loading an increase of maj^etic flux is obtained 
owing to the fact that the circular lines of force round the wire 
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find a better conductor through the iron winding than through air. 
At the same time, however, owing to the spiral form of the winding, 
the circular lines of force meet air gaps in the iron and these increase 
the resistance of the magnetic path. The resulting energy losses, 
including hysteresis and eddy current losses, can only be expressed 
approximately, and they and the penneabihty are best determined 
by experiment, and previous knowledge of the tj-pe of material used. 
When, however, correct data are obtained the formulae here given 
enable us to predict the result of varying the dimensions of the wire, 
and its permeability. 

If the losses due to a and a are neglected, formula (7) becomes 

and this formula was found in practice to hold approximately good 
by M. Devaux Charbonnel, in a series of experiments mad£ by him 
(see " La Lumifere El&trique," 15th Tune, 1912). 

In order that (8) may be sufficienfly accurate it is necessary that 
a and a should be small in comparison with z(2r + t)l. "It is 
evident that if the convolutions of wire are wound closely together 
a will be very small and that a will be reduced, as the resistance 
of the magnetic circuit will be decreased. 

The first part of (8), viz. 4/log ?-J + H accounts for the natural 

inductance of the circuit apart from the iron, and the added induct- 
ance is therefore — 



Since 2r = d (the diameter of the wire), we get 



(d+t) ■ 



(10) 



If the thickness of iron be made up by p windings, each of 

thickness (, this becomes L = ,-^~^,, but 

{d+pt) 

and from this it may be seen that if the ratio -- is kept constant, 

L will be unaltered (if the natural inductance of the circuit is un- 
altered). Chi that assumption it is evident that, in order to obtain 
the same value of inductance in conductors of different diameters, 
the thicJmess of the iron winding {pt) must be increased in the same 
proportion as the diameter of the copper conductor is increased. 
The expression for L is in absolute units, and to bring it to henrys 
per km. we have 

L = io-< X 2w^ X i-T^^. ■ ■ ■ (12) 
[d+pt) 
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The figure to be taken lor permeability, n, is a somewhat doubtful 
quantity. In practice it is found to vary between lOO and 200 or 
more at present. 

The increase in resistance brought about by the insertion of 
inductance in continuously-loaded cables has been made the subject 
of exhaustive research by Prof. Larsen ; and Prof. Breisig, on 
p. 323 of " Theoretische Telegraphie," gives the following formula 
after consideration of Larsen's work : — 

where S« is the specific conductivity in C.G.S. units of the iron, t is 
the thickness of the iron winding, r is the radius of the wire on which 
it is wound, to=2vf, /i is the permeability, and a and o are correcting 
factors as in (7). Neglecting these losses, we get 

^'-^(5,^)- (^-^^ 

Expressing the specific conductivity S. in terms of specific re- 
sistance and rearranging the formula, we get 

«'-4^{J+D ti5) 

where ii=the diameter of the conductor, and all the dimensions are 
in centimetres. To convert to ohms per kilometre we have 

P d+t 

It is evident by (10) that the efiect of a thin winding t is relatively 
greater than a thick one to a certain extent. This is evident from 
the fact that the inductance added by the iron is proportional to 
_ — - - or — - — . If t is very thin the inductance added will be 

nearly proportional to -=, whereas if t is of appreciable thickness by 
comparison with d the inductance is proportional to , , : ■ 

Thus the inductance due to a wire i mil thick added to a conductor 
having a diameter of ioo mils is proportional to^ _ =_i-=''I29 
If the thickness of iron wire were 20 mils we should have 
_ t _ 20 _l6 66 
d~+t 120 100 

At the same rate i rail would give x — = — 33 instead of 

"^ roo 20 100 

** 99 as in the previous case. 
100 ' 

An inspection of (16) shows that the effect of the thickness t 
on the resistance depends to some extent on the diameter of the 



(16) 
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conductor on which it is wound, as R^ is inversely proportionfd to 
{rf + () ; if the thickness t is very small m comparison to d the resist- 
ance varies nearly as the third power of t, which shows that line 
wire should very materially be less in resistance than thick wire. 
The usual range of thickness is at present from 8 to 12 mils, but 
very thin and relatively wide tapes have been used ; the effective 
resistance due to the iron was relatively high m this case, but the 
increased permeability obtained resulted in the production of a 
low attenuation constant." Formula (16) also shows that a material 
having high specific resistance is advantageous if it can be combined 
with nigh inductance, in view of the fact that the resistance Rg 
varies inveiselyas the specific resistance. Rg in (16) varies, however, 
as the square of the permeability, 

178. Hlleet at an fnereue In Rg and L on th« Attenuation Constant. 
— In considering the effect of the changes of Rj and L it is necessary 
to look beyontf the production of inductance to its main object, 
which is the reduction of the attenuation constant, regard being had 
at the same time to the suppression of undue distortion. 

Consider the eSect on a given conductor, of increasing the in- 
ductance by 50 per cent, and at the same time of doubling the 
effective resistance added by the iron. Suppose we have a conductor 
with the following constants ; — 

R per mile loop = 25 ohms. 
L „ „ = 12 mh. 
C „ ,, =o'o6o mf. 

Suppose that when Znf s* 5000 the ratio of inductance added to 

resistance is ^-l = 60 and that ?*■ = 20. Then by formula (48) Chap. 

VIII., we have 

Sio-SV ,_ -^ 

O'OO 
0012 






Suppose now that some different known material has a much 
higher ratio ^ — assume that it is doubled — whilst at the same 
time the inductance, with the same thickness of iron, is increased by 
50 percent. In that case we have *-J = 120 and L =0018, the other 
constants being as before. It will oe found that the attenuation 
constant is now o"o257 instead of 0-029 ^^ '" ^^^ former case. It 
wUl be seen, therefore, that although the resistance isincreased much 
more than the inductance the net result is a diminution of p. It 
is therefore obviously desirable to take calculations of ,8 directly 
into account in determining the dimensions and properties of the 
iron wire. 

179. Advantages and disadvantages of Continnous Loading. 
Advantages. — (a) The principal advantage of continuous loading is 
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that any length of such a cable, no matter how small, constitutes 
a self-contained unit of loaded cable, without the necessity of 
inserting coils as in iump-loading. This is an advantage for sub- 
marine cables, and consequently we find a relatively large number 
of continuously loaded cables utilized for this purpose. 

(b) The fact that any small length is unifonnly loaded also renders 
this type of cable suitable for insertion as short lengths of under- 
grouna line which occur in aerial lines, whereowing to local circum- 
stances aerial line is impracticable. The continuously loaded cable 
in such a case forms an alternative to the use of unloaded under- 
ground cable. Lump-loading does not attain its maximum efficiency 
m such a case. 

(c) The impedance of a long length of continuously loaded cable 
should vary less than a coil loaded cable, firstly because it is uniformly 
loaded, and secondly because it is not subject to the variations 
of impedance which occur in coil-loaded cables due to the fact that 
it is not always practicable to place the first loading coil at the most 
suitable point, and the impedance of such a cable varies largely with 
the position of the coil. 

The uniform impedance of telephone conductors is of special 
importance in phantom circuit working, and in the working of 
telephone relays. In a four-wire submarine cable if all the wires 
are well balanced throughout it is possible to obtain two direct 
or side circuits and two phantom circuits as shown later. The 
second or earthed phantom circuit has not up to the present been 
satisfactorily worked in a coil loaded cable, but it has in a con- 
tinuously loaded cable. 

Disadvantages. — (a) The amount of inductance which can be 
produced by tUs method is at present limited ; for example, 20 
millihenrys per mile per pair is a good result. There is afeo a 
possibility of unequal ageing in the iron winding of the two wires of 
a circuit. 

{6) The effective gauge of the conductor is increased by the iron 
wire, and this increases the dimensions and cost of the cable both 
for underground and submarine cables. It is particularly expensive 
in the case of submarine cables, because for the same mecnanical 
strength, the thickness of guttapercha must be materially increased, 
as compared with the amount required for unloaded conductor. 
This point will be dealt with later. 

(c) This method is limited to new cables in its application, 
' whereas existing ones frequently require to be loaded. 

((f) .The electrostatic capacity of a loaded wire is somewhat 
increased as compared with tne same unloaded wire, but the 
increase is not usually serious. 

180. Distortion in Contlnnoosly Loadod Cablet. — In view of the 
fact that the ^ective resistance of cables of this type varies both 
with frequency and current, and that the leakance varies with 
frequency, it is evident that such cables are not distortionless. 
They have usually a higher value of -p' than loaded cables, but do 
not of course suffer from the disadvantage due to lumped inductance. 
For equal values of |-^ their distortion is less than that of coil-loaded 



byGoogle 



THE LOADING OF TELEPHONE CIRCUITS— A.C. CASE ijg 

cables. The fact that this type of cable has a relatively low value 
of inductance is favourable from the point of view of distortion, as 
the distortion is likely to be greater for heavily loaded than for 
lightly loaded cables. This is clear from para. I72. Some details 
of the relative distortion in continuou^y loadea and coil -loaded 
submarine cables are given by Dr. Petritsch in an article on the 
Adriatic continuously loaded cable in Electrotechnik uttd Maschinen- 
bau, 6th July, 1Q13, p. 595. It was found that the continuously 
loaded cable had a distortion 11 per cent, less than the Anglo- 
Belgian coil loaded cable between the limits 2w/ = 3000 to 2n/ = 7000. 
It is, however, necessary to take into account the relative values of 
j-J and the variation of R with frequency in every case and compare 

the increase of attenuation with frequency. It is not advisable to , 
generalise too much. 

In view of the fact that the energy losses due to hysteresis 
increase directly as the frequency and those due to eddy currents 
vary as the square of the frequency, the rate at which the effective 
resistance increases with frequency must depend on the relative 
magnitudes of the two losses. In soirie cases the observed results 
point to an increase of resistance in the neighbourhood of the square 
• of the frequency in continuously loaded cables. 

181. Series Lumped LoadinK. Alternstlng Current Cue. — ^The 
formulae for the characteristic impedance and attenuation constant 
of loaded circuits (61) and (48), Chap. VIII., have been developed on 
the assumption that the electrical constants of the loaded circuit, 
including the inductance, are uniformly distributed. It was, 
however, shown by Prof. M. I. Pupin that if inductance is inserted 
in lumped quantities in series with the conductor at regular dis- 
tances, according to a law given by him in the paper named, the 
benefits of distributed loadmg can be attained. The law referred 
to is given in this chapter in para. 182. The full theory is 
developed by Pupin in a paper given before the American In- 
stitution of Electric^ Engineers on March 22nd, 1895, entitled 
" Propagation of Long Electrical Waves." See also Bntish Patent 
Specification 12733, October, igoo. Dr. G. A. Campbell, of the 
Engineering Department of the American Bell Telephone Co., also 
independently apphed for a patent in America in March, 1900, but 
priority was given to Dr. Pupin. Dr. Campbell also wrote an article 
On Loaded Lines in Telephonic Transmission " in the Philosophical 
Magazine, vol. v. p. 313 (1903), which includes the formulae often 
associated with his name. Ohver Heaviside appears, however, to 
have been the first to deal with the theory of distributed inductance 
{vol. xix. p. yg. Electrician {1887)). Vaschy in France independently 
mvestigatea the subject and published details of his work shortly 
afterwards. Series lump loadmg may be treated as an application 
of the equivalent circuit as developed in Chap. IV., the only differ- 
ence in treatment is that all the quantities in the alternating current 
case are vectors. This method of development will now be applied 
to practical series loading, and a few of the more important tacts 
will be briefly recalled at this sta^. It is proved in Apps. III. and 
IV. that every uniform transmission line of any length may be 
represented for electrical operations conducted from its two ends 
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at a fixed frequency (for measurements of impedance and tota 
attenuation between its two ends), bi^ an equivalent n or T circuit, 
and conversely it follows that any given n or T circuit has some 
corresponding unifonn line to wMch it is equal in the conditions 
just defined ; examples of such pairs of circuits are given in 
Chap. IV, If any number of exactly similar equivalent circuits are 
connected in series, the impedance and total attenuation from the 
two ends of the circuit thus formed are the same as from the ends 
of the same number of corresponding lengths of uniform line placed 
in series, for one frequency. 

In practical commercial loading, loading coils are inserted at 
equal distances in a uniform transmission line, and the following 
is a practical case. A 70 lbs. pair of underground conductors having 
the constants given in Table II,, Chap. VIII., has loading coils 
inserted at intervals of 2 J miles, except at the ends, where the cable 
length is ij miles in both instances. Such a cable is uniformly 
loaded. This will be seen by noticing that each loading coil may be 
regarded as loading half of the 2^ mile cable section spaced equally 
on both sidesof a loading point, or in other words, half the inductance 
in the loading coil loads ij rniles of line. Viewed in this way it 
will be seen that every ij mile of cable throughout the line is associ- 
ated with half a loading coil, including the two end half sections of— 
ij miles. If two such sections be combined, either by placing a 
coil in the middle of a 2J mile section to represent the two loaded 
half sections, or joining two ij mUe lengtl^ of cable together to 
form a 2^ mile section and adding half a coil at each end (as shown 
in Fig. Ill), we obtain a complete loading coil section. It will be 
convenient to investigate this latter case on the assumption that a 
complete coil has an inductance of 132 mh. and each half coil will be 
assumed to have half of this inductance. Moreover, as we are dealing 
with a double wire circuit, the inductance will be divided between 
the A and B lines. The effect on transmission of the insertion of the 
loack is worked out as an equivalent circuit problem at the end of 
the chapter, and it will be seen that the length of 70 lbs. loaded cable 

fving the same total attenuation as the unloaded 70 lbs. cable in 
able II., Chap. VIIL, is 3-62 times as great at a frequency such 
that 2ir/ = 5000, and it may be noted that speech tests give a similar 
result. Now although the equivalent circuit is equal to the real 
line in the conditions stated, at a frequency of 800 cycles per second, 
it does not by any means follow that it wUl be equal to the same 
real circuit for other frequencies, especially such frequencies as are 
far from the calculated one. The result of the experiments depicted 
in Fig. 128, Chap. X., as compared with the calculated results, shows 
that there may in fact be considerable divergence in the two cases 
if the line angle is large, and the further experiments on a circuit 
equivalent to 40 miles of the standard cable in Chap. X. showed 
that the larger the angle the wider was the divergence between the 
real and equivalent hnes at frequencies varying widely from the 
calculated one as judged by voice tests. Now the equivalent line 
resistance in the case of an equivalent T circuit depends by inspection 
of the formulfe in App. Ill, on the value of Zq tanh -, with a 
constant leakance, whilst the resistance of the uniform line depends 
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Zptanh? 
on Zf,9. H the value of e is small m i approximates in value 

to -JL = J, i.e. there is practically no difference tietween tanh- and - . 

If follows that if the equivalent circuit is constructed to represent 
a small line angle it may be made to conform to the real circuit for 
any and all frequencies to any required degree of exactitude. It 
further follows that loaded circuits will approximate more nearly 
to real ones the smaller the load andthe nearer the coils are placed 
together. This is in effect the conclusion of Pupin, as will shortly 
be seen. In practice it is required to place the coils as far apart 
as possible with the largest load, for obvious commercial reasons. 
Owmg, however, to the complex frequencies of the voice the precise 
rule to be adopted necessitates speecn tests to determine the funda- 
mental data. When these are derived a highly useful conclusion 
may be deduced from ,them. 

182. Spacing Dlst«ne« of Colls In Cables ; Series Loading. — ^To 
obtain an idea of the principles on which the spacing rule is based, 
refer to Fig. 7. It will be seen that the horizontal line is divided 
into wave lengths of a definite length ; the wave also travels with 
a definite speed. Now if inductance is added to a circuit in which 
a current wave of a fixed frequency is being transmitted, the wave 
length is shortened in inverse proportion to the product i/LC and 
the speed of the wave is also reduced in the same ratio. If the 
frequency in a given circuit is doubled, the wave length is halved. 
(See formula 65, Chap. VIII.) It will therefore be clear that loading 
shortens the wave length and reduces the speed of propagation 
along the line-:-Pupin has shown that the nearer coils are spaced 
in a wave, the more the circuit approximates to a continuously 
loaded one. 

Pupin'sLaw states that if the interval between loads be expressed 
by an angle a, the difference between a coil loaded line and the 
corresponding unifonn line of the same resistance and inductance 
is the difference between sin Ja and Ja. 

If coils are too widely spaced, the circuit will be subject to greater 
attenuation, owing to reflections from the coils reducing the wave 
amplitude. Further, the upper tones of the voice have a higher 
frequency than the lower ones, and have therefore a shorter wave 
length. 

If the coils are spaced a pven fixed distance apart, it follows 
that the waves corresponding to the upper notes will have a less 
number of coils per wave len^h than the lower notes. It is, there- 
fore, such higher notes as arc necessary for clear speech that deter- 
mine the closeness of coil spacing. Professor Breisig has formulated 
a different law. He supposes the loaded circuit to be divided up 
into a number of parts, each part consisting of a loading coil and 
half the circuit length towards the next coil on each side of the first- 
named coil. Each of these parts is considered as an oscillating circuit 
which resonates at a defimte frequency, and this frequency varies 
inveiBely as yXC varies. (See formula 65, Chap. VIll.) The 
spacing must be such as to keep the loaded circuit far from the 
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resonating point, any near approach to it increases the at- 

temiation. 

The factor VLC enters into all the various rules found for the 
spacing distance of coils, whether we consider the velocity, the 
number of coils per wave length, or the oscillating circuit. It may 

then be stated as a general rule that spacing distance varies as yya 

but to give the nile definiteness, experiments are necessary owing 
to the wide range of frequencies in the voice. 
The English rule found by experiment is 



CLD = 



(17) 



where C is the capacity in microfarads of one mile loop of the circuit , 
L is the inductance of the loading coil in tnillihenrys. and D the 
distance apart of the coils in miles. The product CLD must not 
exceed 25. This rule is in accordance with the general rule already 
quoted. 

In addition to the distortion and increased attenuation caused 
by spacing loading coils too wide apart, the effective resistance 
of loading coils {see para. 143) increases with frequency, and the 
effective leakance (see para. 149) also increases with frequency. 
These two factors may cause a marked proportional increase in 
both distortion and attenuation. Both the effects of effective 
resistance and leakance, however, increase as coils are spaced more 
closely if formula (17) is fulfilled, i.e. for light loading the effects 
are less than for heavy loading. 

In the case of the loading described in para. 189, calculation 
of the attenuation on the assumption of unifonn distribution 
and lumped loading respectively for frequencies between 400 and 
1200 cycles, does not snow a marked dmerence. The impedance 
is, however, much more sensitive to change of frequency. In 
view of the fact that the theoretical considerations on which the 
spacing rule is based do not take into account either effective 
resistance or leakance, as affected by frequency it is clear that the 
law cannot be regarded as absolute. It should be borne in mind, 
however, that formula (17) is based on practical experiments. The 
results may therefore be assumed to hold good in the conditions in 
which the tests were made. In England up to the present light 
loading has been largely used, and the speech is sufficiently clear. 
The results arrived at in various countries differ somewhat as r^ards 
the spacing rule. The number of coils and other details for the same 
loaded line in Great Britain, America, and Germany are as given in 
the following table. 



StmntltaoBtty. 


BcIrUvc number ol 


St rack by wave 


FtennencT of «dU>- 
tloDi per loadiog coil 

BMlion. 


Great Britain .... 

America 

Gennany 


116 
n6-5 


63*5 
7000 
8000 


12.630 
14,000 
1 6,000 
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See an article on the " Uniform Design of Loaded Lines," by 
Prof. F. Bresig. E.T^., June 17, 1915. 

It appears from published results that the loading has generally 
been heavier in America and Germany than in En^and, and this 
may to someextent account for the dinerence. Personal judgment, 
however, enteis into the matter, and the difference of language may 
have some effect. It is possible that heavier loading will in future 
be resorted to in Great Britain, but the type of future loading is 
closely bound up with telephonic relay developments (see Chap. 
XIV.T. The closeness of spacing also affects the uniformity of the 
impedance of loaded lines when measured at different frequencies, 
ana this is of importance in relay working. ' 

It is not always practicable in commercial loading to space 
coils according to the rule in (17], and at the same time to divide 
the circuit into an equal number of half loading sections as we have 
previously assumed. The half end sections are frequently longer 
or shorter than the theoretical length of the half section. It is 
theoretically advantageous to divide the circuit into an equal 
number of symmetrical sections, but the effect of this on the ultimate 
efficiency and cost should be carefully weighed before departing 
from the usual rule. (For considerations of cost, see Chap. Xll.) 

Loading Coils fob IJNDERGROtniD and Aerial CiRCurrs. 

188. Loadlns CoUs foi UndernonDd Cirenlts. — The function of a 
loading coil is, of course, to add inductance to a telephone circuit ; 
but in this case many other qualities are also desirable, the most 
important being — 

(i) Lowresistanceof the coil, varying as little a^ possible through 
a wide range of frequencies, and with change of current strength. 

(2) Permanent retention of the inductance of the coil. 

(3) High insulation. 

(41 Small electrostatic capacity. 

(si Non-interference with other coils in proximity. 

(6) Economy in space design. 

(7) Reasonaole cost. 

Let us brieffy glance at the various points named, 
(i) The coils used up to the present for underground work have 
a value of 5-^=50, or 50 ohms per henry when 2n/= 5000, whereas 

when 2fl/= 1780. at which frequency the coils are measured, the re- 
sistance is a little more than doubled. The reasons for the increase 
in resistance are given under para. 143 in Chap. VIII. A notable 
increase of resistance occurs with increase of current. The nonnal 
testing current is 0'8 miUiampere, but with much greater current 
strengths the resistance may increase fourfold. Now it is highly 
important in telephone relay working that the so-called circuit 
constants should maintain a nxed value on account of the fact that 
this method of working requires the Une to be balanced for all 
frequencies and current variations by means of an artificial cable 
which imitates the real line as nearly as possible (see Chap. XIV.). 
A new form of coil has recently been designed in which the con- 
stants change much less, with variations of current and frequency. 
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This should effect a material improvement. (See Western Electric 
Co.'s British Patent Specifications, 103188/ig, 107007/17, and 
124658/19.) The Post Omce is trying these coils. 

Loading coils of difFerent inductances, but of approximately 
similar size and price {for side circuits and phantom circuits re- 
spectively, the two series not being the same), can be so manufactured 
that the effective resistance of a coil at a given frequency is directly 
proportional to the inductance of the cou. That is to say, if the 
effective resistance is Ri and the inductance Lj, then .-1 is a constant 

quantity, i.e., if Rj is 30 (say) when L^ =1, then j^ =50. From 

this relationship, if Li is known, then R, can be found. These 
facts facilitate calculation and design, because if the efEective 
resistance of a coil having i henry is known, the resistance of any 
other value of inductance is also known. In the case of the 300 
lbs. conductors in the London-Birmingham cable, however, the coils 
have a maximum effective resistance of 35 ohms per henry. Coils 
suitable for underground work may at present be obtained with 
an effective resistance which does not exceed 30 ohms per henry. 

(2) The inductance of the coils now used in our underground 
circuits is liable to be seriously reduced if direct currents 01 more 
than 100 milliamp&res are passed through them. The coils, in fact, 
become magnetized. It is i)OssibIe to partly demagnetize them by 
sending alternating current of gradually diminishing intensity 
through them until the current is very small. In practice the 
telephone machine ringing current with a rheostat in series is 
effective, applying a current at the commencement not exceeding 
say i ampere and gradually adding resistance to the circuit until 
the current is very small. It is not, however, at present possible 
to completely restore the lost inductance within, say, 15 per cent, of 
its original value. If excessive alternating currents are applied to 
coils which have their full efficiency, they may suffer damage. 
The demagnetizing treatment described should only be applied 
when the condition of the coils is definitely known, and then only 
by skilled testing officers acting under instructions. When testing 
loading coils dunng the laying of cables, etc., a sufficient resistance 
shoula always be in the circuit to keep the current at a low figure. 
The new coils are very much less affected by current. 

{3) The insulation between the windings of the coils is guaranteed 
not to be less than 1000 megohms when tested with 100 volts D.C. 
In practice, 10,000 megohms is usually obtained. As the coils are 
not guaranteed to stand high voltages, these should only be used 
under instructions. The maintenance of high insulation is, however, 
of great importance, and it is sometimes necessaiy to use 500 volt 
meggers to obtain a reliable insulation reading. Fig. 91 shows the 
theoretical wiring diagram of a side circuit and also a phantom circuit 
coil in a loading pot. The internal wiring is very complicated, and 
these pots shoula, in case of internal faults, usually be returned to 
the manufacturer and not opened on the spot. 

(4) The capacity between the wires of loading coils is small. 
The capacity between the line windings of the coil most frequently 
used in England, must not exceed 0'0035 m.f. 
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(5) When a loading coil is placed in a telephonic circuit it must 
be arranged so as not to disturb the balance of the electrical constants 
in the A and B lines. For this reason (t is divided into two halves, 
one of which is placed in the " A " line and the other in the " B " 
line. (If a phantom coil is in question, each half is again divided 
into two halves forthe same reason, asshown in Figs. 91 and 92.) The 
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The inductance and resistance (both ohmic and effective) of the 
parts into which the coU is divided must be alike. As a rule a number 
of loading' coils are assembled in the same case and much care is 
necessary to avoid cross-talk among them. The significance of this 
point may be shown by the following consideration. If the current 



puMifTOiimcmcm 




Fio. 92, 

leaving the transmitter at the sending end of a line be represented 
by 100, we know that commercial conversation can be conducted 
over a line of such a length that only i per cent, of the outgoing 
current is received. It is, therefore, evident that the cross-talk 
must be far less than this i per cent. — as a matter of fact, precau- 
tions are taken in loading coJ pots to ensure that it is never more 
than I per cent, of i per cent., even in the case of phantom circuits, 
or expressing the result in millionths of the outgoing current, we may 
say tnat the cross-talk between any two circuits in a pot of loading 
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coils is kept below loo millionths of the outgoing current. Now the 
outgoing current at the terminals of the secondary of the induction 
coO rarely attains lomilliampires.so that the cross-talk is kept below 
lOO millionths of lo milliampferes or one millionth of an ampere. It 
is found experimentally that jijth of this cross-talk can be heard in 
a quiet room with a good Bell receiver, i.e. it is possible to hear 
the acoustic effect of one ten-millionth of an ampfere in a good 
commercial receiver, 

(6) The loading coils used in British underground circuits are 
of toroidal form with a closed iron circuit and only a very small 
external field (which permits of their being placed near together). 
The coils are usually supplied in iron cases varying in size as required. 
The ring-like loading coils are threaded on dowels (see Fig. 93) and 
separated from each other by iron divisions to reduce cross-talk to 
a mmimum. The number of dowels in a case varies according to 
requirements. When all the coils are in a position the case is fuled 
with an insulating compound and carefully sealed. The coils are 
led out by two multiple twin cable stubs for the up and down sides 



of the Une respectively. Until recently, only one leading out cable 
was used in this country, and it is still used in America. Fig. 04 
shows the latest type 01 loading coil pot and cable as used in the 



United Kingdom. 

In order to facilitate identification, a colour scheme is employed. 
Cases containing 98 coils are obtainable, but the largest loading coil 
cases used up to the present in this country contain 64 coils, Doth 
side circuit and phantom circuit coils being included. The case is 
44I ins. high and 25} ins. in diameter (max.), each case weighs 
1500 lbs. These pots are not easy to handle and it is considered 
preferable not to exceed 50 coils in one pot. The stub consists of 
impregnated cable, lead covered. Great care is required in dealing 
with these stubs. Faults in them should be reported to ascertain 
whether the pots should be returned to the manufacturer. If a 
crack unfortunately develops which is decided to be suitable for 
local repair, it should be kept under close observation afterwards. 
Experience has shown in some cases that an apparently good 
insulation does not hold afterwards. With care the insulation may 
be maintained at a high figure for many years. This has been 
proved to be the case in coils recently recovered between Manch^ter 
and Liverpool, and which had tieen in use about eight years. 

(7) The question of reasonable cost is obviously verv important. 
The value of the coil, however, is largely dependent upon the relative 
cost of the copper conductors with which it is associated, seeing 
that both copper and coils are separately capable of improving 
transmission within wide limits. Each case must be taken on its 
merits, and the combination which is the cheapest on the whole, 
selected. 

184. Loading Colls for Aerial Lines.— These coils are toroidal 
in sha}>e and are enclosed in strong iron cases, specially adapted 
for attachment to an auxihary arm, which is fixed to the pole Fig, 
100. Fig. 95 shows an aerial line coil and an ordinary underground 
coil, both being unenclosed, the relative sizes of the coils being to 
scale. It will be observed that the aerial coil is much larger tnan 
the other; this is to permit of a lower effective resistance being 
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Fig. 95. — Relative Sizes of Loading Colli. 
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Fig. g6. — Aerial Loading Coil with Leads. 
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obtained, owing to the fact that aerial loaded circuits have generally 
a much less onmic resistance per mile than underground circuits, 
and it is therefore considered necessary to keep the added resistance 
as low as possible. In this case the larger coil has half the efiective 
resistance of the smaller one. Other considerations, however, re- 
quire to be taken into account, and these will be dealt with later. 
The completed coil, ready for attachment to the poles, is shown in 
Fi^. 96, and the lightning protector is shown in Figs. 97 and 98. 
It IS necessary that every coil should be separately protected and 
that the protector shouldoe of a reliable form and such as will stand 
weather exposure. The protector consists of discs of non-arcing 
metal and was supplied by the Western Electric Company. A 
complete pole fitting, as arranged by the Engineer-in-Chief of the 
Post Office, is shown in Fig. 99, Each loaded wire is terminated at 
every loading point. Each complete loading coil and case weighs 

LOADING COIL 




EARTH 
Fig. 97. — Lightning Protector lot u; 



: with Loading 0>ils. 



approximately } cwt. and is fixed on an auxiliary GI support 
bolted to the back of the pole (Fig. 99). (The VIR leads are lead 
covered and the method of fitting is shown by Fig. loo.) 

The whole of the underground and overheau coils used by the 
Post Office are made and supplied by the Western Electric Company, 
and the author's thanks are due to them for supplying a number of 
the illustrations. 

The Western Electric Company have designed and manu-. 
factured for the use of the Post Office a number of aerial load- 
ing coils having an effective resistance of 35 ohms per henry 
(1-1 = 35) at 800 periods per second. The weight of these coils 
in their iron cases is two-thirds of that of the aerial coils (made by 
the same firm) having an effective resistance such that i-* = 25 

at 800 periods per second. The coil was desired at the request of 
the Post Office to obtain a cheaper coil than that shown in Fig. 95, 
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as experiments indicated that the new type would be sufficiently 
efficient for the required purpose, and subsequent experiments have 
fully justified its provision tor loading 300 lbs. aenal lines having 
a leakance such that f^ = 100. 

186. FMtory Tosts of Loftdlng Colls. — In order to ensure as far 
as possible that loading coils meet the requirements for which they 
have been designed the following tests are applied to them at the 





Fig. 98. — Lightning Protector. 



factory by Post Office testing officers. The tests mav be described 
under the following heads; — 

Inductance balance. 

Effective inductance. 

Direct current resistance. 

Effective resistance. 

Insulation resistance. 

Electrostatic capacity. 

Insulation brealcdown. 

Cross-talk. 
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Fic. gg. — Aerial I-oading Coil fitted to Pole. 
Protector mounted on Cross Arm. 
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An alternating current Wheatstone Bridge Set, with a suitable 
A.C generator, is provided by the contractors. A cross-talk meter 
with accessories is also provided. A general or " master " specifi- 
cation embodies details of the general method of test ^ind describes 




d -covered Leads. 
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the various testing devices, and a separate specification is pro\'ided 
in respect of each coil, which specifies the limits between iwiich the 
resistance and inductance maj^ vary, and fixes limits tor the capacity 
insulation and cross-talk. It is not practicable to ^ve details of all 
these tests, as they relate in many cases to the pnvate methods of 
one firm only. The following pomts, however, are of interest. 

The coils are divided into different categories according to the 
effective resistance per henry. 1780 cycles per second is the testing 
frequency adopted. This ensures that the coils are within known 
limits for the nigher frequencies of the voice currents as well as 
for the lower ones. The manufacturers' testing current is 08 milli- 
an^re. These details apply to the older type of coil and are 
sub3ect to change. 

As already mentioned, the coils have an insulation not less than 
1000 megohms when tested by means of a D.C voltage of 100. An 
additional " breakdown " test is applied for a few seconds by means 
of a 500-volt generator. The overhearing is confined to coils threaded 
on tne same dowel, and the number of millionttis of the applied 
current which is permissible when listening by means of a telephone 
on neighbouring coils, depends on the number of coils on the dowel. 
The tests are made on the completed pots of coils and the amount 
of overhearing allowed is never more than 100 millionths, including 
the most complex phantom combination and external leads. In 
simpler cases it is very much less. An idea of the cross-talk testing 
arrangement may be gathered from Fig. 133, and the method of 
making cross-talk tests is also described m Chap. X. 

The amount of out-of-balance of resistance and inductance allowed 
depend upon whether the coil is to be used for phantom working or 
not. If it is to be so used the requirement is more severe, but the 
coil is more expensive. The D.C, resistance of a coil for " medium " 
loading is 4 ohms. 



In phantom circuit working advanta£e is taken of the fact that 
currents circulating in series in loading coU and transformer windings 
may be arranged to produce a flux in the iron of the coils, whilst 
currents circulating in the same coUs in parallel can be arranged to 
have no magnetic flux (seeFig. loi). Loadingcoils are now designed 
on an analogous principle ; two side circuit coils producing a 
combined flux which loads a phantom circuit without interfering 
with the side circuit and without the necessity of providing a special 
coil for the phantom circuit. (See British Patent Specifications 
17615, 1915, and 110578, IQ17, granted to C. E. Hay and H. W. 
Sullivan, London ; Bntish Specifications 8185, 22133, and 22270, 
1914, granted to H. B. M. Pleijel and A. H. Olsson, Sweden ; Briti^ 
Specification 22554, 1914, British Insulated and Helsby Cables, 
W. P. Fuller and H. H. Harrison ; British Specification 110578 ; 
British Specifications 115685. 1918, and 115895, 1918. British In- 
sulated Helsby Cables, G. E.Bairstow and H. H. Harrison.) 

186. The BDe«ts ol Loading on Undergiound AliHSpaee Cables. — 
An underground air-space main line cable usually contains a large 
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number of pairs — the new London-Birmingham Cable contains 52 

fiairs. The pairs are divided into groups of two, which are twisted 
ogether to form a " quad " made up in the so-called multiple twin 
formation. On the two pairs of each quad a third circuit may be 
super-imposed or phantomed. In such a cable there are thus a 
la%e number of circuits in close proximity. To make the best use 
of the cable, the circtiits are required to ne as efficient as possible 
with a minimum amount of disturbance among them, and at a 
minimum cost, due rerard being given to economy of space and 
mechanical stability. So long as the circuits are unloaded, their 
speaking efficiency and the clearness of speech upon them leaves 
much to be desired. If the cables are carefully manufactured and 
the circuits in them unloaded, however, it is usually possible to 
keep cross-talk among them within small limits without special 
balancing after laying. When the circuits are loaded, the efficiency 
of each circuit is considerably increased, but the cross-talk is much 
more pronounced, and phantom working is now quite impossible 
without special balancing of the cable pairs as regards electrostatic 
capacity after laying. It appears to be worth while to inquire how 
this comes about. 

By the operation of loading (i) The impedance of the circuits 
has been considerably increased, so that for a given consumption 
of energy, the voltage in the circuit is now higher and will produce 
more powerful disturbing effects. 

(2) The loading coUs added, although balanced as well as 
possible, are not perfectly free from cross-talk and add a little to 
the disturbance in the circuit. 

(3} The eSects of leakance on the attenuation constant are now 
much increased, as already shown in para. 172, and if the leakance, 
resistance, and capacity are not evenly distributed on each of the 
wires, there will be unequal impedance and want of balance on 
that account. These effects will, moreover, vary with the 
frequency. 

(4) Each of the circuits, owing to the fact that it is loaded, is 
now much more efficient for speech and also for the transmission 
of disturbances. 

From these considerations it will be evident that increased cross- 
talk in loaded circuits may be expected, and hence the necessity 
from all these considerations for baJancing. 

Referring once more to the question of leakance, this time as 
regards its oearing on speech efficiency : as already shown the 
apparent insulation of circuits in a paper cable is enormously greater 
when measured by direct currents than when measured oy alter- 
nating currents at telephonic speech frequencies (see para. 168). 
In fact, just as we have an effective resistance with altematine 
currents, m loading coils, which is greater than that obtained with 
direct currents, so we have an effective leakance which is ven" much 
greater than that obtained with direct currents, but from a (Efferent 
cause. 

It will, therefore, readily be understood that high and uniform 
insulation in loaded cables is of capital importance. This is now 
understood by English manufacturers, and special care is given by 
the best manufacturers to the production of high insulation, and also 
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to the accurate twisting of wires and the quality and onifonnity of 
the materials used. The special attention now given to cables results 
in greatly increased speaking range. Up till recently the constant 
quantity ^ {i.e: the leakance per farad at a frequency of 800 p.p.s.) 

was taken at about 60 to 80, including cabl^ and locaJ wiring in 
loaded underground airspace cables,i It is now taken at one-fourth 
of this latter quantity [para. 149). If a circuit is fully loaded the 
speaking range is increased 26 per cent, with the usual type of coil, if 
^ = 20 instead of ^ = 80. This fact, combined with the cross-talk 

resulting from leakance, explains why special steps are taken to 
secure high insulation. 

For the foregoing reasons the terminating points and connecting 
frames for loaded circuits should be of high insulation to alternating 
currents. 

On this account, special terminating arrangements have been 
made in connection with the London-Binningham-Liveipool Cable. 
Special transformers of high insulation are used, through which all 
arcuits pass before being connected to the internal wiring. This 
arrangement also secures the maximum of freedom from noise in 
the circuits by preventing their direct connection to any local faulty 
circuits. The risk of damaging the loading coils by heavy currents 
is also reduced to a minimum. These advantages must be balanced 
against some loss of transmission efficiency in the transformers in 
certain cases. 

187. The Loaded Superimposed or Phantom Telephone Cirenit In 
UndergTOund Clreultt. — Phantom circuits have often previously been 
looked upon with more or less misgiving owing largely to the fact 
that if one of the side circuits in a miantom unit is out of order, the 

Khantom necessarily fails with it. The maintenance of such circuits 
as, moreover, been difficult owing principally to the fact that cross- 
talk has been much more troublesome than in ordinary circuits. 
The difficulties, however, have been generally due to unstable 
electrical conditions (which are inseparable from open lines) and 
also unbalance between adjacent wires and pairs in cables. In a 
balanced cable of high insulation, however, tne difficulties referred 
to are reduced to a negligible point, and a stable condition is normtiUy 
obtained. Not only is this so, but a phantom circuit in an under- 
ground air space M.T. cable is actually more efficient than the side 
circuits associated with it. This maybe deduced from formula (51) 
Chap, VIIL, which applies to any circuit having its maximum 
loading, whether it be a phantom or side circuit. It is clear from 
this formula that the comparative efficiency of any two circuits, 
when only their capacity and resistance vary, is inversely proportional 
to VCR. Now in a phantom circuit the line resistance is only half 
that of the side circuit, but the capacity is never so high as twice 
that of the side circuit. 

Two theoretical diagrams of a loaded phantom circuit are given 
in Fig. loi. These show the electrical actions in the side and 

" The Berlin-RheinUnd Cable," 
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phantom circuits respectively. Only the coils at one loading point 
are shown to simplify the matter, although in practice this arrange- 
ment would be repeated at every loading point. The action 
in the side and phantom circuit is shown separately, but when all 
the circuits are working, the actions shown in the two diagrams 
would be superimposea without interfering with each other. It 
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is hoped that with the aid of the various symbols shown on the 
diagram it will be found self-explanatory. It will also be evident 
OQ examination that the coils in the phantom circuit in all cases add 
their direct current resistance to the side circuit, and that the D.C. 
resistance of the side circuit coils is added to the phantom circuit, 
so that it may be seen that although a phantom of higher ef&ciency 
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than the side has been obtained, yet the side circuit has been some- 
what reduced in efficiency. The gain in the phantom is, however, 
generally much greater than the loss in the side circuit. 

The details in paras. i8g and 190 give an important application 
of the principles laid down. Both as regards side circuits and phantom 
circuits. The type of loading employed comes under the de&nition 
of h^t loading. 

188. Praetleal Appllestloiis of Serin Lampeil or Coil Loidiog to 
DndorKronnd Clrenltt. — ^Tbree stock types of coils are available for 
use as follows : — 

fi) Coils having an inductance of 250 mh. Heavy. 

(2) „ „ „ 175 mh. Medium. 

(3) .. .. .. ^S^rah. Ught. 

As a general rule 250 mh. per mile is not exceeded in practical 



The above coils are for side circuit working. For phantom circuits 
the amount of inductance required is always difierent from that of 
the side circuit , as the resistance and capacity of the phantom circuit 
are of course different, and by (7) for the same spacing distance the 
value of L may be expected to be different. The reader is referred 
to Chap. XII. for the considerations affecting the type of loading 
to be chosen. 

It is possible to provide phantom circuits, as already explained, 
but these circuits cannot at present be obtained unless the 
electrostatic capacity associated with each wire in a given length 
is equalized by selecting component shorter lengths 01 conductor, 
some of which have a capacity in excess of the mean, and others a 
defect, and connecting thfese snorter conductors in such a way that 
the capacity of all the conductors when measured from the ends 
of parts of a loading coil section are approximately equal to each 
other. These operations are for the most part conducted on the 
road during laying, but it is possible and desirable that the cable 
before leavmg the factory should have all its conductors as well 
balanced for capacity as possible. The subject of balancing cables 
is dealt with bv Mr. S. A. Pollock in articles in the l.P.O.E.E. 
Journal for April, 1914, and January, 1915, and in an Appendix to 
the Post Office Technical Instruction. No. XIV. 

189. Londos-UnrpDOl Coil Losdod Undorsround CiUe. — This 
cable was loaded by means of loading coils having a value of yi = 50 

and |-* = 35. The side circuit coils had an inductance of 133 mh., 

and the phantom circuit ,82 mh., the spacing distance being 25 
miles for both side and phantom circuits. The following details 
of Post Office tests on the completed cable are taken ftom the 
Posi Office Engineers' Journal from an article contributed by the 
author. 

The manufacturing, laying, and balancing of the Birmin^am- 
Uverpool section of the cable was carried out by the British Insulated 
and Helsby Cables, Ltd. 

The loading coils were supplied by the Western Electric Co., 
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Ltd. They were, however, fixed and jointed in the cable by the 
Post Office En^neering StaiE. 

The following table shows the mean results of direct and alter- 
nating current tests made on the cable between Birmingham and 
Liverpool, and gives comparative values for the efficiency of the 
various circuits under the neading of the Attenuation Constant p. 
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* Not phantomed. 

The mean measured characteristic impedance of the side circuits 
is io6o" and of the phantom circuits 585", with a range of variation 
of about S( per cent, on each side of the mean figures. 

Fig. 102 shows the effect on the attenuation constant of varying 
the frequency between the Umits 2n/=300O and 2»/=7ooo, / being 
the number of periods per second. The variations of ^ ^ow the 
amount of distortion with frequency, and indicate to what extent 
distortion of speech may be expected. It will be seen that the ranee 
of variation is about 11 per cent, on each side of 2w/' = 5ooo. The 
changes are principally due to the increase in effective resistance of 
the loading coils, and increase of leakance in the cable, both in- 
dcastng with frequency of current. The effect of coil spacing 
also ras some e^ect. In practice the articulation is quite 
satisfactory. 

Fig. 103 shows the variation of attenuation with current. This 
variation is probablv largely caused by variations in the effective 
reastance of the loading coils, due to the alteration of current. 
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Speech Tests. 
Birmingham-Liverpool. 
The following gives the result of the standard cable tests of the 
various tvpes of circuits expressed in their standard cable equivalents 
(S.C.E.)." (For detaUs of method of test see Chap. XI.) 
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(in iniks of 
standard cable) I 
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These figures do not include transformer losses (S.C.E. i'5 per 
circuit) or terminal losses, for " through " connections and long 
subscnbers' connections at the cable ends, however, these losses are 
generally small. In the case of short subscribers' circuits the ter- 
minal loss is greater, but the speaking efficiency on short lines is, 
of couree, also greater than on long ones, and more than compensates 
for the greater terminal loss in the short lines. 

190. London-BlrmliiKhain Loaded Underground Cable.— This 
cable was manufactured, laid, balanced and loaded by the Western 
Electric Company, Ltd. 

The following table shows the mean residts of direct and alter- 
nating current tests made by the Post Office on the cable, and gives 
values for the efficiency of the various circuits under the heading 
of the attenuation constant " p." 
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Speech Tests (excludino Tramsformbrs). 
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Add i'5 tn.s.c. for Transfonnera. 
Side Circuits — Mean Characteristic Impedance 900-lnith smaJlnega- 
niantom „ „ „ „ 586-/ tive angle. 

Although the measured insulation wire to wire per mile was in 
the neighhourhood of 20,000 megohms, and even nigher in some 
cases, tne effective insulation when 2n/=5ooo was equivalent to 
about one megohm (see Chap. VIII., " Leakance "t. 

ISl. Tho AppUeatiOD of Coil Loidlng to Aenal Lines. — Aerial 
circuits weighing 200 lbs. per mile and over are sufficiently loaded 
by their natural inductance to bring them in the category of circuits 
in which oiL is sufficiently great in proportion to R and of sufficiently 
great in proportion to G to permit of formula (6), App. VI., 
being used for calculation of their attenuation constants, and 
they may therefore be re^rded as partly loaded. It is conse- 
quently natural to expect that loading does not produce the same 
degree of improvement as in the case of underground cables, where 
the natural inductance is relatively small. Oh the other hand, the 
degree of improvement produced by loading results in economy as 
compared with the alternative of increasing the gauge of copper 
wire. Thus by spacing coils eight miles apart between London and 
Glasgow in a 300 lbs. aenal circuit it can be made fully equal to a 400 
lbs. unloaded circuit in the worst winter conditions ; the mean annual 
improvement being a reduction of ^ by 50 per cent. As more than 400 
miles of aerial circuit is involved, and the saving for double wires is 
200 ibs. of copper per mile, assuming the loaded circuit to be only 
equal to a 400 lbs. circuit, but allowing for terminal loss the saving 
in copper is obvious. It is much greater in value than the coils. 
Tne special characteristics of aerial loading are— 
(d) It is usually possible to load for a minimum p and still 
int^n a spacing distance as wide as eight miles apart in accord- 



ance with the rule given by (17). This is because of the relatively 
low capacity, 

(b) The characteristic impedance is relatively high for the same 
reason, although the amount of inductance required to produce the 
minimum j3 is small. This is easily seen by an appUcation of the 

relative foimulae, viz. 2^=^/^ and (55), Chap. VIII., to the case of 

a 300 lbs. conductor ; the constants of this unloaded conductor are 
given in Table II., Chap, VIII. A series of experiments were made 
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by the Post Office on this circuit, and these may be summarized as 
follows. The coils used have an inductance of 266 miliihenrys and 
with eight mile spacing this gives 33*3 milUhenrys per nule, to 
which must be added the natural inductance of the circuit 38 milli- 
henrys per mile, and we thus obtain 37 millihemys per mile. The 
amount of inductance required for %t by (55) is 42 milliheniys. 
The inductance selected gives an attenuation constant which is 
with in I pe r cent, of that value. The characteristic impedance is 
1900 No" 24' with the loading named, wherea s the same circuit 
unloaded has a value such that Zo=637\ 8° 55'. The tenninal loss 



with zero loop on the standard apparatus was 8'4 m.s.c. (see Fifi. 
14^}. The calculated attenuation constants, showing variation with 
leakance for the 300 lbs. circuit when unloaded and loaded, are 



shown in Fig. 104. 

The mean measured attenuation constant was 0*00291 when 
loaded with the 266 millihenry coil and 000570 unloaded, at a 
frequency such that z«/=5ooo. The attenuation constant was 
therefore practically halved by loading. The mean \'alue of j. 

was found to be about 135, giving two-thirds of a megohm per mile. 
The fact was clearly brought out in these experiments that the 
efficiency of loaded aerial Gnes depends largely on the insulation 
which can be maintained, and it is, moreover, tne winter condition 
which determines ^e type of loading, as it is necessary to maintain 
the public service when the transmission value of the circuit is at 
its minimum (winter] point and to select the loading so as to give 
the best result when this occurs. 

It is usually assumed in calculations that leakance is uniformly 
distributed, but as a matter of fact this is frequently not the case 
in long aerial lines, principally owing to local weather variations 
and leading in at testing offices. For this reason measured results 
may difier to some extent from calculated ones. On the whole, the 
variations noticed between calculation and measurement were not 
more than would be accounted for by local variations of insulation. 
The assumption of uniform leakance gives rise, on the whole, to less 
error than any other. 

The marked terminal losses found in connection with aerial 
loading point to the conclusion that terminal transformers are 
desirable. These transformers are so designed that the impedance 
of the two windings of the transformer are suitable for working in 
connection with loaded and unloaded circuits respectively ; they can, 
of course, be varied to meet different requirements (see Fig. 145). 
Aerial loading is not suitable for short lines on accoimt of terminal 
losses. Its scope in the United Kingdom is limited, and moreover 
the present trend of progress is in the direction of loaded underground 
circuits. For fuller details of this type of loading see a paper by 
the author "The Loading of Aenal Lines and their ElectricaJ 
Constants, No. 54, Institution of Post Office Electrical Engineers, 
Professional Papers. 

182. AttennatioD Heasniements of Power and Currant In Coll 
Loaded Clifloits. — The usual method of determining the attenuation 
constant is to deduce it from measurements of open and closed 
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impedance as described in Chapter X. The formulse on which the 
measurements are based are strictly applicable to unifonn lines only. 
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In that case there is a fixed angle between volts and current in an 
infinite line, and therefore in measuring the attenuation of current 
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on such a line the power can be readily deduced. Experiments 
have been made by the Post Office Research Section on lumped 
loaded lines, by measuring the power at different points on the hne, 
and it is found that the measured attenuation of power is very near 
to the results deduced from measurements by the open and closed 
method. This latter convenient method is therefore accepted as 
valid, and attenuation tests are usually made on the open and closed 
method. 

198. Distortion In Series Coll Loaded Cireolts. — It follows from 
Pupin's rule and applications of the T and n equivalent circuit to 
the case of lumped loading, that attenuation increases with fre- 
quency and in tne case of very high frequencies the attenuation 
attains excessive values. 

The effective resistance of loading coils also increases with 
frequency. In the case of underground coils of the older type 
between the limits of 800 and 1780 cycles per second, the re- 
sistance of the coils is a little more than doubled, so that it may 
be stated that within this range the total effective resistance does 
not increase more rapidly than the frequency. (The total effective 
resistance includes the direct current and A.C. components.) 
The component due to frequency effects increases, however, more 
rapidly than the frequency, but less than the square of the frequency 
in the loading coils in question. In the newer tjrpe of coil the dis- 
tortionshouldbeless (see para 183). In airspace lead-covered cables, 
experiment shows the lea£ance to increase cfirectly as the frequency, 

the ratio -^ being constant (see para 149). 

In practice excessive distortion is provided against in Great 
Britain by controlling within fixed limits each of the factors giving 
rise to distortion, thus : The error due to lumping is controlled by 
the spacing law {17) based on experiment. The effective resistance 
is controlled by specifying limits for the resistance of the coil at 
1780 periods per second. The leakance is reduced as far as possible 
by providing for a very high direct current insulation. A selection 
01 the most suitable materials is however essential to the best results, 
and this factor is borne in mind. 

IM. Generil Holes on Distortion In Transmission Lines. — ^The 
distortion on a short transmission line is materially different from 
that on a long one. As an example, suppose that a transmission 
line has two frequencies (with the same 'alternating voltage) 
impressed upon it, the frequencies being within the range of the 
voice, and tne attenuation constants p and ^ being ^ = 0'i and 
fii =0"i25. The relative current value at the end of i mile from 

the sending end in an infinite line would be -z^-y =S^s' °^ * 
difference of 2'5 per cent, on 0905. If the length be now increased 
to 30 miles the relative currents (assuming equal characteristic 

impedances) would be ~p^—^^^' ^^ ^ difference of 52 per cent, 
on 0*05. This shows an enormous increase in distortion with length, 
and experiments by means of speech tests prove that a great 
difference exists in distortion on very short and very long Unes, 
in the cases where the distortion is most marked in transmission 
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lines, i.e. high resistance underground cables and submarine cables. 
The effect of length should always be bome in mind in deciding the 
suitability of a given type of loading. In making speech transmis- 
sion tests to ascertain the effects of distortion it is important that 
the telephone used should itself be normal from the point of view 
of distortion, as determined by the quality of its articulation, 
otherwise mUleading results may be arrived at. For the same 
reason, before decidmg the suitaoility of any line, or apparatus, 
or a combination of the two, for commerical service, it is impor- 
tant that the possible combinations in service conditions should be 
taken into account, thus loaded and unloaded lines, worked by 
means of telephone relays, and telephone apparatus, are all subject 
to more or less distortion in certain conditions, and the service can 
only be satisfactory when the combined effect of the whole is 
satisfactory. It is clear from this that tests of telephones for 
acceptance (for example) should take into account the line they 
will DC required to work on, or in default of this be suitable for 
working on the most unfavourable combination. 

196. The eltflot on the Attenuttton Constant of the addition of the 
Phantom Clroolt Coll.— For any particular case the attenuation 
constant maybe arrived at by adding the resistance of the extra coil to 
the value of K in the formula, as applied either to a side or phantom 
circuit. There is. however, no necessary rigid general relation 
between the (3 or the minimum ^ of the side and phantom circuits. 
This is evident from the fact (a) that the capaaty in aerial and 
underground phantom circuits has not a fixed ratio to that of the 
relative side circuits ; (6) that in all classes of loaded circuits a 
different tj'pe of coil may be used for the side and phantom circuit. 
Experience shows that m the type of loadii^ hitherto adopted in 
underground circuits, the addition of the phantom coil increases 
the B of the side circuit by 5 to 6 per cent,, but this depends on the 
grade of the phantom coil used and the circuit in which it is utilized. 
In this case the side and phantom coils have the same value of 

It should be bome in mind, when calculating the minimum 
attenuation constant of a loaded side cinmit which has phantom 
coil windings in its circuit, that the phantom coil direct cuirent 
resistance varies with the amount of inductance, and that therefore 
it cannot be taken aS a constant. The amount of variation of re- 
sistance depends on the method of winding the coil. In the absence 
of information it is sometimes taken to vary as the square root of 
the inductance of the phantom circuit. The effect of this increase 
in resistance is to reduce the maximum inductance permissible in 
the side circuit, as compared with the amount permissible in its 
absence. 

196. The ApplleaUon of Contlnnons Loading to Underground 
CIronlts. — As already mentioned this type of loading finds a useful 
appUcation in providing short lengths 01 cable to replace unloaded 
underground sections of small length in aerial lines. 

The following details refer to cable of this type used in the 
United Kingdom and manufactured by the British Insulated and 
Helsby Cabfes, Ltd. 
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The cable, which contains 24 pairs of 150 lbs. telephone con- 
ductors, is paper insulated and lead covered. The loading consists 
of two iron tapes wound spirally on the copper conductor in two 
layers. 

The following are the constants of the phantom and side circuits 
per mile loop as measured at a frequency such that 2a/ = 5000 : — 

Phulom drcult. SIds dicult. 

R»a. . ■ 7'05 ohms. I4'23 ohms. 

G . . . i'733 micromhos. I'2i4 micromfaos. 

C . . . o-o88 X 10-' farads. 0055 X lO-* farads. 

L , . . 0*0104 henry. 0-0203 henry. 

Zo- • ■ 343- 59o\2'. 

Fig. 105 shows the attenuation constant of both the side and 
phantom circuits for difierent frequencies. At the standard fre- 
quency of 800 p. p. 5. the result is good for a tape of the thickness 
used. It was found that although the attenuation constant varies 
appreciably with increase of frequency, the characteristic impedance 
remained nearly constant over a wide range of frequencies. This is 
probably because the increase in resistance is neutralized in the 
impedance measurement by the increase in leakance. The constant 
impedance -would be advantageous in the balancing of telephonic 
circuits. The effective resistance and leakance, however, have no 
necessary connection with each other. 

The ratio ^ , as measured at different frequencies, followed a 

straight-line law. The value at 2n/ = 5000 was 20, 

197. The Applleatlon of Loftdlns to Sabmftrine Cables. — ^The 
loading of these cables is at present effected either by lumped series 
loading or continuous loading. 

The submarine cable differs from the undei^round cable elec- 
trically by its relatively high capacity, this being dependent on the 
specific inductive capacity of the insulating medium, which is, of 
course usually some form of guttapercha. Owing to the expensive 
nature of this material it is a very important factor in determining 
the economical design of the cable. 

Series Lump-loftded Sabmarlne Cables.— The insertion, laying, 
and maintenance of loading coils in these cables present obvious 
difficulties which have, however, to a large extent oeen overcome. 
From the efficiency point of view the dimensions of the coils are 
limited largely by difficulties in Jajdng, whilst from maintenance 
considerations the coils are fixed at umform distances of one naut 
apart at present. The fundamental formuhe already developed in 
Chap. Vlll., (48) to (52) and {61) to (65), and also (17) in this chapter, 
appw to submarine cables. 

Owing to the high capacity of guttapercha covered cables the 
characteristic impedance of circuits in them have a comparatively 
low value as compared with loaded circuits in aerial and underground 
circuits. 

Maximum speed of SlgnalUns and Mlnlmnm ^ with a Given 
Diameter D. — Lord Kelvin was the first to formulate a law connect- 
ing the quantity of materials {copper and gutta) with the speed of 
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delivering signals at the receiviiw end of the circuit. This law states 
that if a conductor of diameter ais covered by an insulating material 
to an outer diameter D, of the core, then the speed of signalling is a 

maximum for that diameter D when log« g = log, -y/i = J. This law 

is usually applied to telegraph cable circuits, but it has a close rela- 
tion to the conditions governing the attenuation constants of 



3000 4000 5000 6000 7000 8000 9000 10000 
W - enx FREQUENCY 
Fic. 1 05.^^ of continuously loaded Air-Space Cable. Vaiiation with Frequency, 

telephone circuits in high resistance submarine cables, inasmuch as 
the conditions for maximum speed may be deduced from the formula 
for the attenuation constant as follows. 

In the case supposed we have by (57), Chap. VIII.— 



^ = Vi'-CR or ^ = o. = 2vf . . (18) 
. ■ (19) 
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In this form the frequency/ (or speed) is seen to varv inversely 
as CR for a constant attenuation of signaJs j8. If we write A for 
the constant ^ the fonnula becomes 

ck-f (^"i 

But the capacity varies as — iff by (37), Chap. VIII,, and the 

resistance varies as 4 by (13). Chap. VIII., so that the speed varies 

as f^, or log, jXd^. It is proved in problem 2 (96), Chap. I., 

that the maximum speed is obtained when log, j. = J = log, ^/e. 

When this relation obtains we have 

j-=i-648 (21) 

i.e. if the conductor had a diameter of 100 mils the thickness of_ 
guttapercha would only be 324 mils, which would not be considered 
to be mechanically safe, and is therefore inadmissible. 

Modem telephone submarine cables are concerned with a formula 
of the same type as that just dealt with, but differing in details. 
The formula for the minimum attenuation constant m a loaded 
submarine cable is that given by (51), Chap. VIII., viz. 

^.-^cr(k.+^) .... (..) 

Here (r-^ +f=-) >s a constant for a fixed frequency and may be 

called A], Formula (22) may be stated in terms of D and d as 
in the former case, and by analogy we may then write 

^■varies as ' - - — jSki • ■ to) 



■^log.D^^ ,^,^Dy 



If (23) be differentiated and the minimum value taken, we obtain 
log,^=i 

which is the same result as that obtained in the preceding example 
relating to maximum speed, except that in the case of {23} a 
mt'ni'mwm value isobtained, whilst in connection with (18) a maximum 
value was found. It will therefore be seen that the same conditions 
determine the maximum speed and the minimum B. This problem 
could be dealt with by plotting a graph similar to Fig. 4, Chap. I. 

It is not possible to work to the ideal proportions of gutta- 
percha and copper, for the reason given in {21), but owing to the 
expensive nature of guttapercha the cheapest cable is obtamed for 

a given when the ratio ^ is as small as possible, consistent with 
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mechanical safety. In practice the thickness of guttapercha cannot 
be reduced below a certain point determined by experience. The 
limits of thickness permitted in present practice will now be 
considered. 

198. Formilibe lor the Weight and Thiekntsi of OntUperehft 
Covering ot Submarine Cable Condueton.— The area of cross-sectioo 
of the guttapercha with a given outer diameter of core D and a 
diameter of conductor d is equal to 

.2^ M 

and this area is proportional to the weight of guttapercha in the 
case of two conductors of equal length and different diameters. 

The following formula gives the weight W of guttapercha per 
naut for a 7-strand conductor, d being the diameter outside the 
strand (D and <i are in mils) : — 

w.=5i^ . <.5, 

The diameter of a solid conductor, a 7-strand conductor, and 
a lo-sband conductor, in mils, may be obtained as foUows : — 
SoUd conductor, d = 7'366v''Wi) 
7-Strand conductor, d = 8-4v'Wi [ . . . (26) 
lO-Strand conductor, d = 8'iiV'Wi J 

Here d is the outer diameter of the strand and Wi the weight 

fier naut of the conductor. Strands over 10 in number are some- 
imes used, but the diameter does not vary more than 2 per cent, 
from the lo-strand wire in any case. 

A method often employed by manufacturers is to provide 
guttapercha in accordance with the rule that the thickness T of 
guttapercha varies as the square root of the diameter d of the 
conductor, T and d being expressed in the same unit — ^mils or mm. — 

T^aVS (27) 

where a is a factor determined by experience. 

A figure recently employed by the British Post Office is 

T = 8v'? {28) 

for unloaded or coil loaded cables, and 

T=8v7T2r (29) 

for continuously loaded cables, t being the thickness of the iron 
winding. 

The 310 lbs. loaded cable in Table I. is made in accordance with 
(28), A near approximation to the weight in lbs. per naut based 
on the thicknesses given in formula (28) is obtained by the following 
arbitrary formula: 

W = 1-9(^-38) (30) 

and in the case of formula (29) : 

W,=r9{(i + 21)-3S1 .... (31) 
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In these cases 4 is expressed in mils : it is the diameter outside 
the copper strand. 

To see the effect of the addition of wiie to the conductor an 
example wiU be useful. 

A conductor weighing 308 lbs. per naut (75-3 kg. per KmJ has 
a diameter d outside the copper strand of 142 nils (36 mm.). From 
(30} the weight of gutta required is if)8 lbs. per naut (4801 kg. per 
Km.). If this wire were covered with an iron winding 18 mils 
(0457 mm.) thick, the diameter d +2I would be 178 mils (452 mm.), 
the weight of gutta required from (31) would be 266 lbs. per naut 
(6504 kg. per Km.). 

199. L«»kanee In Qnttopereht «nd BiUta Cables. — Ordinary 
guttapercha has a relatively high leakance to alternating currents, 

the value of ^r (see Chap. VIII., para 149) being in the 

neighbourhood of 120 at 2ir/ = 5ooo. This has a serious effect on 
the attenuation constant and limits the improvement which can be 
obtained by loading. Messrs. Siemens Bros. & Co. in 1911 intro- 
duced a form of balata dielectric with a value of =r at 2ff/= 5000 

not exceeding 20. The use of this dielectric results in a notable 
decrease in the attenuation constant, as may be seen by comparing 
the Anglo-French cable, which is insidated by guttapercha, with 
the later types in which the new type of dielectric is used. (See 
Table I,) 

200. Eeonomy of Htterial rasaltlng from Loading. — It was 
formerly considered necessary, before the introduction of loaded 
cables, to employ a thick insulation of guttapercha to reduce the 
capacity, ana consequently the distortion of speech, in unloaded 
cables. The usual t^e of cable was one having conductors weighing 
160 lbs. per naut and a guttapercha dielectric weighing 300 lbs. per 
naut. This was also employed in the Anglo-French loaded caole 
shown in Table I., but the experience with that cable showed that 
the thickness of gutta could be reduced, and this was done in all 
subsequent coil-loaded cables, the weight of guttapercha being 
reduced to 150 lbs. per naut, the conductor remaining the same. 
The material reduction in leakance with the newer type of dielectric 
at the same time reduced the distortion. The speaking range of 
the same cable is increased nearly four times by coil loading. Fig. 
106 shows tests of a cable of this type. The upper curves relate to 
side circuits and the lower one to the phantom circuit. 

201. Impedanee of Coll-loadad Cables.— -If the impedance of these 
cables is measured at frequencies which increase by a small number 
of cycles per second, over a large range of frequencies, as shown in 
Fig. 107, the frequency curve is not smooth and regiUar, but it rises 
and falls as shown in the figures. 

This curve represents the result of impedance measurements at 
frequencies varying from 480 cycles per second rising by 40 cycles 
to 1280 cycles per second. Similar curves are obtained as the residt 
of tests on underground loaded cables. It is possible that the 
cause of this phenomenon is that the capacity of^the cable, or the 
inductance of the coils, or both, are not absolutely uniform along 
different sections of tb^ cable. Every coil with half a loading 
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section on each side of it,has a tendency toresonate at some frequency, 
and as various frequencies are applied to the cable in the process of 
measurement, somt of them, in combination with the capacity ahd 
inductance of the cable, give greater amplitude of sent current than 
others. The curve shows the resistance and reactance components 
of the impedance plotted separately. These variations of im- 
pedance have a special significance in telephone relay working, _ 
where it is necessaiy to balance the loaded circuit by means of an 
artificial circuit, as shown later in Chap. XIV, 

Table I. shows the various types of coil-loaded submarine cables 
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Fic. io6. — Variation of fi with Frequency In a Coit-Ioaded SotNoarine Cable. 

used by the British Post Office. The list is not exhaustive but it 
includes types of all the coU-Ioaded cables used. 

202. Experiments In working Two Loaded Phantom Clrenlts in a 
4-Wlre Submarine Cable.— In addition to the two direct circuits 
formerly worked in the 4-wire Anglo-French telephone cable, two 
phantom circuits have also been worked in the continuously loaded 
submarine cable between Abbots Cliff and Grisnez. This service 
was proposed by the author and maintained satisfactorily for some 
months prior to the war. One of the phantom circuits is worked 
on the ' loop," and the other is made up of four wires earthed at 
each end of toe cable. Currents passing in parallel along the four 
wires in the same direction do not interfere with loop working 
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either on the side currents or loop phantotn circuits. This experiment 
definitely proves the possibility of sin^e-wire communication on a 



I g S K^ 2 2 
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congested cable route, and it at the same time shows a cheaper 
means of providing four telephone channels of communication 
than would be possible in separate single-wire cables. 
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It must be premised to justify this assumption that the sea is 
not too deep for a 4-wire caole to be satisfactorily laid. There is, 
of course, no difficulty in laying .i-wire cables in the English Channel, 
and generally round the Engusn coast, but in deep seas there are 
cases where the weight of such a cable would be too great, but where 
a single-wire cable could be laid. 

A theoretical diagram of the arrangement for working four 
circuits in a 4-wire coQ-loaded cable is given in Fig. jo6. 

The arrangement of coils shown is that provided by Messrs. 
Siemens Bros. & Co., and used in ^-wire coil-loaded cables by 
the British Administration. The explanation of side and double- 
wire phantom working is the same as that given in connection with 
Fig. loi. In this case, however, the two separate coils used for 
phantom working theoretically permit of the four-wire earth 
circuit being also loaded : the currents in this circuit are shown by 
the straight arrows in Fig. 108. The continuously-loaded cable, 
however, may claim the distinction of being the fim to permit of 
solving at tne same time the problem of single-wire telephone 
working on a congested route, and of obtaining four telephone 
circuits from four wires in one cable. Up to the present it has not 
been found possible to successfully establish the earthed phantom 
on the coil-loaded cable, although in practice thedouble-wire phantom 
is quite successful in the same type of cable. The theoretical 
diagram given in Fig. no shows the four single-wire circuits 
extended to the distant terminal station by means of three land-line 
circuits, the fourth being obtained by superimposing. This is, of 
course, theoretically jxresible, but in numerous cases the aerial lines 
are too long or the conditions too difficult to permit of a stable 
superimposed balance being obtained in the aerial section. 

In such a case four separate aerial circuits are provided as 
shown in Fig. 109. It is absolutely essential that all direct 
connection between the land lines and the cable be avoided. If 
this is done, the currents shown by arrow-heads in Fig. 110, and 
which are induced in the aerial telephone loops by extraneous 
sources of disturbance, i.e. telegraphs, power circuits, etc., are 
anni^ed at the centre point of the transformers on the land si<^. 
If there were metallic connection between the aerial lines and the 
cable, however, this would not be the case ; on the contrary, the 
induced currents passing in j«irallel over the cable wires, would 
disturb the earthed phantom circuit and would probably render it 
unworkable, this was indeed proved in the prelimmary experiments 
made before the phantom circuits were established. 

The only serious difficulty in obtaining four circuits in a four- 
wire cable arises from the fact that the four conductors have not 
exactly the same electrical constants. 

The distributed capacity of the four wires especially shows a 
want of equality whidh tends to give rise to inductive disturbance 
in a loaded cable. 

The capacity of a submarine cable is veiy high. For example, 
the capacity of a single-wire to earth in a guttapercha insulated 
conductor of large diameter, is often more than 0*4 microfarad 
per naut. A small percentage difference in the capacity of two 
such wires joined in parallel for phantom working is sufficient to 
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produce appreciable overhearing. This source of out-of-balance 
affects both coil-loaded and continuously-loaded cables, and satis- 
factory phantom working demands, in fact, much greater exactitude 

Two SiDB Crucoirs and Two Phanton Circuits im a. 4-Wire Loaded 

SUBHARINB Cablr. 

-*— s/xaifmr fwAMtOM cmcv/r -*. 

Fig. io8. — Theoretical Diagram of Cable Circuits. 
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of capacity balance than is normally obtained in manufacture. In 
under^ound cables the difficulty is overcome by crossing the wires 
until the conductors have a nearly equal capacity. In the case of 
four-wire submarine cables, however, the difficulty is greatly 



..Google 



THE LOADING OF TELEPHONE CIRCUITS— A.C. CASE 213 

increased, owing to the relatively high capacity of such cables, and 
the fact that the number of possible combinations in four wires is 
much smaller than in underground cables. In coil-4oaded submarine 
cables the difficulties are mcreased by the necessity of separate 
coils for the phantom circuit. If the balancfe difficulty can be 
satisfactorily dealt with, there appears to be no reason why four 
telephone circuits from four-wire cables should not be a permanent 
feature. 

208. ContinnoDslr-loaded Snbmarinft Cables.^ — The principal 
advantages and disadvantages of this type of cable have already 
been outlined. The extra thickness 01 guttapercha necessitated 
by this method of loading (for equal mechamcal strength) may 
be seen by comparing {28) and (20). On the other hand, any extra 
cost of maintainmg coil-loaded cables as compared with continuously- 
loaded ones should be taken into account in making a choice between 
them. 

The possibility of obtaining a fourth or earthed phantom 
circuit in a four-wire cable of this type constitutes a valuable asset 
for it. 

There are varieties of service for which this cable has great 
advantages. For example, where it is required to cross a wide 
river or an estuaiy with a large number of wires, it is possible to 
obtain a relatively large number of circuits in a continuously- 
loaded cable, where coils would be difficult or impossible to lay and 
maintain. It has, for example, been proposed, and appears to be 
practicable, to obtain a seven-quad continuously-loadea cable With 
70 lbs. conductors and continuous loading. If, as hoped, seven 
phantom circuits could be added to the fourteen pairs, a very 
valuable cable would be obtained. Technical data 01 such a cable 
are given in Table II. In this connection it is probable that the 
extension of telephone relay working will render it advant^eous 
to utUize light conductors for cross-cnannel work, and the or^ary 
four-wire cable could then be replaced by a cable with thinner 
conductors and more pairs of the continuously-loaded type. 
It must not be overlooked, however, that in the event of a break- 
down more circuits would be thrcwn out of use than formerly. On 
the whole, the prospects for the extension of the use of this kind of 
cable are very favourable. 

Table 11. shows details of some recent continuously-loaded cables. 
A complete comparison would necessitate results at several fre- 
quencies to show the relative distortion, but unfortunately these 
are not always available. Such comparisons are, however, very 
important in these cables in view of the wide range of permeability 
and effective resistance. To give an idea of the relative quantities 
of copper and guttapercha required for coil-loaded and contmuously- 
loaded cables respectivdy Table III. has been prepared ; thb shows 
the result of loading a 300 lbs. conductor by both methods, the 
guttapercha being arranged so as to give tne same mechanical 
strength. It is clear from the comparison that on this basis the 
method of continuous loading must be the more expensive of the 
two. Thk, however, is only first cost, the relative advantages and 
disadvantages of the two types already pointed out must also be 
taken into account. 
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204. BaUtion between the Thiekness ot Lomdlni Wire SDd the 
AttennatieD Constant. — This can be shown in a general fonn as 
follows ; — 

Formula {12} gives the inductance L of a wire of diameter d with 
a given thickness of iron (. If the same conductor of diameter d 
be wound with a different thickness of wire t^ to produce an induc- 
tance Li the value of j- is 
^« 

r. 10-4x2-^ x(^j 
-ii+ML' ... {32) 

Having thus obtained an expression for j-, next let i be the 
thickness of iron required to produce, the value of L required for 
jAb and let t^ be the thickness of wire required to produce any less 
value of inductance Lj- '-and d will in tnat case be constants and 
ti variable. Then (5) may be written 



(33) 



—Professor 



2 

and by (6) j8 = jftn X ^ 

205. Lninped Loading by Leaks (Leak 1 

SUvanus P. Thompson took out a British Patent (No. 2203a, 1S9: 
for the application of distributed inductance leaks applied to 
telephonic circuits, and this appears to t>e the first record^ definite 
proposal for leak loading. 

A formula for the attenuation constant of the leak-loaded 
circuit may be derived from that for the complex attenuation 
constant, which applies to uniformly distributed circuits, viz. — 

v = V'(R+7^L){G+/«-C) . . . (34) 

(See (14), Appendix I.) To adapt this fonnula for leak loading 
suppcee that an impedance Rj -^jai'Li is placed as a leak from wire 
to wire at sufficiently short intervals to permit of the distribution 
assumed in the formula still being effective. Assume that the 
impedance of the conductor R +}<ol. is unaltered. In the stipulated 

conditions G +/(«€ becomes (G +y<uC) +«— -^-.-t— 

= G +y»C + )j^, ^ ^,[^^; - K, /^ „'»Li' 
Here Rj is the effective resistance of the added impedance and 

D,i„Mb,Goo_<;lc 
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Li its inductance. Separating the real and imaginary quantities 
we have 

Substituting this value for (G +jaC) in (34) we obtain 

This is the foimula for the complex attenuation constant of a 
lumped leak-loaded circuit at some definite frequency. 

In order to find the attenuation constant }l the real part of y 
is taken as in the case of series loading. It may be seen by (^6) 
and verified by calculation that this fominia is much more sensitive 
to changes in frequency than the corresponding formula for series 
lump loading: (40), Chapter VIII. For a given frequency the 
minunum value of (36) is 

r=>/(R+>..L)(G+ ^_,^»^.j^^, ). . (37) 

this is attained when C = p gV^ii g . as may be seen by inspection 

of (36). ' " ' 

In the case where wL is negUgible by comparison with R, as 
in small-gauge undei^round circuits, this becomes 

^^-yK^+Rjfbi!?) ■ ■ ■ M 

and as this gives the real part of y it is equivalent to p. 

If the frequency factor disappears, i.e. for steady currents, we 
have 



y = ^R(G+^) 



(39) 



which is of the same form as (58). 

It wiU be seen by comparmg the formula for leak and series 
loadingthat by comparison with the ideal attenuation constant 
fi = vRG series loading theoretically increases R by the resistance 

of the loading coil, and leak loading increases G to 0+= — -* . 

As a result 2o increases with frequency in series loading anil decreases 
with frequency m leak loadiiig. In practice, as akeady noticed. G 
mcreases m any case with affemating currents (paia. 149, Chapter 

In Chapter IV. the T and n equivalent circuits are used to 
show the equivalence of the series-loaded to the leak-loaded circuit. 

Althoueh the leak-loaded circuit attenuation constant may be 
made equal to that for the series coil-loaded circuit for one frequency, 
yet the mean of a large number of frequencies whidi are much 
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higher and lower than the selected one, would have a higher attenua- 
tion constant for leak loading than for series loading, owing to the 
tuning effect of the former, and the rapid increase of attenuation 
with frequency above and below the critical frequency aimed at. 

As regards the spacing of coils, experiment shows the same 
general eSects in botn leak and series loading, i.e. if the coils are 
too widely spaced the articulation suffers due to this cause, and it 
is a matter for experiment to decide what particular spacing gives 
results sufficiently good for commercial service. As shown by {17) 
the point has been cleared up as regards series loading, but a definite 
and reliable experimental figure for leak loading is not known by 
the author. It is generally assumed that leak loading, owing to 
its greater wave length, would permit wider spacing; but the dis- 
tortion due to this type of loading is marked, and this might influence 
the practical spacing distance. 

Professor J. Perry, F.R.S., in a paper on " Telephone Circuits " 
read before the Physical Society on February 25tb, 1910, adapted 
formula {36) to the mtroduction of condensers in series, by changing 
R+y<«LtoR+;a.L + ^ =R-{.jJL~^^y The effect of the 

1-65 Ohms 1-65 Ohms 

33m.h. 33m.h. 



ZJ^ miles 70 Tbs Cable - 



33 mh 33m.h 

1-65 Ohms 1-65 Ohms 



capacity could be arranged so as to counteract the tuning effect of 
formula (36). Proposals have also been made to modify the effects 
of frequency by other means. See, for example. Bntish patent 
specification No. 65, igii, panted to Friedrich August Becker. 

Some preliminary experiments on leak loading have been con- 
ducted by the Post Office but the results obtained were not satisfactory, 
the distortion being very marked, and the mean attenuation to 
speech currents relatively high with the type of coil available for 
the experiments. It is probable that specially designed coils would 
give better results. Difficulties in testing for faults and in signalling 
would, however, be experienced in this type of loading, and it has 
not up to the present been practically adopted. 

Example i. — A 70 lbs. underground cable circuit loop, zj miles in 
length, having the constants shown in Table 11., Chap. Vlll..has an 
inductive load added to each end of the loop in series with the con- 
ductors. The effective values of the inductance and eSective 
resistance of the loads are as ^own in Fig. iii. 

Construct an equivalent circuit diagram of the loaded loop. 

Example 2, — Fmd the line angle and characteristic impedance 
of a unifonn unloaded circuit of tne same length as the loaded one 
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(2i miles) and to which the loaded equivalent circuit in Fig. iii is 
equal when the loads are taken into account. 

Example 3. — Compare the attenuation constants and character- 
istic impedances before and after loading. 

(NjU. although a double wire diagrajn is given in the question 
to give a clearer idea of the actual working conditions, the problem 
can be solved more easily as a single-wire T as shown in the following 
working.) 

Example i.— From Table II., Chap. VIII., the line angle of the 
unloaded circuit is 

9 = (0-05 802 +y 07046)2 5 =014505 +yoi76i5 
and Zo = 2808 \ 39' if 

First construct the equivalent T diagram of this unloaded circuit 
(see Ex. 5, Chap. VI.). We have 

tanh- =tanh (00725 +;o-o88i) 
_ o 0724 + y 0-088 4 
I -f-yo-0724 X 0-0884 
0-11426/50' 41' 

= i— 6- -■'-;- ■ = 0-1140 / 47° l' 

1-0020/3 40 ^ '-21 — 

sinh 9 =sinh 0-14505 cos 0-17615 +j cosh 0-14505 sin 0-17615 
= 0-1460 xo-9845 +yi-oio6 xo-1754 
= 0-1437 +yo-i773 
= 0-2281 /50° 59' 

.-. Zfltanh- =3202/7° 44' 

and -j^ =i23i\9o° i6' 

sinh e J ' 3- 

The equivalent T of the enclosed cable loop is therefore 

3202 /7°44' 32-02 /7*'44' 



Next add the loads at each end — 
(See para. 72, Chap. IV.) 

32-02 /7° 44' =3173 +>43 
330 +yoo66 X 5000 = 3-30 +y 330 

Total =3503 +;334"3 =3357 /^4° ^' 
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Hence the equivalent T of the loaded loop is 

RT»335-7^a4"l' R^ -335-7 /Syr 



R,-ll23»\90'l6' 



Example z. — If 9' is the line angle of this circuit, then 

R, ^ , 3357/ V I' F™? (36), Chap. 

^ = cosh e' — 1 = -=:z :^? J IIL.andthepre- 

Ki i23i\90''i6' ( ceding figure. 

= o'2727 / 174° 17' 
hence cosh ff' = i + 0-2727 / 174° 17' 

= 07292/2° 9' 

Hence from Dr. Kennelly's charts (see para. 31) we find that 
8' = 0040 +^0754, which is the required line angle of a uOifomi 
unloaded circuit to which the loaded equivalent circuit is equal : 

Zo' = sinh $' X 1231 \'9o° 1 6' [See ( i), Chap. IV.] 

= 0-686 /87° 34' X i23i\9o*' 16' 

= 846\2°42' 

Example 3. — p" = —p = 0016 hyps per ml. 



/ _ real part of line an^e \ 
V length ) 



Attenuation constant before loading = 0058 hyps per ml. 

{SeeTatlelL, Chap. Vni.) 
„ ,, after ,, = 0016 hyps per ml. 

Ratio of attenuation constants = °°^, = 3-62 

o-oi6 

These examples show the effect of loading a 70 lbs. cable circuit, 
taking into account the fact that the inductance is " lumped " in 
the middle of a length of 2^ miles of cable. As the cable selected 
and the amount and distribution of the load correspond to what is 
frequently actual commercial practice, it is of interest to compare 
the results with those obtained by uniform distribution. So far as 
the attenuation constant is concerned, the result Is exactly the same 
to the fint three significant figures as if the same inductance as 
that taken in the example were uniformly distributed over the line. 
The attenuation constant is calculated from the usual formula . 
({48), Chap. VIIL), which assumes uniform distribution. If, how- 
ever, a much wider spacing of the coils were taken this attenuation 
would be increased, and we therefore see that the spacing adopted 
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be ir237 miles. If telephone speaking 
impeaance of 425/ 45° otuns is joined in 
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leads to satisfactory results so far as the frequency of Soo cycles 
per second is concerned. 

As regards the characteristic impedance, the conco rdanc e at 
this frequency is not so good, as this example gives 846 \ 2° 42' ohms, 
whereas calculation by the usual formula ((62), Chap. Vlll.] gives 
904 \ 2° 55'. So far as the effect on speech on long lines is concerned 
this difference has very little effect, but it should be carefully borne 
in mind. 

Example 4. — ^A 70 lbs. cable pair having the constants given in 
Table II., Chap. VUI., is loadea at 2J mile points by coils having 
an inductance of 132 mh. The unloaded cable has a length such 
■ ■"" * ' " "' '" , its lei^h is Imown to 

^ apparatus having an 
in series with the line 
at both ends, find the received current at a frequency such that 
3»/ = 5ooo. The loading coils have an effective resistance of 
6*6 ohms. 

By Table II., Chap. VIII.. we have 

R = 25'i4 L=o-ooi G = io-» C= 0*065 xio-« 
' Adding the effective resistance and inductance of the coils we obtain 
R = 25-14 +1^^ = 2514 + 2-64 = 2778 ohms 
L =o'ooi +~=oooi +52'8 = 528oi millthenrys 

R +;a.L = 2778 +y264 = 265-5 /83' 58' 

G +;«C = 325 X 10-0 /89° 49 ' 

„ ../ R+T^ ■/ '^S-S/^gTj g: ~_ r^. 



Y= V(R+y«L){G+><«C) = Vt265-5 /83° 58' )(325 X io- Vg9^^ 
= 02937 /86° 53 ' 

E) ^ 

" (5«^+J^*\ sinh e + zZa cosh 9 

a = (0-2937 / 86° 530 17237 
= 5 0625 /86° 53' =02752 +y50550 
Hence sinh S =sinh {0-2752 +750550) {See (78), Chap. I.) 

= sinh 0-2752 cos 5-0550 +j cosh 0-2752 sm 5-0550 
= 00936 4-; 09 776 
= o-9822\ 84° 32' 
and cosh fl =cosh 0-2752 cos 5-6550 +j sinh 02752 sin 50550 

(See (79), Chap. I.) 
= 0-3488 —/ 0-262 4 
= 04365 \ 36° 58' 
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= {9038\2''55')' = 816850 \5''5o' = 812620 -;" 83021 
= o+y 180625 

.■- Zq' + Za' = 812620 +j 97604 = 818460 / 6° 51 ' 
Zo«+Z<i» 818460 /6° 51' ^, „ ,, 

7- =— =^^^ = 9056 /9 46 

'^o 9038 \ 2° 55 

E, 



905'> /9°46 ' X 09822 ■,84° 32'+2 X425 (45^ xo-4365 \36° 58' 
, ..._E. 

8894 \ 74° 46' + 371-0 /8° 2' 

^ __^ E l __ 

"2337 -7858-2 +3674 +;5r-85 



6oi'i — y8o6"3 

= * — = —\ /53° 18' amps. 

ioo6\53°i8' 1006/^^— 

If Ej=io volts the received current is very neariy 10 mUIiamp^res 
at an angle of 53° 18' and this should be compared with Example 4, 
Chap. Vl., which shows the received current on the same circuit 
unloaded with the same apparatus connected to it. In this case 
the loaded line is electrically too short to attain to the full benefits 
of loading. The attenuation constant by Example 3 is 0016 and 
;W=o'oi6 X i7'237 =oi96,whichshows that the line is electrically 
short (see para. 171). 
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CHAPTER X 

METHODS OF MEASUREMENTS OF A.C. IMPEDANCE AND 
CONSTANTS OF TRANSMISSION LINES. WITH EX- 
AMPLES OF TESTS 

206. AlternaUoK Current Heasturaineiits — Introduetory Renuriu. — 

All alternating current measurements in telephony find their raison 
d'itre in the supposition that the effects of the human voice as 
regards attenuation in lines and apparatus may be obtained by 
sine wave measurements at a known frequency or frequencies, and 
it appears from Chap, V, that this supposition is justified within 
certain limits. 

So far as the attenuation of voltage and current is concerned 
the frequency adopted in testing is generally 800 cycles per second, 
and the testing current one milliainpire ; but these may be varied 
to meet various circumstances. In order to find the probable 
effects of lines or apparatus in distorting the voice, a series of 
measurements over a range of frequencies is taken, and this generally 
comprises a range of measurements between an/ =; 3000 and 7000 ; 
but these limits are by no means rigid ; for example, in testing loading 
coils a much higher fretjuency is used in order to ensure that the cou 
is capable of transmitting the higher frequencies of the voice. 

Although the standard cable can be employed to determine the 
effective overall attenuation in telephone circuits with sufficient 
accuracy if the circuit is long enough (see Chapter XI.), this method 
cannot be employed to find the circuit constants, although these are 
absolutely necessary to permit of accurate telephone circuit design. 
By the circuit constants the effective values of resistance, leakance, 
capacity and inductance of telephone lines at some definite frequency 
are meant, and these can only be determined by alternating current 
measurements. Further obvious uses of such tests in telephony 
are the measurement of the efficiency of transformers and its varia- 
tion with frequency, the impedance of condensers, relays, etc. 
Machine measurements are also highly desirable in making ac- 
ceptance tests of loaded cables, etc.. wmcli are made by manufacturers 
to a given specification. 

207. Types of A.C. Apparatus used in the EnKlneei>-In-Chlet's 
Laboratory, G.P.O. — To meet the foregoing requirements a sine 
wave alternator and a device for measuring alternating currents are 
required. In the Engineer-in-Chief's laboratory at the Post Office 
these requirements are provided for in two viays. 

J0^ By means of an alternator suitable for telephonic frequencies 
, m connection with a Wheatstonc bridge. 
(6) By means of a " Franke " machine, which consists of an 
223 
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A.C. potentiometer in combination with an A.C. generator suit&ble 
for telephonic frequencies. 

As these are representative methods some details respecting 
them will be given. 

One of the alternators in use is a Duddell alternator suitable for 
telephonic frequencies. The details of this machine are, however, 
well known. The alternator was described by Mr, Duddell in a paper 
read before the Physical Society, and reproduced in the Electrician of 
April 2oth, 1912, to which readers are referred. 

The alternator most generally used in the Post Office Research 
Section in connection with the AC. Wheatstone bridge was designep 
by Mr. S. A. Pollock, of the Engineer-in-Chief's Dept., G.P.O., ana 
as it contains some specially useful features, an outhne of the salient 
points in its construction will first be given. 

208. Tbe P.O. S]n« Wave Alternator. — The alternator is driven 
by a direct-current motor, the usual voltages of the battery, which, 
is reserved for this purpose only, are 40 v., 60 v., 80 v., and 100 v., 
to give speeds furnishing frequencies up to 2000 periods per second. 
The only special features of the alternator which call for mention 
are (a) the rotor has 120 teeth, which permits of a relatively high 
frequency without rurming the machine at an excessive speed ; 
(b) the wave form approximates to a sine wave ; (c) the speed of 
revolution per minute of the alternator shaft is the same as the 
frequency of the alternating current in cycles per second. 

The installation comprises two highly useful features : — 

(i) An electrically controlled automatic speed counter. This is 
fully described in Mr. C. E. Hay's paper on A.C. measurements read 
before the Institution of P.O. Electrical Engineers in 1912, which 
should be consulted. It is induded in the series of professional papers 
published by the Institute. 

(2) A speed controlling device which is very effective and which 
will now be described. 

Reed Control of Steed. — The speed of the machine is made 
constant and kept constant by means of a reed control. A dia^pram 
of the arrangement is shown m Fig. 114. By the combined action 
of the reed governor, and a revolving metallic cylinder having an 
insulated segment, this cyUnder being attached to the armature 
shaft, a resistance Rf of 14 ohms is automatically cut in and 
out of the circuit, for longer or shorter periods, until a steady 
speed is attained. If this resistance is insufficient a further sliding 
resistance R^is provided,|and by this means a prehminary regulation 
of speed may be made. ' Suppose that the machine is set to run a 
trifle faster tnan the required speed in the first instance. The reed 
vibrates at a fixed frequency which is constant for any fixed position 
of the sliding weight W on the reed ; the latter can, however, be 
moved along the Bar by hand until the required speed is obtained. 
The regulatmg commutator has the same speed as the armature 
and varies with it, until the regulating device reduces it and the 
reed to synchronism. When this is attained the synchronism 
results in regular and rhythmical sounds being heard in a telephone 
receiver, wmch is shunted across a resistance provided for that 

f impose. In the absence of sj^chronism of the reed and armature 
he sound in the telephone is confused and irregular. 



..Google 



A.C. IMPEDANCE AND CONSTANTS OF TRANSMISSION 225 

The action of the revolving commutator in controlling the speed 
is more easily understood by supposing the regulating action to 




take place on a cireular disc, as shown in Fig. 115, instead of on the 
surface of the rotating cylinder (as is the fact), as shown in Fig, 114. 
Referring to the former figure, one contact only of the reed is shown 
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to simplify the explanation. The contact C^ and the aimature M 
are led to separate brushes which tenninate on the rotating metal 
disc D, This disc has an insiilated |Kirtion E marked off by a semi- 
circle, any portion within the semicircle being insulated from the 
rest of the disc. The metal disc and insulated portion form, however, 
one uniform surface. The brush from the armature is hxed in such 
a position that it is not touched by the insulated portion of the disc 
as it rotates. The brush C, however, is by its position in metallic 
contact with the uninsulated disc during half its revolution, and is 
insulated during the remaining part of the rotation. If, therefore, 
the reed is on the contact C^, at the same instant as the contact C is 
on the metallic portion of the disc as shown in Fig. 115, then there is 
a metallic circuit from the armature to the point P, and the 14 ohms' 
resistance is short-circuited. Suppose that this condition obtains. 
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Fia, 115. — Speed Governor of Post Office Alternator. Simplified Diagrun. 

but that the machine is runnins slightly fast. In that case the 
armature is running more quickly then the reed, and after a few 
revolutions the insulated portion of the disc comes under the contact 
C at the same time as the reed is on the contact Ci. In that case 
the 14 ohms' resistance will be in the armature circuit for some 
portion of each revolution of D, and a reduction in speed will result. 
The contact of the reed with Cj is regulated so as to continue for 
nearly half the time of a complete vibration of the reed, i.e. if the 
reed makes contact with its lower stop 800 times per minute, the 
duration of each contact is nearly j^^ minute. If, therefore, the 
brush C is just entering the insulated segment E at the same 
instant as the reed makes contact with Cj it will continue in contact 
nearly the whole of the time that C is m the insulated semicircle, 
if the rate of revolution of D is the same as the rate of vibration of 
the reed. In that case, when the reed leaves its contact, C leaves 
the insulated part of the disc and makes metalhc contact with the 
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uninsulcited portion. There is, however, no cireuit at this moment 
via the reed as it is not on C^, and this state of things continues until 
C again enters £. The conseq^uence is that the 14 ohms' resistance 
is nearly continuously in cireuit. If, however, the contact C enters 
the uninsulated portion of the disc at the same moment as the reed 
comes to the contact Ci, then the 14 ohms' resistance is continually 
short-circuited. 

There are a large iiumber of intermediate positions between the 
two extreme positions described, and in the intermec^te positions 
the insulated part of the disc D is in contact with the brush C at the 
same instant as the reed is on Cj for some portion of the period of 
revolution of D, whilst for the remaining period, ADCCj and the 
reed are in metallic contact. These penods of insulation and 
short circuit may vary considerably in relative duration, and by 
this means a refinement of regulation is automatically achieved. 
If a second brush be fixed on the disc 180 degrees from C and joined 
to the top contact of the reed, as in Fig. 114, the regulating action 
described is equally divided. The deflection on the ammeter 
indicates by its magnitude whether the insulated disc is wholly or 
partly in action. The resistance of the ammeter shunt is very small. 

In practice the device described is found to be very eflective. 
An essential condition of its success is that the moving parts of the 
revolving armature shall not be too heavy for satisfactory regulation 
by the controlling device, and this condition is met in the arrangement 
in use at the Post Office, 

a09. The Alternating Current Wheatstone Bridge. — One of the 
arrangements used in the Post Office Engineering Research Section 
for measuring the impedance of telephone transmission circuits is 
shown by Fig. 116. (See Mr. C. E. Hay's paper on " Alternating 
Current "Measurements," already referred to.) P is a fixed non- 
reactive resistance, and r and fi are adjustable non-reactive resist- 
ances. These resistances are of the Hay-Sullivan type and are of 
a liigh order of accuracy. C and Ci are mica condensers of i ggg 
m(. capacity, adjustable by steps of 0001 mf. A non-reactive 
slide resistance and an air condenser in parallel with either C or Ci 
are sometimes necessary to obtain balance, particularly when the 
angle of the vector impedance is very small or very large. 

An earthed electrostatic screen is used between the primary 
and secondary windings of the transformer. 

Elimination of Harmonics. — If harmonics are unduly prominent 
the device shown at the foot of the diagram (Fig. no) is used in 
place of the receiver shown connected to the bridge. The mutual 
inductance M^ and the capacity Cs are adjusted to eliminate the 
third harmonic and Mg and Co tne fifth. This arrangement usually 
meets the case. The mutual inductance M and capacity C are 
such that MCb.' = i. 

310. Development of FormnltB for Brldce Bilinoe. — As in the 
case of the direct current Wheatstone bridge, balance is obtained 
when the potential fall in the aims P and A results in the potentials 
at the terminals of the galvanometer or receiver being equal. In the 
A.C. case, however, a source of alternating e.m.f. replaces the battery, 
and a telephone receiver the galvanometer, and the resistances m 
. the direct current case become vector impedances. Bearing these 
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M M ^"*'' ^° ""'place receiver 

(J -T"'-— T"^ /in fig ure when nece ssary. 

Fig. ii6- — Altematiiig Cunent Wheatstone Bridge. Arranged 
for Measniement of Tr&nsmiasioa Line Impedance. 

points in mind we may write by analogy with the direct current case 



. z\* 



7.\A = P^yh 



_ and therefore Z\^ = PS^^ . (i) 

The modulus Z = ~ {2) 



The angle 



*=\^-\*i- 



■ ■ (3) 
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If ^2 is greater than ^) then ^ is n 
i positive; the former condition i 



If ^2 is greater than ^j then ^ is negative ; if i^ is less than i,, 
i is positive; the former condition is assumed in Fig, 116. We 
have also 



V-^+^ii 



and B = y/,>,+_^, 

Inserting these values in (2) we obtain 






«.8C%« + I 

Theangle^imay be written taii-i-=- (6) 






(5) 



Whence * _ \tan-. ^ - V^n-^ by (3) 



<»Cifi 

Sll. DataUs ot an Impadanee HeasarMBflnt — If the vector impe- 
dance of a uniform transmission line as measured from the sendmg 
end, (a) when the distant end of the circuit is open, and U>) when it 
is closed, are known, the attenuation constant, wave-lengtn constant, 
and the resistance, leakajice, inductance and capacity or the circuit, 
can be calculated from the measured impedances. An example 
of this is fully worked out after the details of the Franke machine. 
What is here required, then, is the measurement of two impedances, 
and this can be done by the Wheatstone bridge with the aid of the 
fonnulte already developed. 

The following are tne details of the actual measurement of a 
sending end impedance of a continuously loaded cable with the 
distant end closed. 

When balance in the bridge was obtained the various arms bad 
the following values, the frequency being such that 2b/ = I0,000 : — 
P = loo ohms 

r = 370 „ f 1 = 1000 ohms 

C=so'55 mfd. Ci=o'020mfd. 



By (5) we have 

'^o^ •^ V (10* X 55 X lo-* X 370)' + I 



Z = 100 X 5:^ X * / (IP* X 0020 X ^o-' X 100 0F+ 1 
002 V { 



_ 100 > 



< 055^ / (0-2)' + I 
02 _V (2035)8 + I 

= 2750>y/y°^- =2750 X 0-45 
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The corresponding angles are by (6) and (7) from the preceding 
calculations 



From (8) ^ = 78° 41' — 26° 9' = 52° 32' 18". 
As ^ IS greater than ^1 the angle is n< 



tan-i 5-0 =s 78° 41 ' 24" 

18". 
legative. The measured 



impedance is therefore 

Zo\# = i238\52°32' 

Similarly the impedance with the distant end open could be 
measured. 

In this case the angles have been found from suitable tables 
from the known tangents, deduced from the measurements. If, 
however, great accuracy is required, particularly if the angles are 
very large, the greatest accuracy is obtained by finding the an^e 
by trigonometrical formulae. For example, the angle m the pre- 
ceding case might have been found from the known trigonometrical 
relation 

tan-i X — tan-i y = tan-> ^-H-^ 

In the preceding example this becomes 

_ I i^ 

^^tan-i -^ -,tan-i |"= tan-i ""^ l f^' (9) 

=\tan-i 50 -0-49^ '^tan-i 41529 ^\tan-i 1-305 
J j5 X 0-491) + 1 \ 3-455 ^^ 

=\52'' 32' 16" 

This only differs from the value previously found by 2" and 
does not materially affect the result. In fact, the bridge readings 
would be liable to a greater variation. 

Other more complex angular combinations may be resolved in 
a similar way. 

The special advantage of the Wheaistone bridge is that it is capable 
of measuring impedances with great precision in the hands of 
skilled experimentalists, especially if a sine-wave alternator with 
an efficient speed governor is available, as in this case. 

A number of other developments of formulse in connection with 
impedance measurements by means of the apparatus described 
win be found in the paper by Mr. Hay already referred to. 

212. The Drysdsle D.C. — A.C. Potentiometer.— This potentiometer 
was invented by Dr. C. V. Drysdale for the purpose of measuring 
alternating potential differences on the potentiometer method, i.e- 
by balancmg any sine wave voltage to be measured against another 
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voltage derived from the same source, and supplied by the potentio- 
meter, which is arranged to modify the measuring voltage to give 
any required modulus and angle. 

The apparatus as made and supplied by Mr. H. Tinsley is adapted 
for measuring either direct or altemating current potential differ- 
ences. The A.C. apparatus is well adapted for measuring the range 
of voltage covered oy telephonic transmission, say a fraction of a 



,,M#, 




volt to 10 volts. The principle of its operation may be readily 
imderstoodbyrecallingtneprincipleof theU.C. potentiometer. Fig. 
11^ is a simplified diagram illustratingthe A.C. case, but if the phase- 
shifting device is replaced by a battery as shown by the dotted lines, 
and the vibration galvanometer is substituted by a D.C. galvanometer, 
we have the direct current apparatus. If, then, a current I passes 
through the known resistance R and the voltage at its terminals is 
RI = V, this voltage, which is to be measured, will cause a current 
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to flow through G and the slide wire. If a current from the battery 
replacmg the phase shifter be sent round the galvanometer in the 
opposite direction, and if the slide wire be regulated until no current 
passes through G, then the voltage at the terminals of AB is equal 
to that at the terminals of R, and this may be found from the poten- 
tiometer readings. Usually the current in the slide wire is regulated 
by the rheostat to have a value convenient for the ready reading of 
the volts from the indications of the slide wire. The dynamometer 
permits of the current in circuit being readily known. In the A.C. 
case the voltage across R is a vector quantity. The function of 
the slide wire is then to regulate the amount or modulus of the 
opposing voltage, whilst the phase-shifting device permits of any 
phase being associated with the modulus. 

The Vibration Galvanometer is constructed so as to give vibrations 
of a maximum amplitude on the resonance principle, when a current 
of some definite frequency is passed through it. Such a galvano- 
meter gives a sensitive condition for balance, because it is arranged 
to give a maximimi deflection at the required frequency, and it also 
inmcates (when the maximum deflection is observed) that the correct 
frequency is attained. For the range of frequencies required in 
telqjhony a Duddell vibration galvanometer is a convenient in- 
strument. By varying the length of the vibrating wire carrying 
the current, which is suspended in a strong magnetic field, it may be 
tuned to frequencies between loo and 1800 cycles per second. (See 
" On a BifUar Vibration Galvanometer," W. Duddell, Proc. Physical 
Society, February, 1910.) A telephone receiver may be used for 
balancing purposes in place of the galvanometer if the frequency 
of the test IS suitable. 

The Phase-shifting Device consists of a phase-shifting trans- 
former with two pnmary windings. Four coils are wound and 
placed 90 degrees apart round a circle, and the diametrically oppodte 
coils are connected to make two pairs. If these two pairs are con- 
nected to a two-phase source of supply differing 90 dep'ees in phase, 
a rotating magnetic field is produced at the centre of the circle. If 
the secondary of the transformer is wound with wires in one plane' 
and placed m position at the centre of the circle for maxmium 
cutting of lines due to one pair of primary coils, the effect due to the 
other pair will be nil. If now the coil is rotated 90 degrees, the coils 
which produced a minimum effect will now produce a maximum 
effect and vice versa, but the phase will be 90 degrees different. If 
the secondary coil be placed in an intermediate position between 
the two extremes named, the phase will be modified in proportion 
to the degree of rotation. This illustrates the principle of the 
phase-shifting transformer. By this means an alternating current 
from the same source as the A.C. voltage to be measured may be 
changed in phase as may be required. In practice it is frequently 
necessary to work from a single phase supply, and the device Known 
as "phase splitting" is then resorted to. An idea of the principle 
underlying this apparatus may be obtained by remembenng that 
if an alternating current is passed through a resistance and capacity 
in parallel, the current passing through the resistance will be in 
phase with the voltage, but the portion of the current passing 
through the condenser will lead by 90 degrees. If the reactance 
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of the condenser is equal to the resistance which is in phase with 
the voltage, two currents of equal magnitude but differing by go 
d^ees are obtained. This ideal arrangement does not hold as the 
cous of the transformer are in circuit, and a circular revolving field 
would not be given because the transformer has both resistance 
and inductance, which alter the phase relations. In practice 
the electrical values are suitably adjusted by the manufacturer, 
and can be regulated according to the frequency of the supply. 

The phase-shifting transformer arranged for connection to a 
sin^e phase source of supply is shown theoretically by Fig. 117. 

Tie. 118 shows a more detailed theoretical diagram, whilst the 
actual arrangement of the potentiometer is shown by Fig. iiQ. 
These two latter diagrams are given by Dr. Drysdale in an article 




on "The Use of the Alternate-Current Potentiometer for Measure- 
ments on Telegraph and Telephone Circuits," in the Electrician of 
August 1st, 1913. 

It will be seen that by means of the potentiometer an alternating 
current is suppUedvia the secondary of the phase-shifting transformer, 
which can be varied in magnitude and phase, and made to balance 
the voltage to be measurea The angle is read by the indication of 
the phase-shifter dials and the magmtude by that of the potentio- 
meter caUbration. 

The voltage and current can both be determined, as the resistance 

R is known. We then have ■- = Z, which gives the impedance. If 

the vector impedances of a uniform transmission circuit are measured 
from the sending end of the line (a) with the distant end of the 
circuit open, and (6) with the (Mstant end closed, the attenuation 
constant and the other circuit constants can, as already mentioned. 
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21s. The Franke HaeUM. — This machine was invented by 
Dr. A. Franke, of Berlin, and a detailed description was given in . 
the Elektroiechnische ZeiUchrift in 1891 {page 440). 

Since that time the construction of the machine has been 
materially improved, the principal change being that the most 
modem form runs on a vertical instead of a horizontal axis. 

Description of the Machine.— Th& machine is designed to supply 
alternating current varying from a fraction of a milliamp^re to 
possibly 10 milliamp^res, which fairly covers the range of voice 
currents at the sen^ng end of telephonic circuits at present. The 
range of frequency generally used is from Zn/ — 3000 to zttf = 7000, 
but the machine can be run up to a frequency of about 2000 cycles 
per second. It is designed to measure the amplitude and phase 
of the voltage and cuirent at the terminals of the impedance under 
test on the potentiometer principle, and is particularly suited for 
obtaining commercial results with ease and comparative rapidity, 
but its accuracy of angle measurement is hmited, largely owing 
to speed variation. 

The alternating current is generated by the motion of a motor- 
driven magnetic field, rotating round two non-revolving circular 
armatures. The revolving field induces currents of approximately 
sine waveform in the armatures, and thus provides an A.C. supply. 
The speed of the motor can be varied by voltae^ variation and by 
means of resistances in its curcuit. Owmg to the weight of the 
rotor automatic control of the speed has not yet been attained. 
One end of the revolving device which produces the alternating 
currents is shown in Fig. 120. Here we have two wrought-iron 
concentric discs with -to rounded teeth arranged as shown, the 
summits of the teeth being opposite to each other. One of the 
cyUndrical armatures referred to hes in the circular space between 
the two sets of teeth as shown. The two circular discs enclosing 
it axe carried on the same vertical spindle and revolve around it. 
The circular discs form one end of a wrought-iron cylindrical box 
which carries a magnetizing coil, and at the other end of the 
cylinders the arrangement of discs with their teeth and armature 
is repeated. The two armatures are, however, quite independent 
of each other. A sectional sketch showing the internal arrangement 
is given in Fig. 121. The rotating cvlinders, which are fitted to the 
spuidle by brass rings, are indicated by the letters C,Ci,the circular 
<nscs by F, Fi, Fo, Fg, and the non-rotating armatures by TA and 
BA. Other details are given at the foot of the figure. 

Current is led to the magnetizing coil D from the sUp rings, and 
a steady magnetic field passes across the teeth of the circular discs 
shown m Fig. 120. These as stated are 40 in number on each disc, 
and when the machine rotates a variable field is superimposed on 
the steady one. It is, of course, the variable field which produces the 
alternating current, the frequency being 40M, where i» is the number 
of revolutions of the discs per second. Each of the armatures 
consists of an ebonite base with 80 slots cut horizontally and verti- 
cally : the form of the winding is shown by Fig. 120. The shape of 
the teeth is so designed that when the pole pieces revolve the lines 



..Google 



236 TELEPHONIC TRANSMISSION 

of force projected through the armature windings vary in such a 
way as to set up an electromotive force of approximately sine wave 
fonn in the armatures. The voltages induced in the horizontal 
part of the windings cancel each other. The slip rings G, Fig. 121, 
mclude provision for a current supply for the motor, and a com- 
mutator IS fixed upon the rings to provide for a supply of the armature 




Method of Winding 

10. — Franke Uachioe. Revolving Pole Pieces. 



current to a frequency-measuring device, consisting of reeds which 
vibrate at their own natural frequency. When the ampUtude of 
their motion is sufficient they indicate the rate of vibration, 
which is marked upon an indicator conveniently placed for the 
purpose. The machine was made by Messrs. Siemens and HaJske. 

Movement of the Armatures. — In order that the voltages in the 
two armatures may be balanced against each other, the upper 
armature is made to move vertically oy means of a regulating screw 
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not shown in the fi^re. By this means the armature may be 
raised from the exciting field 
above the teeth. The amount 
of elevation is indicated by a 
graduated scale on the outer 
cylinder surrounding the arma- 
ture. 

To permit of the armatures 
being brought into electrical 
phase with each other the 
bottom armature is so con- 
structed that it can be rotated 
in a horizontal sense. The 
number of degrees rotated 
through is indicated by a 
graduated scale iixed above the 
wheel which produces the hori- 
zontal motion. Thirty-six turns 
of the phase-shifting wheel are 
required to produce a revolution 
of the lower armature through 
360 electrical degrees. 

214. Methods of nsiog the 
Frank* Hachlne. — Impedance 
Test. — Fig. 122 shows a com- 
mon arrangement of theFranke 
machine for this test. The 
lower armature is permanently 
connected as shown. By means 
of a switch fixed on the machine 
the telephone and upper arma- 
ture are first joined to the 
S>sition marked i and 2 as in- 
cated by the solid lines in the 
diagram ; the upper armature 
and telephone can, however, be 
moved to the position marked 

2 and 3 by means of the switch, Fio. lai.— Frauke Machine. Sectional 
and the connections in this case Sketch, 

are shown by dotted lines. The T.A. = Top armature, 
theoretical arrangement for B.A. - Bottom armatnre. 
position 1-2 is shown by Fig. C - Outer w.ouglit-iroQ cylinder. 
Pa, and that for position 2*% gC^^t^ -^ '^'^"■ 
byFig. 123B. In order to test E=Sie 

m position I-a, suppose that F, F,, F„F,= iron pole pieces, 
the upper armature, to begin q = sup ,ings lor magnetiziiig cur- 
with, IS in its lowest position, rent supply and commutator 

where it gives the maximum in connection with trequency- 

voltage. As the armature is measuring device, 

moved upward by means of its ^ = Motor, 
regulating screw the voltage 

becomes gradually reduced owing to the fact that the armature is 
withdrawn from the influence of the mt^etizing coU. tvery 
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position of the annature as indicated by its graduated scale is 
associated with a definite voltage relation to the fuU voltage, the 
exact relation is determined by calibration and recorded on a 
permanent curve. The phase-controlling device on the bottom 
armature should indicate zero at this stage. This does not mean 
that there is no electrical phase difference between the top and 
bottom armatures, but that the phase of the bottom armature is 
taken as the point of origin for comparative purposes. 

Details of Tests. 

Let the e.m.f. at the terminals of the upper armature and 
impedance Z in position 2-3 be E. 



POSmoW t-2 Of SWITCH 

posuHW z-3 Of s wrrcH 

^5h lower 
Armwure 




Pig. 123. — Fr&nke Machine. Connections for Impedajice Test. 



Let the current in the standard resistance and in Z (pos. 1-2) be I. 
Then . ^ ~ T 

Method I. — Position 1-2 of the Switch. To obtain an Expression 
for the Current. — Let the apparatus impedance to be tested be Z. 

First raise the upper armature until the fundamental note in 
the receiver is reduced as much as possible. The lower annature ts 
next rotated until the sound in the receiver is further reduced as 
far as practicable. If the machine fundamental is not reduced to 
silence the upper armature must again be regulated, and afterwards 
the lower one, and so on imtil silence is obtained. It is probable 
that some harmonics, particularly the third, will be heard, even 
when the fundamental is silenced, but in practice it is possible largely 
to neglect them in regulating the machine, so as to obtain a correct 
balance for the fundamental. If necessary a filter may be used 
to eliminate the harmonics, as shown in Fig. 122. The upper 
and lower armatures tend to send currents in opposite directions 
through the receiver, but if silence in the receiver is obtained, the 
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voltage in the upper armature is equal in magnitade and phase to the 
voltage across the standard resistance (see Fig, 123A). Next note the 

rition of the upper armature and find the corresponding voltage 
, from the caUbration curve, and note the angle through which the 
lower armature has been turned. These two components |^ve the 
voltage across the standard resistance, say El/^l+a.i=El6^1*»+"^■ 



Upper Armature-Variable volts 




Variable Resis:, 
to regulate current 
Fig. 113A.— ^^Biilie Machine. Impedance Test. Position I Mid 3. 



Upper Armature.-Varlable volts. 




Variable Resis:/^t. 
to regulate current. 
Fio. 1339.— Aanke Machine, Impedance Test Position 3 and 3. 

If I is the current flowing through the standard resistance R then 



whence 



i=^eJ(*i + '^) 



(10) 



Position 2-3 0/ the STviich. To determine the Voltage. — Balance 
the volts and phase as before. The voltage across the impedance 
is the same as that at the terminals of the upper armature, as shown 
by Fig. 123B. Find the mMpitude of the volts Eg from the position 
of the upp>er armature and calibration curve, combined with the 
phase rotation ^j + tui of the lower armature. The voltage is then 

E = Ese>(»' + -" (II) 
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Dividing (ii) by (lo) we obtain 

This method requires four readings and a calibration of the 



Method II.— Phase and Resistance only changed in one of the 
Terfs— This is shown by Fig. 124. Here Eg is kept constant and R 



Upper Armafurc.Variable volraqc 

r<5> 



Lonver'ArmBture .Variable Phase 




Constant Current. 

varied. In order that the current in Z may not vary it is necessary 
to make use of a regulating resistance, as shown in the figure. These 
resistances need not be alike, but the sum of the two must be 
constant. 

The Test. — Place the switch in position 3-4 and proceed as before. 
The voltage is then 

E=Ee<i^*W.+ -" (13) 

and this is the voltage across the impedance. 

Position 1-2 of the Switch. — The upper armature and receiver 
are now on i and 2 (Fig. 124]. Leave the upper armature unaltered. 
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but vary the sliding resistance and phase until a balance is obtained 
The resistance in series with the upper annature has the same 
voltage at its terminals as was obtained in position 3-4, and the 
current in R is the same as the current in Z. We then have 

RI=Ej*/(*> + -^ 

whence l=^eJ^*i + '^) {14) 

INviding (13) by (14) we have 

It may be necessary in some cases to have a much larger resist- 
ance than the 100 ohms shown in Fig. 124. 

In this case we have only three readings and no calibration of 
the upper annature is necessary. 

Use of Baiandfig Resistance. — A further refinement in balancing 
is sometimes made by providing an extra balancing resistance whicfi 
is thrown into circuit on one side or the other of the sliding resistance, 
when an approximate balance has been obtained. If this resistance 
is variable and is switched rapidly to one sideof the sliding resistance 
and then to the other side, the rapid comparison permits of observing 
on which side the greater noise is observed, and it is then known that 
this side is more out of balance than the other. When the noise is 
equal on both sides balance is obtained. 

816. DetaUi of Aetnat Twt in accordance with Figs. 122 and 123. 
THt of ftn Aerial DoBbh WIro Tolophone Clrevlt emulsting of Con- ' 
dneton wolgUng SOO Ibi. por Hllo. — Length 295 miles. Standard 



resistance used 1000 ohms. Frequency 2wf= 5000. 

When the connections were arranged as in Fig. 123. positi - ^ 
of switch, with the distant end open, the reading obtained from 



the machine both as regards modulus and phase is shown in the 
following table in col. i, and the corresponding reading on the 
caUbration curve is given in col. 3. With the switch in position 
1-2, and with the distant end stiU open, the reading on the machine 
is given in col. 2 and the cone^Kmaing calibration figures in col. 4. 
The impedance with the distant end open is then by (12) 



Z=|lR^*.- 



= '^X I000«>(7*'* '5' - 157" 45') = 5i2«->79* "' = 512X79" 20' 

In order to find the impedance measured at the sending end 
with the distant end closed, the same series of readings is taken 
as those taken for the test with the ends open ; the results of the 
closed circuit impedance test are given in the bottom line of the- 
table. The impedance in this case is then calculated from (12) a& 
before. 
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TABLE I. 
Franks Machine Rsadinos. 





Readinci. 


R.t.0. 


lmp^d««. 




- 


V.',«. 


Cuiiujt. 


V^u. 


c«i™.. 


TeimiBd 

.Si. 




M [ An*fc. 


H I AD(1e. 


MJAn*. 


H 


Anil.. 




5000 


73'o| 78*25 
9J0 203' 27 


io8-9,i57» 45 
108-8 i4i« 50 


■233 78" "5 
■370 203" 87 


■455 
■454 


157*45 
141" 50 


5ia\79»20' 
8is/6i"37' 


Closed. 



In some cases a small calibration correction of the an^e reading 
is necessary, but the correction neverafEects the reading to a greater 
extent than a few minutes of arc. 

The following table gives the results of a series of similar tests 
on the same circuit at different frequencies, including the circuit 
constants calculated from the open and closed impedances ;— 

TABLE n. 

Summary of Rbsults of Tbsts of 300 lbs. Akbial Coppbs Wirb. 

Length o£ circuit' under test = ag'S miles. Atmospheric conditiona — Damp. 





""•F'rSsrrsi:^''' 


C«.U..,..-.,^J^«.»« ».«„.«-« 


-»/ 


CireSlt tDd> 


C&J& 


0^ ohmi. 

! 


.vj 


G 


c 


^ 


3000 
4000 

sow 
6000 
7000 


1064X83' S6'i 430/55*4' 
724X82' 7' i 594/60' 10 
jl2\79'2o'| 815/61' 37 
358X74' 5J'|"58/59* 33 
J4oX66'8' 11732/53° 5' 


577X14*7' J6-66 
555\lo'59'|6-75 

546\_8'52;|6-73 
644\ 7' 39'| 6'87 
645X6'32'jfr84 


3-7S, 

3-82 1 
3-8. 

3-82 
3-82 i 


1-09 
117 
1-45 
1-38 
149 


■0096 
■0098 
-0097 
■0097 
0094 


■00549 
■00569 
■00574 
■0038a 
■00583 



To illustrate the method of calculating the constants the following 
det^s are eivenof the calculationsforw=5ooo from Table II. The 
^Lne method of calculation of the constants is used in connection 
with the A.C. bri(^e readings, or any others which give the open 
and closed sending and imped^e. 

By (5).Chap. III., Z =ZoCoth# = Zti(^^^^^j = 5i2\79° 20'- 
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By (6), Chap. III., Z, - Z„ tanh » = Z,(^=£^) « 815 /6l'37' . 

By (7), Chap. III., Z„ -v'ZZi-v's" \79" 20' X 815 /6l'37 ' 

- 646 \ 8- 52' 
By (5) and (6) we have 

,y|_w'^=.a„h, = (say)».4;--'^ /^!l^ 
'V Z V coshs« > " j>^,-. V 5I2\79»20- 

= I 262 / 70' 28' 

By (18), Chap. I., this may be written 

A = A/^= a +y6 =0-4216 +7 1-I88 

Now«2«=<W_i±* 



Proo/.- ^x'^^^-tanh«=' 



+.1 

,ftfl _ I + tanh 9 _ I + A 
I— tanh 9 i — A 



^M + I 



(15) 



We therefore have 

,ii«_i +A_i +(» +yt) _ (i +<■) +;t . 1-4216 +/ri88 
I-A l-(a+jb) (l-«)->6 0-5784-;i-t88 

1-853/ 39° 53' , . ,, 

. '; 1-403 ; 103' 56 

1-320 \64' 3 

From this value of e" - ii-f - '''"'"'!' ° the value of « = W is 
I — A I — tanh 8 
found as follows :^— 

» - r! - 1 log. f^ = J log, ;-^|^ - J log, 1-403 /i53l56: 

The attenuation length fit is half the log, of the modulus, or 
i log. I-403-2S§§, and since in this case (=29-5 miles, ^=|J^|| 
=0-00574. 
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The wave length constant « is obtained thus [see (27). Chap. I.J 

20/ = 103° 56' = 1-8140 radians .■. a = "~' = 00307 
To deduce the Circuit Constants 

, = ,,=;(/,+;■„) „0-3386+,r8i40^-J46^Oj: 

Nowby(7).Chap. Il.,y x Ro = R, and in the alternating current 
case this becomes y x Zo = {R +><oL). We therefore have 

i-846/7Q'*25' , 

R +jo>L = y X Zo = . X 646\ 8' 52' = 20-2 /70°33' 

= 6726+; 1905 
Hence R = 6*726 ohms per mile loop 

and L = 3'8i millihenrys per mile loop. 

Similarly by (8), Chap. II., ^ = G- and in the A.^^ case ^ 

= G+>«C. . ° ° 

V ^ . *. r'846/79°25' 

Whence ^=G+7«C=- '-^^- ^^=^^ = 00000484/88° 17' 

Ai 2 X 295 X 646X8° 52' 

= {i'45+>48-4)io-» 
Hence G = i"45 micro-mhos per mile loop 

and C =o'O097 mfds. 

ConclusioHs from the Tests on 300 lbs. Aerial Circuit. — It will be 
seen from Table II. that the variation of the electrical constants with 
frequency between the limits taken is relatively small, and this 
remark also applies to the variation of the attenuation constant. 
These values should be compared with the calculated ones for the 
same circuit in Table II., Chap. VIII., when it will be seen that there 
is some difference between the calculated and observed results. 
The difference is very largely accounted for by the fact that the 
300 lbs. circuit contams relatively short lengths of lesser gauge and 
some small lengths of underground cable. The leakance is also 
above the normal on account of the damp weather. As rerards the 
inductance and capacity, however, it is probable that the lai^ 
number of wires on the same poles affect the result to some extent, 
The capacity was tested in addition by a discharge method and found 
to agree witn the result given in the preceding table, 

216. AddiUonal Tests on a SOO lbs. Aerial Une.— The following 
tests relate to tests of 34'Q miles of 300 llis. circuit containing no 
underground sections but having a length of 2 miles of 150 copper 
conductors in it. Three series of tests were made by means of an 
A.C. machine on the following circuits : — 

(a) A twisted loop. 
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(6) A phantom circuit (two pairs of wires revolved around each 
other). 

(c) A single wire circuit. 



TABLE III. 
DBruLS or Tssn. 



Cteuli. 


»/ 


CoaitMiti pu mUa dMtaadfroni Ihe meuvRd 


Dinct carnal twU. 


z. 


R 
Dbm* 


L 
nb. 


mbo*. 


C 


P 


o.^ 


Innlatloii. 


a 
b 


1 
500oa86\ii«4 


616 
3112 


3468 
I 33 1 
337 


0-309 
404 


o-ooQoa 
ooao3 
o-oioS 


000496 
000555 


611 
3-055 


103 megobma. 



In this case the attenuation of the loop circuit was near the 
calculated value in Table II., Chap. Vlll^^and this remark also applies 
to L and C and also Zq. The value of R also agreed with the valvt 
measured by direct current. 

The attenuation constant of the phantom circuit was 12 per cent, 
higher than that of the side circuit ; the capacity was more than 
double that of the side circuit and the inductance less than half, 
which accounts for the increase in fi. 

In the case of the earth circuit, the relatively high inductance 
and large leakance are surprising, but four sets of tests were taken 
on four difierent wires, all of which gave very similar results. The 
earth circuit attenuation constant is 21 per cent, less than that of 
the loop circuit. There were a large number of other wires on the 
poles. 

The circuits dealt with were four twisted wires spaced 12 ins. 
apart horizontally and vertically on the poles, and making a complete 
revolution every four poles. 

Measurement of 300 lbs. Aerial Wires run straight and crossed 
every Half Mile. — -In connection with the preceding tests a length of 
63 miles of 300 lbs. double wire circuit run straight was tested in 
the same way as the twisted wires. The results were very similar 
to those obtained with the twisted wires. The difference in iS at 
at =5000, being 2 per cent, in favour of the straight wires. The 
overhearing arising from the twisted and revolved groups was 
similar, but there were only four wires on the poles in the case of 
the wires which were run straight. 

SIT. Alt«rnatiTe Hethods of Caleolation and HBaaurftoiflnt. — 
(a) To find the real part of the Attenuation Constant. — The preceding 
examples in connection with the Franke machine take into account 
the angle of the complex attenuation constant, and in cases where 
the circuit constants are required, this procedure is of course neces- 
sary. If, however, the real part of the attenuation constant only 
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is required, the calculations may be somewhat simplified as 
follows : — 

FnMnfonnula(i5)«*«=Lx^,whereA = ^-^ and is a vector. 

If the vector A be expressed in the form A /> then we may write 



Dividing the vector into its horizontal and vertical components we 
have 

z9— I + A cos ^ +jA sin ^ 
I — {A cos ^ -|-}A sin -fj 

For the attenuation constant p only the modulus is required, and 
we may therefore write 



VI 



+ A cos j)' + A' sin'^ 
A cos ^)8 + A« sin* ^ 

- 2A cos ^ + A' cos' j + A« sin' j 
-zAcos^+A'cos* ^ + A' stn^ ^ 



^ / i+aAcos ^+A'fcosg ^+sin' fj 
V I — 2A cos ^ + A«(cos» * + sin' *) 
e sin' ^ + cos' ^ = i, tliis becomes 



'--A 



+ 2A cos ^ + A' 
— "2?rcos"i( + A' 

'4+2cos^4-A 



V T — 2cos^4-A 

r + 2 cos ^ + A 



= ^Xlog. 



(i + 2cos^+A\ 
^-2cos^ + Ay _ 



(fc) Measuring the Electrical ConstatUs of very short Transmission 
Lines.— li a transmission line is electricaUy very short, say o'l mile 
of cable on a cable drum, the sending end mipedance may oe simpli- 
fied as follows : With the distant end closed the sending end im- 
pedance is in the general case Zj = Zotanh 9, If, however, the angle 
8 is very small the value of is practically the same as that of tanh 8. 
This may be verified by inspection of a suitable table of hyperbolic 
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functions. In such a case Z, = Zo tanh by (6). Chap. III., may be 
written Z] = ZoB. But by (i) and (2), Chap. VI.. since yl = e 

^"^ = \/?+j^ ^ V'(R+;-L){G+;<«C) xt=t{R+jo.L) (16) 

If, therefore, the line is sufficiently short (say under pi = o*i), 
then the impedance measured with tne distant end closed is the 
impedance 01 the conductor only. 

If the distant end be open we have by (5), Chap. III. 

and if the line is very short, then by the foregoing reasoning f-t — g 
is practically the same as -^. But 



'-/l 



R +;t»L I I I 

G +jojC ViR X;"toL)(G +jaC) ^ i~{G +;<«C)/ *^^' 

From {16} and (17) the constants R, L, G, and C may be calculated 
and the attenuation constant deduced thus. Dividing (16) by (17) 
we obtain 

J2 = {R+;«,L)(G+;<-C)/i! 

The square root of this quantity is t multiplied by the complex 
attenuation constant. 

The nflstred emrent at the end of any uniform line without 

apparatus is by (lo). Chap. III., ^ . ^ , and for short lines this 

becomes b^'a, since 8 does not then differ appreciably from sinh 9 ; 

therefore from {16) 

''=wfj=m •■■•,■ (-8) 

(c) Fall of Potential Method for Measuring the Alienuation 
ConstaiU in Long Lines. — If the circuit is electricsuly very long there 
is no difference oetween the impedance measured from the sending 
end of the cable, whether the distant end is open or dosed. In such 
a case the attenuation constant may be measured as follows. We 
know that in a long line 

h = e-Oi 

'■I 
If. therefore, I. and Ix, the currents at the end and bM;inning of the 
line respectively, are measured by the Franke machine, and / is 
known, p may be deduced. This method assumes that a return 
loop is available. The sent current must, of course, be kept constant 
dunng the measurement. 

ai8. T«sta on an Unloaded Double-Wire Submarine Cable. — 
These tests show in a marked way the effect of capacity in producing 
both attenuation and distortion. The tests were taken by the 
Research Section, Engineer-in-Chief's Department, G.P.O., on a 
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length of 4'826 nauts of double wire cable immersed in water in a 
tank. Experience shows that such measurements give practically 
the same results as cable submerged in the sea tot double wire 
circuits. 

Direct Current Measurements Wire to Wire. 
Re^tance, 22*8 ohms per naut. 
Capacity, o'iSa mf. per naut. 

Insulation Resistance, zioo megohms per naut. Cores z and 3. 
„ „ 540 megohms per naut. Cores 2 and 4. 



TABLE IV. 

ALTRRNATINa CnKKRNI Heuurbmehts. 

Mean of measnremenla on cores 1-3 and 3-4. 
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The only one of the constants R, L, G, and C which varied 
appreciably with frequency was G, and this varied considerably; a 
graph showing the variatioo is given in Fig, 123, For purposes of 
calculation it is usually accepted that the leakance vanes directly 
as the frequency, but this curve shows some deviation from the 
straight line law (see para. 149, Chap. VIII.). 

Tne resistance as measured by alternating current is veiy near 
the value obtained by a direct current measurement ; the capacity, 
however, is less in the A.C. case. It is not, however, the authors 
general experience that any such marked difference is observed 
between direct current capacity measurements and tests at tu = 5000. 
The single wire tests in Table V. illustrate this point, the difference 
is much less in that case. The attenuation constant of 00774 per 
naut or 00671 per mile for a conductor having a resistance of 10*6 
ohms per mile loop is very high owing to the hi^ capacity. In 
underground air-space cables a cable pair weigQng only 70 lbs. 
per mUe per wire, and having a resistance of 25 ooms per mile lo<H>, 
has a much less attenuation, viz. 0*058. The variation of the 
attenuation constant with frequency in Table IV. is large, the difference 
between the j8 for 01 = 5000 and oi = 3000 being 15 per cent, as com- 
pared with a difference of 4*5 per cent, in the case of the aerial lines 
in Table II. 

S19. Tssts on a Single-Wire Submarine Cable. — The question as 
to whether a submarine telephone circuit on a single wire is practi- 
cable as a general rule, is one that has attracted much attention in 
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the jKtst. (See an article by Monsieur Devaux-Charbonnel in " La 
Lumi^e Electrique," 8 Feb., 1013, p. 165, " Resistance et afiaiblisse- 
ment des lignes 4 Simple fil, also an article by the writer in the 



Post OMce Electrical Engineers' Journal, July, 1914, entitled " Two 
' Daded Phantom Circuits in a Four-Wire Suomaiine Cable.") 

As a matter of fact it has since been demonstrated that tnere is 



535 

s 



1000 2000 3000 4000 5000 6000 7000 

2 71 CFREQUENCYJ 

Fig. IZ5. — Vanationxtf Leakanoe with Freqaency in Double- Wire 
Submarine Cable. 

no difficulty in working such a circuit (see para. 202, Chap. IX.). It 
may be remarked that any inductive distuFDance noticed on a single 
wire is usually limited to the cable hut, and disappeais if a separate 
earth wire is run out to sea for say half a naut. In order to obtain 
information as to the efiects of alternating currents on a single-wire 
telegraph cable protected by an iron sheath a series of tests was 
earned out by the staff of tne Engineer-in-Chief to the Post Office 
in 1912, and the results of the alternating current tests are given in 
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Table V. The most striking feature of the tests is the ii 
effective resistance with frequency. At 01=5000 this is ij ju uuma 
against 11 ohms as measured by direct current. SimiHir results 



1000 2000 3000 4000 5000 6000 7000 
2 71 (frequency) 



have been obtained by M. Devaux-Charbonnel in the tests referred 
to. The leakance also varied considerably with frequency as shown 
in Fig. 126 and did not follow a straight line. The A.C. capacity is 
slightly less than the D.C. capacity. The increase in resistance is 
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probably due to the effect of the external field of the single wire 
acting on the iron sheath and sea water and giving rise to energy 
losses {see para. 143), 

Before laying a single-wire telephone cable it would be advisable 
to make tests on a sample length of the proposed cable to determine 
its effective constants. 



TABLE V. 

Tbsts oh Single-Wire Sdbuarime Cable. 

AUtmating Currmt Tests. Summary of Results at Difftrsnt Frequntdts. 
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Direct Current Tests. 

e per nant il^o ohms 

Capacity per naut 0-327 m.f. 

Insulation resistance per naut 2570 megohms 

Electrification steady. 

Both the single-wire and double-wii:e submarine cables in respect 

of which tests are given in Tables IV. and V. had the same weight 

of copper conductor and guttapercha per naut, and the followmg 

comparison of the measured constants is therefore of interest : — 

TablB of Comp&ratlTQ Rnnlts from Tables IV. and V. at oi ^ SOOO. 

Doubls-wln circuit. Stn^wln dmilC. 

Characteristic impedance , i79\3i* 7' ohms 99 ^28° 53' ohms 

Attennation constant (p) 00774 0079 

Resistance 227 onms ^3'3" ohms 

Inductance 221 mh. I'sS mh. 

Leakance 25 micromhos 43 micromhos 

Capacity o-i6 mf. 0-316 mf. 

^ 156 137 

The preceding details of tests on transmission lines refer to 
unloaded circuits. Details of tests on loaded circuits are more 
conveniently given in Chap. IX. 
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The Theimloiile Vklve nscd u so OieiU&tor. — This can be used 
as a portable sine-wave generator. For description see end of 
Chap. XIV. 

220. Testa od ArtiAoiil Gables. — Artificial cables for telephone 
work such as are tised for standard cable tests are generally made 
up of resistance and capacity, the maximum unit bung that shown 
in Fig. 127. Thus, a section of 10 miles of the standard cable (see 
Chap. XI.) is made up of 5 two-mile sections, each section haviag the 
same resistance and capaaty as the real line. The reason for this may 
be understood from a consideration of the eqnivalent n or T circuit 
(App. III. and IV., Figs. D and G in each case). It will be seen that 
the mathematical quantities tanh &, sinh 6 and cotb B which gov«n 
the construction of the equivalent circuit, are such that with small 
values of 9 there is practically no difference in the numerical value 
of 8 and of the corresponding functions sinh $, tanh 0, and coth $. 

44- Ohms 44 Ohms 

oV\AAAAAA/VW*»— r-*\AA/WWWVW 



0.108 m.f. M 



(MAAA/WWW^ 



-*WWWWV\A/0 



44 Ohms 44 Ohms 

Fig. h7.— Two-Mile Unit of Artificial Standard Cable. 

and it follows that an artificial circuit made up of sections which 
represent small line angles, will approach nearer and nearer for all 
possible purposes to the real line as regards its impedance, and 
attenuation at all frequencies. An eqmvalent cirout equal to 2 
miles of unloaded standard cable is equal to a smooth line for 
practical purposes, and this accounts for the usual method of 
construction. (See Chap. IV., para. 77.) 

For any one frequency, an equivalent circuit may be calculated 
and made up on the principles shown in Chaps. IV. and VI., and it 
will be eqmvalent for any line angle, for ail electrical operations 
conducted from its two ends, to a real circuit having the same line 
angle. It does not by any means follow, however, that the equiva- 
lent circuit will have the same electrical properties as the real line 
for other frequencies than the one for which it is calculated ; in fact, 
experiment and calculation show that this is far from the case. It 
is to be expected therefore that the waves generated by the voice 
in such a line will suffer some distortion ; but the extent and practical 
importance of this point is a matter for experiment and comparative 
voice tests. Tests on an equivalent circuit of one section r^resent- 
ing 20 miles of standard cable and another representing 40 miles of 
standard cable have been made in the Post Office laboratory as 
follows : — 
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The circuit shown in Fig. 72, which is theoretically equivalent to 
20 miles of standard cable (for the constants of this cable see Table II ., 
Chap. VIII.) at a frequency such that 2,r/ = $ooo was set up, and 
measurements made with the Franke machine. The foUowing 
results were obtained : — 
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These results are 
shown plotted in Fig. 
128, and the calculated 
figures for standard 
cable are added in the 
form of dotted curves. 

It will be seen by 
Fig. 128 that the attenu- 
ation constant and also 
the real and imaginary 
parts of Zq at an angular 
velocity of 2»/=5'>oo do 
not in any case vary 
more than 2^ per cent, 
from the standard cable 
curves. There is, how- 
ever, a much greater 
variation in the imped- 
ance of the two cables 
over a range of fre- 
quency varying from 
oi = 4000 to" tu = 7000 
radians per second. 
The variation of the 
attenuation lengths of 
the two cables with fre- 
quency over the same 
ranges also show a con- 
siderable variation, the 
artificial cable varying 
much more with fre- 
quency than the real 
one. In order to test 
the practical equiva- 
lence of the two circuits, 
the standard cable and 
the equivalent circuit 
were compared by a 
speaking test. It was 
found that the volume 
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Fig. iz8. — Compuisoo of Equivalent lo-lbe. 
Circuit with Standard Cable. Vuiation of Z, and 
S with Frequency, 

-Z, (Real) o{ Equivalent Ciicuit. 



I>— Z, (Imaginary) of Standard Cable. 
E — -fi at Equivalent Circuit. 
F— ^ ol Standard Cable. 
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of speech was equal to 20 miles of standard cable for which 
it was designed. This result was the mean of a number of tests 
made by three observers. The articulation and pitch of speech 
were similar in the two cases; in fact, the difference in this 
respect could only be detected by oBe of the three observers who 
tooK part in the test. When, however, the equivalent circuit which 
had been designed to be equal to 40 miles of standard cable was 
tested, there was found to be a very marked difference in the pitch 
of speech when speaking over the two cables, the equivalent circuit 
haviifg the higher pitch, and this made accurate comparison difficult. 
The matter was therefore not proceeded with except to verify that 
the desired attenuation constant at w = 5000 had been correctly 
arrived at by calculation and experiment. 

It may be further stated as a general conclusion from these and 
other experiments that if the attenuation and impedance of an 
artificial .line are required to be equal to those of a real uniform 
line over a. wide ninge of frequencies, it is a necessary condition that 
the equivalent artificial circuit should be made up of T or n sections 
having a relativdy small tine angle, otherwise the requirement 
cannm be met in all respects. In other words, the more exacting 
the requirement, the more must the artificial circuit approach the 
constitution of the real line. i.e. it must approximate to uniform 
distribution throughout its length. 

221. Artlfiolal Cirenits to m««t Speeial RetoiremeDts. — It is 
sometimes required to construct impedances which shall be equal 
over a wide range of frequencies to the impedance of a real trans- 
mission line, or combination of line and apparatus. It may be that 
such an impedance is only required for balancing purposes in a 
telephone relay set and that the question of the attenuation constant 
is of no importance. In such cases equivalent circuits of the T or n 
type may be too complex for the required purpose, and simpler 
methods are adopted. A description of a metnod of calculation in 
such a case is ^ven in Chap. XIV. 

Again, for some local purpose an artificial cable maybe required 
where a fixed attenuation length is required. The following details 
relate to a case where an approximate value of 20 miles of standard 
cable was required for making speaking tests and a relatively 
large number of the cables were to be provided. It was considered 
that for this particular requirement a sunpler arrangement than the 
equivalent T or n circuit would suffice, and the following steps were 
taken to obtain a suitable arrangement at a cheap cost. It will be 
seen by Fig. 72 that the true equivalent circuit involves the use of 
inductances which it was desired to avoid. In this case a nominal 
circuit such as that dealt with in Chap. III., F^. 10 and Fig. 38, 
were utilised to make up the cable, the values being chosen as 
follows : — 

{a) For 20 M.S.C. the value of 0l=2-t23, hence 
received current _ ^.„^ =o-„q7 
sent current " 

Now try a nominal circuit of ig^i M.S.C. for which fil = 2-025 
(see Fig. 129), in order to see whether this meets the requirement. 
We have 
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received current in nominal circuit _ . / Jt- m 
received current in equivalent circuit — ^ 907 (see l*ig. 38J 
but received current in equivalent circuit ^--j-om =o.t«6 
sent current in equivalent circuit ■* 

. received current in nominal circuit _ ^ 

'■ sent current in equivalent circuit -^90? X01310 -0-1194 

Hence the received current at the end of a nominal circuit of 
19T M.S.C. should be practically the same as that with 20 miles of 
actual standard cable, if the impedances of the equivalent and 
nominal circuits are equal. 

Now 19-1 mis. X 88 ohms per ml. = 1681 ohms 
and 191 mis. x 0-054 mfds. per ml. = 1032 mfds. 

so that the nominal circuit is as shown in Fig, 129. 

420" 420" 

o vn^/aaaa/ 1 ^^MA/^AAf o 




.032 mj. 

420"' T^ 420" 
-VWWWST 1 VsAAAAM/* o 

Fig. 129. 

This circuit (Fig. 129) was set up and a spiking test gave its 
transmission equivalent as 20 M.S.C. ; the articulation, Iwwever, 
was clearer than that of the cable. Its impedance was measured 
by a Franke machine with a curre nt of i m.a. and o( = 5ooo; the 
open imped ance was found to be 864 \t3* 0' and the closed impedance 
SSoVii-gs'. 

(b) It will be seen from the foregoing that the impedance of the 
circuit in Pig. 129 is higher than that <rf actual standard cable, and 
this fact limits its use as a standard in speaking tests. An attempt 
was made to make its impedance as nearly equal to standard cable 
as possible by adding capacity at each end, and the circuit shown 
in Fig. 130 was set up. By inserting different values of x it was 
foundthat when x = 0'2 mfm. that the open and clos ed im pedances, 
when measured as before, were 577^46" 40' and 589X47° 30' respec- 
tively. These values are approximately the same as those for 
standard cable. A speaking test gave the transmission equivalent 
of Fig. 130 when x = 02 mf . to be 23 M.S.C. and the articulation was 
identical with that of the cable. It was not important in this case 
whether the cable had an exact value of 20 M.S.C. or one or two 
miles in addition so long as the correct value was known, and the 
values which had been found experimentally were therefore adopted. 
It was found possible to utilize cheap stock items to make up the 
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values of resistance and capacity, viz. 400 ohms, i mf. and 0*2 mf. 
capacity. This case is dealt with at length because it shows a cheap 
and practicable way of making up a length of artificial standard 
cable, if the requirement is not too exactmg, and it illustrates one 
use of Fig. 38, Chap. IV. It may be added that a numt)er of arti- 
fidal cables were made up in this way, and they were found to be 
practically alike. 
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222. TheCrou-Talk Hettr. — This apparatus is made to the design 
of the Western Electric Company, and is marmfactured so far as 
this country is concerned by Mr. R. W. Paul, London. As its name 
implies the apparatus is used for cross-talk tests, the method of its 
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Fig. 131. — Cioss-TaUc Meter. Explanatory Diagram. 

use will be better understood after the details of its construction 
have been explained. A simplified diagram of the instrument is 
shown in Fig. 131 and the arrangement of the coils and indicating 
dial is given in F^. 132. The function of the meter is to shunt 
any required fraction of the speaking current from the receiver as 
may be seen by Fig. 131. If tne current leaving the transmitter is 
represented by i ,000,000 then the figures as engraved round the dial, 
as shown in Fig. 132, give the number of milhonths of the outgoii^ 
current passing through the receiver when the rotating arm is 
opposite the required figure. It should be carefully noticed that 
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the instrument does not measure the magnitude of the current, 
but only indicates the fraction of it passing through the receiver. 




FiQ. 133. — Cross-Talk Heter. Airangemect ol Dial and Coils. 

The values of the shunt resistances in relation to the figures on the 
dial are as follows : — 
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Referring now to Fig. 131, suppose the rotating arm is in the 
position 0, there is then 253 + 80 = 333 ohms in circuit as shown in 
the upper part of the dia^^, and 333 ohms as shown in the lower 
part of the diagram ; further, the receiver is short-circuited. If the 
aim is in the position marked 20,000 and the receiver has an im- 
pedance of zoo ohms to the A.C. voltage in the circuit, we then have 
2 X 1900 + 200 = 4000 ohms in the receiver circuit, and 80 ohms 
shuntmg it by means of the dial coils ; the current passing through 

the receiver is therefore of the total current = — - — , where 

4000 1 000000 

X =the scale reading on the dial, in this case x = 20,000. When the 
aim is on the 10,000 stop the 4000 ohms in the receiver is shunted 

by 40 ohms, and we then have -^— = - — ~ — "= -^, and so 

■' ^ 4000 1000000 100' 

on. It is evident that the shunt is only strictly correct if a suitable 
receiver and frequency are used. It may be remarked that the 
standard 6oiu receiver has an impedance of approximately 200 to 
210 ohms, at a frequency of 800 cycles per second, which is the 
usual frequency for telephonic measurements. 

When the instrument is at zero the total resistance in circuit at 
the terminals of the transmitting device is 666 ohms, which is the 
impedance of a heavy gauge aenal line. When. the arm is moved 
to 20,000 the total resistance is 6644 ohms, so that the total re- 
sistance is practically constant. 

The reduction of volume which takes place in the receiver with 
vanous values of shunts may be likened to the reduction of volume 
whidh occurs by attenuation when a current is transmitted along 
the standard cable, and it is of considerable assistance in interpreting 
the restilts to know the relative amount of standard cable which 
would give the same reduction in volume as any given number of 
miUionths of the outgoing current ; this information is given in the 
preceding table. 

The full shunt is in operation when the rotating arm is on the 
20,000 stop. The total resistance of all the coils between 20,000 and 
o is So ohms, and as the arm moves from 20,000 round towards zero, 
it cuts out of the shunt all the resistance between 20,000 and the 
position of the moving arm. If this eliminated resistance is called 
X, then the number ofmiUionths indicated on the circular scale at 
the point opposite the moving arm is in all cases 

1000( 80 — x) _ ( millionths of total current passing 
4 " ( through the receiver. 
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Method of tiling the 
Instrument. — The me- 
thod of using the cross- 
talk meter is the same in 
principle as that utilised 
in the case ot the stand- 
ard cable. A switch 
connects a receiver with ., 
a circuit of some kind 5 
which includes a source 
of cross-talk, and the 
magnitude of the dis- 
turbance is noted by the 
ear. The same receiver 
is then switched into the 
cross-talk meter, and the 
intensity of sound repro- 
duced Dy varying the 
shunt across the receiver. 
The source of disturb- 
ance, whether it be 
human speech through a x 
telephone, or some other *^ 

source, such, for example, 2**" 
as a " howler," is gene- r;*' - 
rally used to produce the n 

disturbance in the circuit h? 

under test and in the 

cross-talk meter. The 

howler, however, will 

generally give higher 

results than speech tests, 

and in important cases 

the latter should be used 
as a check test. 

In view of the fact 

that the meter only 

registers milliontbs of the 

current passing through 

the receiver, and not its 

absolute magnitude, it 

follows that the circuit 

giving rise to the cross- 
talk should have the 

same impedance as the 

cross-talk meter, if the 

recorded result on the 

cross-talk meter is to be 

strictly correct. Not- 
withstanding this, how- 
ever, the instrument is 

very useful in practice 

even in cases where the 
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impedances of the circuit 
under test and the cross- 
talk meter are not the 
same. This arises from 
the fact that etwineers 
accustomed to such tests 
know by experience that 
a given result on the cross- 
talk meter is associated 
with certain de&nite re- 
sults in working condi- 
tions, which are permis- 
sible if the figures do not 
exceed a certain amount 
which varies with the cir- 
cumstances and is known. 
_ See, for example, the de- 
8 tails of tests on loading 
I coils in Chap. IX. 

In testing underground 
cable circuits for cross- 
talk, a common arrange- 
ment is to join the circuit 
under test for cross-talk, 
and the cross-talk meter, 
permanently in parallel 
during the test, as shown 
in Fig. 133. This ensures 
that the same voltage is 
applied to the meter, as 
to the circuit under test, 
irrespective of their im- 
ped^ces. If the circuit 
length should be altered 
_ „ in the test, as may be de- 
£ ■« sirable, this arrangement 
.0 keeps the voltage at the 
-- sending end the same both 
_ for the meter and the 
cable. If it is desired to 
test with equal currents, 
o as may, for example, be 
u sometimes desired m test- 
^ ing loading coils where the 
, inductive effects larg^y 
f" depend on current, the 
J object may be aclueved 
- by increasmg artificially 
"* the impedance of the cir- 
cuit of^ lowest impedance 
until the testing circuits 
are of equal impedance. 
As an alternative the 
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cross-talk meter is sometimes placed in series with the circuits 
under test, in this case both the meter and the circuit receive the 
same current, but cases may arise where this arrangement is not 
sufficiently sensitive. If the impedance of the cross-talk meter, for 
example, IS much greater than that of the cable, the voltage at the 
cable end will be relatively small, and a relatively small volume of 
sound will result. 

If it is desired to ascertain the amount of cross-talk in commercial 
conditions in any given circuit, the circuit under test is usually dosed 
through an impedance such as is used in practical working — 1000 
ohms IS a convenient value ; it represents the impedance of a common 
battery set in circuit with a long subscribers' cable circuit. If the 
distant end were closed without a resistance, the voltage at that 
end would be nil, and the result misleading on a short line. 

In testing very long circuits a normal condition would be obtained 
by having the distant end open. The current entering any circuit 
under test may be made the same as that in a long line by closing 
the distant end through an impedance equal to the characteristic 
impedance of the circuit, and this is frequently done. 

In orderto detect cross-talk due to capacity unbalance, the most 
severe test is that made with the distant end open. This is because 
such unbalance mcreases with the voltage, and the voltage in the 
line is at its maximum with the distant end open. If the unbalance 
is due to current effects, say the effects of current on loading coils 
giving rise to cross-talk, the most sensitive condition is that with 
the distant end closed. 

Fig. 134 shows the usual arrangement for testing loading coils 
for cross-talk. 
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CHAPTER XI 

THE STANDARD CABLE AND ITS USES. WITH APPLICA- 
TIONS OF TRANSMISSION CALCULATIONS TO PRAC- 
TICAL CASES 

223. The Standard Cable and its Usu. — It has already been demon- 
strated in Chap. V, that the sounds of the human voice are pro- 
duced by highly complex vibrations, and illustrations of this com- 
plexity are there given. As a consequence, a number of cases 
occur in practice where technical information of great value in 
telephonic transmission can only be obtained by comparative 
speech tests. There are, in fact, properties of the voice which cannot, 
up to the present, be imitated by a testing machine having any 
luiown comoination of definite frequencies, as will be evident when 
the following properties of speech are recalled. Of course consider- 
able use is made of machine tests as shown in Chap. IX., but the 
need for supplementary tests will now be dealt with. All voices 
have four important characteristics which are of special importance 
in telephony. These are — 

(a) Volume or intensity. 

(b) Articulation or clearness of speech. Perfect telephonic 
articulation assumes not only that such speech is sufficiently dear 
to be easily understood, but that all the frequencies of the voice are 

f reserved in their relative^ proportions as impressed upon the 
ransmitter. 

(c) Pitch. 

(a) Timbre or quality. 

Now the articulation and quality of the voice cannot be ade- 
quately represented and judged except by speech tests. 

Volume can often be predicted from machine tests, but there 
are numerous cases where such is not the case, as will now be seen. 

The pitch of a voice is often materially modified by passing 
through telephonic lines and apparatus, and ttiis effect is best judged 
by the ear. 

Effects of Frequency on Apparatus. — The effect of frequency on 
many kinds of apparatus is very marked, and there are numerous 
cases where tests at one frequency would give no idea of the result 
obtained by speech. For example, the diaphragms of both trans- 
mitters and receivers tend to resonate at different frequencies, as 
explained in Chap. V., and the properties of such apparatus require 
speech tests to fully demonstrate them. The electrical efficiency 
of transformers and condensers is much greater to relatively high 
frequencies than to low ones. The impedance of signalling apparatus 
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bridged across telephone lines varies largely with frequency. The 
matter is considerably complicated if a number of these items are 
included in the same telepnone circuit, as is often the case, and 
there is no single frequency or combination of frequencies which 
can adequately replace the human voice as a means of correcfly 
finding tne combined volume, articulation, and pitch of speech in 
such cases. The volume can, however, in many cases be predicted 
by machine tests and calculations, at a sii^le frequency, and this 
is of great importance. Attempts have been made to more ac- 
curately represent the effects of the voice than has hitherto been 
possible by means of machine tests, by using several simultaneous 
frequencies. See a paper on "Telephonometry," by B, S. Cohen, 
in ttie professional papers of the Institution of Post Office Electrical 
En^eers. 

Effects of Frequency in Telephone Lines, — As already explained 
the frequency of 600 cycles per second has been adopted as a mean 
frequency for speech, and this usually permits of the possibility of 
predicting the volume of speech when considered independently 
of apparatus effects, in any length of Une. Indeed, for purposes of 
design of circuits, particularly in cables, it is absolutely essential, if 
correct results are to be obtamed, that information of the measured 
effective value of the circuit constants at some de&nite frequencies 
should be available to give data for estimates and specifications. 
It is still, however, highly desirable to make speech tests to deter- 
mine the character of tne articulation, etc. The attenuation in 
lines can often be determined by the standard cable method, 
which also affords a ready means of detennining the terminal loss 
when a suitable circuit length is available. . Speech tests are made 
by means of a standard cable, and its uses may be de&ned as 
follows. 

224. Prlnelpal Usss of t> Staadtrd Cablo. — These are: (a) To de- 
termine the standard cable equivalent of telephone apparatus and 
combined apparatus and lines (such, for example, as common battery 
subscribers cutuits of various lengths); (6) to determine the standard 
cable equivalent of exchange wirmg and apparatus generally (such, 
for example, as cord circuits) ; (c) to find the standard cable equiva- 
lent of terminal loss and transition loss in circuits in cables and 
open lines, and to find also the approximate standard cable equiva- 
lent of such circuits. 

Limitations of the Standard Cable Mtihod. 

[a] The constants of circuits such, for example, as R.L,G, andC, 
cannot be found by this means. 

ib) If the " tone " of the circuit to be compared is very different 
lat of the standard, accurate comparison of the relative volume 
of sound in the two cases is very diffi nilt, but it is usually possible 
for practised observers to arrive at an approximately correct result 
in such cases. 

(c) The personal factor of the observers making the tests may to 
some extent affect the result. This is, however, guarded against in 
England by taking the mean values of tests by three observers. 
Experience shows that some observers consistently obtain a Uttle 
higher or a little lower result than others. 

It may be finally mentioned that the work tends to become 
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monotonous, particularly if the observers are not keenly interested 
in the results. On the other band, the actual observations need not 
necessarily be taken by skilled engineers ; intelligent youths, who 
need not have a high degree of technical training, suftice for the 
purpose, if the work is closely supervised and verified by a competent 
and experienced engineer. 

225. DeflnlUon of Standard ol Trknsmlsiioii. — The measurements 
outUned in the preceding paragraphs involve a transmission standard. 
Just as weights and distances are reduced to pounds and miles so 
it is advantageous in telephone transmission to have a standard. 

Case (a) : To express the attenuation of speech currents due to 
their transmission through lines, or a combination of line and 
apparatus, in terms of the lengthof a standard cable which produces 
the same attenuation as the fines and apparatus in question, when 
the latter, and the standard cable, are in turn joined to the standard 
transmitting and receiving apparatus, and the same volume of speech 
isimpresseduponthe standard transmitter in both cases. Equality 
of attenuation exists when the same volume is received in thie 
standard receiver, from the two combinations which are in turn 
connected to it. The equality is judged by the ear of the listening 
observer at the receiving end of the circuit. (Fig. 1.^2 and the 
test it illustrates funush a simple example of this definition.) 

Case (6) : To express the transmission efficiency of any com- 
bination of lines and apparatus, including transmitting and receiving 
apparatus (when this is not the same as the standard apparatus) in 
terms of the len^h of standard cable connected to the standard 
instruments, which produces the same volume of speech in the 
standard receiver as is produced in the receiver of the combination 
under test when the same volume of speech is alternately impressed 
on the standard transmitter, and the transmitter of the combination 
under test. (Fig. 140 and the test it refers to illustrate this.) 

226. Description of Transmission Standard. — ^This is a telephone 
circuit consisting of two common battery subscribers' telephone 
sets, including 300 ohms resistance, connected by a cable as shown 
in Fig. 135. A similar standard was first used in America. 

The Standard Telephone Set consists of [a) a 6o-ohms bell re- 
ceiver ; (i) a solid-back transmitter ; (c) an induction cod with 
windings having resistances of 17 ohins and 26 ohms respectively ; 
{d) S.2 mi. condenser ; (e) a magneto bell of looo ohms resistance. 

The subscribers' line is represented by an ohmic resistance (g) 
of 300 ohms. 

Exchange apparatus included in the speaking circuii.— The 
telephone set is connected as shown in Fig. 135 to (/), a supervisory 
relay of 70 ohms resistance shunted by a non-inductive resistance ■ 
coil of 30 ohms; (A) a battery of 24 volts (secondary cells). which is 
not allowed to fall below 22 volts ; (A) a toroidal coil with four 
windings each having a resistance of 225 ohms. 

The Standard Cable is a cable containing conductoi^ weighing 
20 lbs. per mileperwire, and having the constants shown in Table II., 
Chap. Vill. This cable is somewhat similar to a number of cables 
which are largely used in local circuits in commercial practice, and 
it is of convenient size for obtaining a considerable length of cable 
circuit loop'in a relatively short length of cable, by doubling the 
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circuit back, These facts probably account for its adoption as a 
standard. The standard cable is so arranged that its length can be 
rapidly varied to give any length — say between one mile and 60 
mues — by steps of one mile. A theoretical switching arrangement 
for such a cable is shown in Fig. 136. The position of the cable 
keys may be changed from position i to position 2 or vice versd, 
but they cannot have an intermediate position. According to the 
position of the key the line controlled by it is included in the speak- 
mg circuit or withdrawn from it. In position i the cable is out of ■ 
circuit, in position 2 it is in circuit. As shown in the illustration 
27 miles of^ standard cable is in circuit for speaking between B and 
C. When any of the keys are in position 2 the lengths of cable 
controlled by them are in series. 

Selection and use of Transmission Standard Apparaius.~\a the 
first instance the apparatus of which the standard speaking set is 
made up. particularly the transmitter and receiver, are selected so 
as to have good but not exceptional qualities of volume, articulation, 
and tone. The standard 'set when so selected (particularly the 
transmitter and receiver) should be carefully preserved, and only 
used for exceptional reference purposes. Heavy currents must be 
carefully prevented from passing through the transmitter and 
receiver. It is advisable that six secondary transmitter and re- 
ceiver standards, at least, as near to the standard as possible, should 
be carefully selected and labelled, with their relative values, and 
preserved for use. These standards should be carefully compared 
with each other at regular intervals, and if any one of them becomes 
defective it must be replaced. By this method the permanence of 
the speaking standard is as nearly as possible preserved, and ex- 
perience shows the method to be fairly effective. Experiments 
nave, however, been made with electromagnetic transmitters and 
non-polarised receivers to secure standards which vary as little as 
possible and the results are promising, 

^7. Zero Loop Standard and Sending and Reeeivlng Allowanee 
Curves. — When the resistances^ and ^1 in Fig. 135 are zero, we have 
the equivalent of a common battery subscribers' line of no resistance ; 
this is usually called " zero loop,' and in such a case the speaking 
range of the apparatus is at a maximum. If a length of cable is 
inserted in the sending subscribers' loop the speaking range of the 
apparatus is reduced, but the same volume of speech as before may 
be obtained in the receiving apparatus, if the length of standard or 
test cable is suitably reduced. For example, if the standard appara- 
tus is used on zero loop at each end, and speech be transmitted 
through 47 miles of standard cable, a certain volume of sound is 
heard in the receiver at the receiving end of the line. If now a 
subscribers' circuit made up of 3^ milesof standard cable be inserted 
in place of g, Fig. 135, in the sending instrument, and the local 
receiving circuit be unaltered, it is necessary to take out of circuit 
a little over 10 miles of the standard test cable, and thereby reduce 
it to about 37 miles of standard cable in order that the volume of 
speech may be the same as that observed when zero loop was the 
condition at the sending end. Similarly, an equivalent transmission 
value or "sending allowance" may oe found for any length of 
subscribers' circuit, as compared with transmission on zero loop. 
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We proceed thus : {a) Lengths of standard cable having all resist- 
ances from to 50001 are tested in the local line as described ; (b) 
The resistances to 500 ohms are then plotted on squared paper, 
against the number of.miles of standard test cable by which the 
total length of standard test cable had to be reduced in the case of 
any given resistance of local line, in order to obtain the same received 
volume of speech with the same impressed volume at the sending 
end. A useful curve is thus obtained which gives the " sending 
allowance far heal lines." 

This curve for the 24-volt system, which is shown with curves for 
other voltages In Fig. 137, shows the effect so far as " sending " is 
concerned of the resistance in the lines of common battery sub- 
scribers. For some less important tests ohmic resistance is used 
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however, of course, capacity as well as resistance, but so far as 
" sending " is concerned, the capacity has a very small effect in 
subscribers' lines in common battery loops made up of small gau^e 
cable, if the resistance does not exceed 300 ohms. This is probably 
■ due to the relatively large effect of the inductance in the exchange 
and subscribers' apparatus. It must not, however, be assumed that 
the subscribers' line acts merely as a resistance for other purposes, 
as its impedance is very different to that of mere resistance. The 
curve shows the result of tests on a subscriber's circuit made up of 
20 lbs, standard cable. 

Receivit^ Allowance Curve. — If the subscribers' circuit at the 
sending ena be kept constant, and " zero loop " be the arrangement 
at the receiving end, we have the condition for maximum volume 
of speech at that end, in so far as that depends on changes in the 
resistance of the subscribers' loop at the receiving end. If, however. 
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a length of subscribers' cable (say 3! miles) be substituted in the 
receiving loop for the zero loop, the volume of speech will be reduced, 



but the original maximum volume due to zero loop can be restored 
by reducing the length of standard or test cable between the standard 
instruments (see Fig. 135) until the required equality of volume is 
obtained. The amount by which it is found necessary to reduce 
the length of the test cable is the"- Local Line Receiving Allowance " 
of the 3J miles in the receiving subscribers' circuit, and similarly the 
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RECEIVING ALLOWANCE 
IN MILES OF STANDARD CABLE. 

Fig. 138. 

" Receiving Allowance " of any and all lengths of the receiving cable 
may be found. If all lengtt^ of cable between zero loop and 5 miles 
of tnis cable are compared in this way a curve similar to that marked 
24 volts as shown in Fig. 138 is obtained. For example, if the volume 
of speech with zero loop at the receiving end is noted when speaking 
over a length of ^7 miles of standard cable (test cable), and two miles 
of cable be then inserted in the receiving circuit , the volume of speech 
will naturally be reduced, but if at the same time ij miles is taken 
out of the test cable it will be found that equality of volume is 
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produced ; this means that 47 M.S.C, + zero loop is equivalent to 
45 J M.S.C. + 2 M.S.C. loop, and therefore 47 — 45 J or ij M.S.C. is 
tiie receiving allowance for 2 miles of standard cable in the receiving 
subscribers' circuit. These figures are given in Fig. 138 where 2 
miles of standard cable in the vertical column or ordinate is connected - 
by the curve with i^ miles in the horizontal line or abscissa, and 
the receiving allowance for any other length may be similarly found. 
In all casesthe ■"allowance" is less than the miles of cable in the test 
circuit ; probably owing to the effect of the apparatus at both ends 
of the relatively short local line acting in conjunction with the 
capacity in the line. 

228. Current Supply Loss Curves. — Every subscriber's line which 
is made up of a given kind of cable has a definite attenuation length 
whichisnumericallythe^S of thecable as givenin Table II., Chap. ■VIII., 
multiphed by the length of the subscribers' line, and this is the 
theoretical receiving allowance for that length of line and type of 
cable, in the absence of the modifying effect of the apparatus at the 
two ends of the local line. Owing to this latter effect, however, 
the receiving allowance varies to some extent from the theoretical 
line allowance, as will be seen by comparing the experimental allow- 
ances in Fig. 138 with the values calculated as just explained. The 
loss obtained experimentally, is often termed the "high frequency 
loss " (this term is also used to denote the standard cable equivalent 
of bridged apparatus, etc., on lines), and this loss forms a portion 
of the sendmg allowance " as well as constituting the receiving 
allowance. In fact, the sending allowance loss is made up of the 
high frequency loss, plus a loss due to the continual reduction of 
current supply to the transmitter, as the line resistance increases 
with the length of the subscribers line. This loss is known as the 
" current supply loss," and in any given common battery system 
it di^>ends only on the resistance of the line. For example, take the 
case of the standard apparatus joined to some definite length of 
local subscribers' circuit made up of standard zo lbs. cable, or of 
10 lbs. cable. The current supply loss is found by subtracting the 
receiving allowance, or high frequency loss, for that length, from the 
sending allowance for the same length in each case, and the difference 
depenc£ on the line resistance only. If a length of 10 lbs. cable is 
selected which has the same resistance as the standard cable (the 
lengths of the two cables in this case of course being different), the 
diflerence between the receiving and sending allowances will oe the 
same in the two cases, as it would indeed be m the case of any other 
conductor having the same resistance, when the standard circuit 
apparatus is used. It follows that if the receiving allowance curve 
is Known for any type of circuit the sending allowance curve can 
be found by adding the receiving allowance curve to the current 
supply loss curve, or conversely the current supply loss curve may be 
found by subtracting the receiving allowance curve from the send- 
ing allowance curve. Fig. 139 has been prepared in this way by 
subtracting the receiving allowance curves m Fig. 138 for 24, 40, 47, 
and 48 volts respectively, from the sending aJlowances curves m 
Fig. 137 for the same voltage values. 

For example, the sending allowance in the 24-volt system for a 
subscriber's cm:uit having a resistance of 300 ohms is lo'S miles 
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of standard cable. The corresponding local line in the case of the 
receiving allowance curve, Fig. 138; is a subscriber's line 3-41 miles 
in length, for the standard cable has a resistance of 88 ohms per 
mile and 88 X 341 =300 ohms. The receiving allowance for this 
line by Fig. 138 is 25 M.S.C, and the current supply loss is therefore 
10-2 — 2-5 = 77 M.S.C. This will be found to be the figure given 
in Fig, 139. 

If the precise receiving allowance loss is not known, an approxi- 
mate senmng allowance may be found by taking the attenuation 
length of the local line, no matter what its gauge may be, and 
adifing the value obtained from Fig. 139 for the current supply 
loss associated with the known resistance of the local line ana the 
voltage of the common battery system in question. In this way 
one curve for one given voltage system with resistances as ordinates 
and loss in standard miles as abscissie will suffice for all types of 



LOSS IN MILES OF STANDARD CABLE. 

Fig. 139.— CaiTcnt Supply Loss. 

subscribeis' cables. Figs. 137 and 13S also approximately represent, - 
however, a mean for aB types of local lines whether overhead or 
underground, and are used in a general way by the Post Office as the 
allowances for allsuch lines. Similarly, Fig. 139 gives theawroximate 
current supply loss for local hnes of all types based on their resist- 
ance. In aAnitting such approximations as sufficiently accurate 
it must be borne in mind that different common battery transmitters 
would in any case give local line sendijig allowance curves which 
would vary more than the sending and receiving allowances of 
different lines vary when their transmission efficiency is assumed to 
change with line resistance only. In arriving at the sending 
allowance curve the mean of the results of tests on a number of 
common battery transmitteis was taken into account. The 
resistance of all exchange cords, heat coils, etc., should always be 
added to the line resistance in computing sending allowances, and 
the high-frequency loss resulting from the introduction of these 
items snould be taken into account. 
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It should be borne in mind that curves such as those given in 
Figs. 137 and 138 depend largely on the type of cord and subscribers' 
apparatus used in the test as well as on the voltage, and if any of 
these values change the curve may change. The curves are given to 
illustrate the metnod of making them up, and they at the same time 
give a general idea of the effect of voltage; but tne apparatus used 
may be changed from time to time. 

ES9. BOeet ol Fixed Reslstanee [n Sabserlbers* Standard Trans- 
mission Cirooit, and Range ot Telephonic Speeeh with Standard 
Apparatas. — As shown in Fig. 135, a resistance of 300 ohms is 
included in the speaking apparatus at both the sending and receiving 
ends of the test cable. As previously stated this forms part of the 
standard transmission circmt. At the sending end of the circuit 
the resistance has the effect of reducing the range of speech trans- 
mission by 102 M.S.C. as compared with the transmission efficiency 
of the sending apparatus on zero loop. In the case of zero loop the 
allowance is o. 

At the receiving end of the line the 300 ohms ohmic resistance 
in the transmission standard set has the effect of reducing the volume 
of received speech by 15 M.S.C. as compared with the received 
volume when zero loop is used. The receiving allowance with zero 
loop is o. In practical work it is advantageous to express the 
standard of transmission in terms of zero loop. 

It is found that commercial speech can be conducted without 
difficulty by means of the standard apparatus with zero loop at 
both ends of the test cable, when the latter is constituted by 47 
miles of the standard cable. A quiet room at both ends and speakers 
with suitable voices are stipulated as necessary conditions. It 
follows that if the standard apparatus has 300 ohms inserted at 
each end of the line the same volume of speech at the receiving end 
of the line with the same impressed volume at the sending end 
necessitates the reduction of the length of standard cable in the test 
cable from 47 to 35 "3 miles, for we now have by the previous defini- 
tions — 

Sending allowance io'2 M.S.C. that is ^ = 10812 
Receivmg „ 1-5 ,, „ =0'i590 

Test cable „ 353 „ „ =37418 

Say ^ = 5 

230. Strength of Direct Current In Standard Local Clrenlt.— If 
the current circulating in the circuit is known and also the tj^w of 
the circuit, the sending allowance can be found. On the other hand, 
it is possible to say what current is required in order that a given 
allowance may be obtained. The following shows the method, 
although the individual items may change. 

The resistance due to the exchange apparatus is as follows in 
accordance with the details already given : — 

Toroidal repeating coils 45 ohms. 

Resistance of supervisory relay zi ohms. 

Extra resistance in office wiring r ohms. 
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Resistance of subscriber's apparatus in sending 
circuit, i.e. solid back transmitter and induc- 
tion coil winding rt ohms. 

Resistance of subscriber's loop R ohms. 

Minimum voltage permissible 22 volts. 

The direct current circulating in the circuit is therefore 



66 + R+f+f, 
The current measured from the external cable terminals at the 
exchange is, if r is neglected, 



If the subscriber's instrument is added on zero loop we have to 
add the resistance of the transmitter — say 60 ohm^— -fthe hne 
winding of the induction coil (17") =60 + 17 ohms. The formula 
then becomes 



If a 300-obms loop is added we have the standard circuit, then 

I =j—^ =o'03o amp. or 50 miUiampires nearly. 

If the resistance of the apparatus at the subscriber's station is 
excluded we have 443 — 77 = 366. 

In that case I = -^ = 006 amp. or 60 miUiampJres. 

If, therefore, we measure the current at the terminals of the line 
in this subscriber's station and know the exchange voltage, the 
resistance is directly obtained, and knowing that the exchange resist- 
ance is 66 ohms, it is evident that a 30Q-ohms line circuit is measured. 
The sending allowance can then be obtained from Fig. 137. A similar 
equation for each voltage may be made. 

281. AppUeatlons of (he Standard Cable HethoA of Testing.— Trans- 
mission losses due to apparatus in bridge and in series in transmission 
lines. The following illustrates the method of using the standard 
cable for this purpose. Suppose, for example, it were desired to find 
the effect on the received volume of sound of bridging two similar 
indicators of relatively low impedance across the middle of a 
length of the unloaded test cable m Fig. 135. This would have the 
effect of altering the received current as compared with the current 
received when the bridges were absent. The effect of the bridges 
in such a case would be determined by finding how much of the 
standard test cable had to be switched out of circuit with the 
indicators bridged across it, in order to produce the same received 
volume of sound in the receiver as was observed at that point 
when the bridges were absent. The amount of standard cable 
withdrawn would be the " allowance " for the bridges. On the 
same principle the allowance for condensers in series, transformers, 
cord circuits, etc., may be found. Strictly speakifK all such trans- 
mission losses apply only to the circuit in which they are observed. 
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as the result depends on the relative impedance of the apparatus 
and line. The results obtained, however, may be taken as an 
average figure applying to other circuits which do not differ largely 
from the uidoadea standard cable in impedance. In cases where the 
conditions differ materially from those in which a given loss is 
found this must be taken into account. It is usual in weU-equipped 
transmission laboratories to have artificial cables to represent 
more than one type of line. The Post Office, for example, has an 
artificial line to represent aerial lines ^ee article on " An Artificial 
Equivalent of an Open Wire Line for Telephonic Experiments," by 
G. M. B. Shepherd in the Post Office Electrical Engineers' Journal, 
Oct., I9i4},and means are also provided for loading the standard 
cable. Not only so but if the conditions are exceptional a special 
artificial cable may be made up on the principles developed in Chaps. 
IV., VI., X., and XIV., and this is m fact often done in the Post 
Oftice Laboratory. Any details of transmission losses which are 
determined by test and tabulated for general use should specify the 
general conditions in which they may oe used. Thus losses due to 
apparatus bridged across the middle of a heavily loaded circuit will 
be different to the same apparatus bridged across the same unloaded 
circuit. ' 

Method of determining the Transmission Efficiency of different 
Common Battery Transmission Systems in Terms of the Standard 
C.B. System. — The standard transmission circuit may be used to 
test other well-known common battery systems of transmission. 
When an occasion arises which necessitates the comparison of the 
transmission efficiency in such cases the testing arrangement is that 
shown in Figs, 140 and 141. Suppose, for example, it were required 
to compare a second common oattery system for transmission 
efficiency with the standard transmission system for long-distance 

{lurposes, sav over a length of 47 miles of the standard cable on zero 
oop. It will be seen from Fig. 140. which represents this case, that 
two lengths of standard cable can be switched into either system at 
the will of the controlling testing officer. A preliminary test of the 
two systems would be advantageous in the fijst instance, using the 
cable of fixed length only, and switching it into each circuit alter- 
nately by the switches at a and b. The speaker at the sending end 
usually counts one to five in a uniform tone over each circuit alter- 
nately, whilst at the same time the receiving observer carefuUy 
notes the difference in the received volume of speech. In all proba- 
bility speech over one of the systems would be louder than that over 
the other system in these circumstances. ■ The variable balancing 
cable is now switched into the system which gives the louder volume 
of-speech, and kept there for the time being, the cable of fixed length 
still being used for comparing both systems as before. A length of 
cable is next inserted in the balancing cable and varied until speech 
over the system in which it is included is of equal loudness to speech 
on the other system. The length of standard cable in the balancing 
cable indicates that the circmt in which it is placed gives louder 
transmission than the other one by the number of miles of standard 
cable in the balancing circuit. In a similar way to the preceding 
tests on zero loop, a comparison can be made for any length of sub- 
scribers' circuit. It would be simpler if a separate standard cable 
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were inserted in each circuit and the length of one of them altered 
until equality of volume in the receiving apparatus was noted ; 
but there would be a risk of the testing cables not being quite equal ; 
this risk is reduced to a minimum in the method adopted, as the 
balancing cable is usually of small length, and any error would be 
confined to that length. The total length of cable in use is also 
considerably reduced as compared with the use of a separate cable 
for each circuit. The switchmg movement of the balancing cable is 
shown in Fig. 141 ; it is ontitted for simplicityin Fig. 140. The two 




Fic. 141.— Switching Movement contiolling the Balancing Cable shovm in 
Ftj. 14a. The Balancing Cable is here shown in the Standard TnnsmisBion 
Circuit. 

key levers shown at K, Fig. 141, are fastened together and move 
always in the same direction, and this permits of easy manipulation. 
'Hie changes from one condition to anotner should usually be as rapid 
as possible, otherwise the accuracy of the observations may suffer. 
This remark aptilies to all standard cable tests and a rapid switching 
device should always be considered. 

A test for articulation would, of course, be necessary in the 
comparison of two C.B. systems ; this should be made with both 
short and long lengths of line, speech being conducted both softly 
and loudly. 
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Having completed the test of the whole system, the transmitters, 
receivers, cords, etc., could be compared witn those in the standard 
circuit, keeping everything constant except the item tested. It 
would, of course, be necessary to bear in mmd that any given item 
might be designed for use on its own system only, and would not 
necessarily give the best results on the standard circuit. Notwith- 
standing this fact, experience shows that such comparisons often 
brii^ useful facts to light. 

Figs. 137 and 1^8 snow the result of a comparison of four common 
battery systems with various lengths of localhne. The comparison 
was made in the Post Office Laboratory, and the curves are taken from 
an article by Cohen and Hill in the Electrician for July, 1916, 

The Relaiive Transmission Efficiency of Telephone Conductors. — 
The following is given as a sim^e illustration which it is necessary 
to understand, in order to follow subsequent explanations. 

If two uniform circuits not differing greatly in impedance am 
sufficient length be compared by a speech test as shown in Fig. : 



e and of 




Fig 143. 
Diagram showing Method of Comparing Circuits. 

it is found that when the speaker at point Mo. I speaks in a level 
tone alternately on each circuit by means of the change-over switch, 
and the observer at speaking point No. 2 finds the volume of sound 
to be equal on the two circuits by a listening test, then the ratio 
between the lengths of the two circuits is always the same. Thus 
if 20 miles circuit length of one cable gives speech of equal loudness 
to 10 miles of the other, then equality of speech will be obtained 
with 30 miles of the one circuit and 15 of the other, also with 40 
miles of the one and 20 of the other. This fact may be expressed 
as follows : — 

iM^h R ~ ^ constant quantity {for equal transmission) . (l) 

This result may be mathematically deduced from formula (16), 
Chap. II. In fact, if the so-called attenuation constants {0\ -pvx 
mile are calculated for any two circuits from their electrical constants 
at 800 periods per second, the same ratio is obtained as in speech 
tests, if the lines do not differ in impedance. 
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Standard Cable Equivalent of Terminal Loss in Loaded Cables. — 
The results of tests such as those in the preceding paragraph may 
also be graphed, and a straight line graph is obtained as shown in 
Fig. 143 (lower curve). The figures graphed are those on page 276. 
In practice, all hnes are compared with the standard cable. The 
attenuation value or standard cable equivalent of this line is taken 
as unity. The advantage of the graphical method is seen when 
the characteristic impedances of the Ones tested are not equal to 
that of the standard cable. In that case we have terminal loss, as 
already explained in Chap. VII. The attenuation law still holds 
good for the current as it flows along the line. In such a case the 
toss of current due to end effects, which may be regarded as quite 
separate from the attenuation loss, would be a fixed amount, no 



MrLES OF CIRCUIT UNDER TEST. 



matter what the length of the hne (if it were long enough), and this 
loss could be expre^ed as equal in effect to the attenuation which 
would take place in speaking over an ascertained length of the 
standard cable. This might be called the standard cable equivalent 
of the terminal loss. It may be shown graphically, as in Fig. 143 
(upper curve). See alsoformula(6i), Chap. VII. The terminal loss 
in Fig. 143 is the S.C.E. between the point where the loaded graph 
-cuts the vertical and zero ; the loaded graph is parallel to the un- 
loaded line graph in this case, because the attenuation constants 
of the loaded and unloaded lines are assumed to be the same for 
simpUcity. This means that the loaded circuit is of less gauge than 
the unloaded one. If the gauges were the same the graphed lines 
would cross. 

Terminal loss can be reduced to a very small quantity by various 
devices. 
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(i) II Speech over the long loaded hnes is conducted from long 
KaJ unloaded lines joined to them (say long unloaded common 



local unloaded lines joined to them (say long unloaded coi 
battery subscribers' lines 4 miles in length) the impedance con- 
ditions are considerably modified and the terminal loss is consider- 
ably reduced. (See Fig, 82.) 

(2) If it is not eliminated a terminal transformer may be used 
to complete the desired reduction. These transformers are made 
so that the impedances of their windings are similar to the lijies to 
which they are connected, and this reduces the loss to a minimum. 
With the most suitable transformers the loss can usually be brought 
below 05 S.M. if the terminal transformer replaces an ordinan' 
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CHARACTERISTIC IMPEDANCE. 
FlO. 144. — Variation of Terminal Losa with Line Impedances. 

<-lbs. Cable, joined 



repeater or transformer. If it does not the transformer core loss 
must be added. 

These points are illustrated in Figs, 144 to 150, which give 
terminal loss curves for a number of useful cases. If the reader 
has any doubt as to the interpretation of these curves the remarks 
on Figs. 80 to 83 should be again consulted. If terminal loss curves 
for 10 lbs. cables on loaded side circuits are required, the method of 
interpolation described in coimection with Fig. 83 is useful for 
obtaming an approximate curve. It should be remembered in this 
connection that the terminal loss value for zero loop is the same 
for a curve of terminal loss in connection with any local hne, seeing 
that there is really no line in circuit. Zero loop values for a lai^ 
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range of impedances. are given in Fig. 144, and these can be used 
to oDtain the commencing point for interpolation on the curve for 



h 
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' CHARACTERISTIC IMPCOANCE 

Fia. 145. 

Same as Hg. 144, but with Tenninal Transformers replaciag the Repeating 

Coila in the Standard Circuit. 

terminal loss on 10 lbs. cables in Fig. 146. Any difference which 
may be observed in zero loop 
curves in different graphs is due 
either to differences in the lines 
and apparatus tested or to ex- 
perimental errors. Figs. 144 and 
145 in this chapter were pub- 
hshed in an article by Mr. 6. S. 
Cohen in the Post Office Electrical 
Engineers' Jourtuu for April, 
■ 1913- 

282. Tranamiulon Sehemes. 
— General Remarks. — The object 
of a transmission scheme is to 
provide engineers with informa- 
tion which enables them to 
design plant in conformity with 
a predetermined transmission 
standard in given areas, and 12 3 

between hxed points, at a MILES OF 10 LBS.CABLE. 

minimum cost. The careful p,^. ,46.-Terminal Lom at both 
preparation of such a scheme ends of Heavily Loaded Side Circuits 
IS therefore of great importance, using Standard Apparatus and 10 lbs. 
The class of service to be pro- Subscribers' circuits. Nornial spacing, 
vided determines to some extent 

the grade of the transmission standard, or in other words the loud- 
ness of the talk to be provided : thus in the case of stations in the 
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same local area or in the case of towns not far distant from each 
other, where the conversation has to be carried on in some cases in 
noisy offices subject to disturbance from street traffic, or other 
causes, it would be reasonable and practicable to provide a louder 
standard of speech than in the case of the longest distance trunk 
service. It would indeed be reasonable to expect that a quiet 
receiving room or a silence cabinet should be provided to take 
advantage of the necessarily small volume of speecn which electrical 
and physical limitations impose in the case of the longest trunk 
connections. If such facilities are not provided this class of service 
is impossible. The two cases supposed are however extremes, and 



"^ MILES OF STANDARD CABLE 

SUBSCRIBERS LOOP. 

Fig. 147. — Terminal Losa at both ends of a Heavily Loaded Phantom 
Ciicoit using Standard Apparatus. NomuU spacing (terminating half a loading 
section from each end). 

there is evidently an intermediate stage between them. We thus are 
led to consider the desirability of different standardsof transmission. 

Tke General Transmission Scheme in the United Kingdom. — ^The 
United Kingdom is divided up into large areas known as " zones " for 
purposes of telephonic communication. Each zone has a telephone 
zone centre or centres through which commuriication with places 
in the same zone and in other zones is effected. 

For very long-distance traffic certain selected zone centres serve 
as principal centres of communication, and it is between these 
selected zone centres that the main arteries of long-distance com- 
munication are provided. Such circuits are reserved for long-distance 
traffic where this is considered economical. 
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In some cases where a second centre, known as a sub-zone centre, 
could be utilized owing to its favourable position with respect to 
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MILES OF 10 LSSXABLC. 

Fig. 148. — Temunal Loss at both 
eads ol Heavily Loaded Phantom Cir- 
cuit Qsiog Standard Apparatus and 
to lbs. Subscribers' Cable. Noimal 
spacing (terminating half a loading 
section from each end). 



MILES OF 10 LBS. CABLE. 



Fig. 149.— Total Tra 
Loss at both ends ol — 

A. Heavily loaded aerial line ter- 
roinatiog i) iMding sections from 
each end. 

B. Lightly loaded nndergrotmd 
cable terminatintf i loading section 
from each end. Using Standard Ap- 
paratns on 10 Ibo. Subscribers' Cabw. 



J. 



MILES OF STAN(MRO CABLE 



other zone centres, and to towns and localities in its own zone, such 
a sub-centre is provided with the object of shortening the lines of 
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communication ajid facilitating telephonic traffic. The outline map 
{Fig. 151) shows the position of the zone and sub-zone centres in 
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England. Scotland and Ireland each constitute a separate zone 
with sub-zone centres at Aberdeen and Belfast respectively. 

Fig. 152 has been prepared to give an idea of the method of 
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providing intercommunication among the various groups ii 
and its communication with other zones. In reality the s 



s m a zone, 

.. .Tie system is 

much more complex than that indicated by the plan, but a relatively 
simple diagram is given to bring out the fundamental facts more 
deariy. The controlling exchanges correspond to the towns already 
mentioned as being the centre of a local system, and the minor 
exchanges are generally smaller towns, or villages, any of which 
might also if necessary communicate with other exchanges than 
those to which they are shown connected. The controlling ex- 
changes control or regulate the traffic between the minor exchanges 
connected to them, and all other exchanges, i.e. they join the minor 
exchanges through to each other or to distant towns, in the order 

[XPlMATORr DIAGRAM Of ZOMt COHUUNICATIOM. 



EmWAIIHIFSIIinLS. 
ielephdne line 

® SUB/WCCrNIK 
O CHTIKIIK EIOWMt. 

V ■!>« Eiouiia 

DC INEUUU OlllUtfS 
Ut mi BIMMHRIES 
□ im CEHIIIE. 




of priority of demand i^espective of the office of origin, and also 
supervise the duration of the calls. All calls ^ssing through the 
zone centre are, however, controlled there. There is a notable 
exception to this method of control, i.e. if any two controlling or 
minor exchanges, each of which is connected to a third through 
which they communicate, have a considerable volume of traffic 
between them, arrangements arc made where possible to organise 
the traffic on a no-delay basis, i.e. the controlling office in such a 
case does not note the time of demand and arrange thecall in turn 
with others, but immediately joins the calling circuit direct to the 
required town. To illustrate this point, suppose we have intense 
traffic between A and B passing through C (Fig. 152), and that the 
necessary junction circuits to cany it exist between A and C and 
B and C. In the supposed case C would simply connect A with B 
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immediately on the demand of A or B for as long as required, if the 
circuits could be spared, and would clear the connection on receiving 
a signal of tennination. 

This scheme gives practically unlimited use of circuits between 
A and B, when they are not required for use for traffic between A 
and C or B and C. 

288. The OeBnitlon of Tianimlulon Standudt.— ^The following 
standards of telephonic transmission were laid down by the Engineer- 
in-Chief of the Post Office in May, 1915, under the heading of 



" PREPARATTON OF TrANSUISSION SCHEHES. 

"The standards of transmission to he provided in future for 
local and trunk traffic will be as follows : — 

" The audibility shall not be worse than that obtained from two 
standard telephones separated by the length of standard cable shown 
opposite the difierent classes of service detailed below. 



Class of service. 
I. Between stations in the same urban area . 
II. Between (a) stations in the same zone. . ^ 
Between (b) stations in adjacent zones and 

not more than 200 miles apart . 
Between (c) stations in any two large com- 
mercial centres where traffic is sufficient 
to justify direct lines between local ex-i 
changes ; e.g., London-Birmingham, I 
London-Liverpool, Bristol-Cardifi ■ . 1 

III. Between (a) stations in adjacent zones and 

more than 200 miles apart ; e.^., Ipswich- 
Exeter 

Between (b] stations in different (not adja- 
cent) zones and not more than 300 miles 
apart 

Between (c) stations (on central exchanges) 
in any two large commercial centres from 
300 to 400 imles apart ; e.g., London- 
Dublin, London-Glasgow ' 

IV. General standard for long-distance com- 

munication between stations in Great 
Britain and Ireland and not included in 
any of the foregoing 



Standaid. 
20 M.S.C. 



25 M.S.C. 



35 M.S.C. 



" In order that the standards quoted above may be attained, 
the standard cable equivalent of the combination of circuits by 
means of which a subscriber reaches his zone centre for a trunk call 
must not be greater than the equivalent of 10 miles of standard 
cable plus a 300-ohm loop, but tne transmission efficiency of the 
combination of line circuits must in no case be inferior to that of 
an equal length of standard cable, that is to say, if the route length 
be three miles the standard cable equivalent of the line must nqt be 
more than three miles. 
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" The standard cable equivalent of the junction circuit combina- 
tions used for trunk traffic between zone centres and the local 
exchanges of their immediate neighbourhoods must not exceed the 
following values : — 

Maximuni standud 
cable equivalent. 

Up to 10 miles route length 5 

From 10 to 15 miles route length 6 

„ 15 to 20 . „ „ 7 

„ 20 to 25 „ „ . 8 

Over 25 miles route length 10 

" These standards include all wiring and apparatus losses." 
284. The Design of a Transmission Soheme. — The economical 
lay-out of a teleohone system to meet a fixed transmission standard 
presents a problem of some complexity. There are a number of 
possible solutions to the problem, which, however, cover a consider- 
able range of cost. The object of the transmission engineer should 
be to obtain the required efficiency of transmission at the least 
possible cost. As a first step it is necessary to settle three important 
matters — 

(a) To define the boundaries of the exchange area. 

(b) To determine the theoretically correct position of the ex- 
change in the area, both as regards the centre of the whole area 
and each separate exchange. 

Jc) To fix transmission standards for local traffic and also for 
ium and long-distance comjnunication. 

The fixing of the boundaries will depend upon the community 
of interest of the prospective groups of subscribers, and also on the 
convenience of administration, bearing in mind that the whole area 
will require to be worked in conjunction with contiguous areas. 

To tind the ideal centre for a local exchange in a given town, a 
list of the known and probable subscribers is compiled. A large 
scale map of the town is then obtained and divided into squares of 
about 32,000 square yards in area. The position of each subscriber 
is marked by a dot in its respective square, and the total number of 
subscribers m each square is then entered in the square. All the 
columns of figures are next totalled horizontally and vertically. 
The sum of the horizontal and vertical columns will, of course, give 
twice the total number of subscribers. The totals of each horizontal 
column are entered opposite to and immediately at the end of the 
horizontal column to which they refer, and the vertical columns 
have their totals entered separately at the foot of each column. 

We have thus two sets of totds, one vertical, consisting of the 
horizontal totals, and one horizontal, consisting of the vertical 
totals, the former being at the right-hand edge of the chart and 
the latter at its foot. Now find a point in each of these columns, 
such that the number of subscribers on both sides of it is equal. 
Thus if there are 50 totals in the vertical column, but the sum of 
the top 20 is equal to the sum of the bottom 30 totals, then the point 
required is at the foot of the 20th total from the top. Lines are 
drawn from each of the points named at right angles to the edge of 
the chart and to each other, and produced tifl they meet in the chart ; 
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the point of junction is the theoretical centre, and the desirable 
or so-called ideal centre is the nearest possible point to it, (See a 

Faper by R. Waring entitled " Development Studies," No. 23 in the 
nstitution of Post Office Electrical Engineers, Professional Papers.) 

The standard of transmission is determined by the general 
scheme already quoted. 

As regards the question of deciding what proportion of the total 
transmission loss shall be allocated to any particular part of the 
total combination of circuits giving a fixed standard of transmission, 
one broad principle continually operate in transmission schemes. 
We have fundamentally to consider some local area consisting, let 
us say, of a large town and its suburbs, together with neighbouring 
smaller towns or villages near to it, all of these places probably 
having a community of interest. This local area, considered as a 
whole, will require to communicate with other areas, the nearer 
ones generally more frequently than the distant ones ; and this 
localization of traffic will probably attain its maximum among the 
subscribers in the most important town of the local area. A number 
of junction circuits will be required for intercommunication among 
the various groups, and the number of these circuits will naturally 
depend on tne extent of the traffic. The subscribers' circuits are 
evidently much more numerous than the junction circuits required 
for local traffic, and these are generally larger in number than the 
trunk circuits required for long-distance traffic. An important 
problem here at once presents itself, for if the subscribers in two 
towns in the same area are connected by a number of junction cir- 
cuits and the whole local system is so designed that conversation 
between the subscribers is m accordance with some predetermined 
transmission standard, it is clear that the efficiency of the junction 
circuit and the subscribers' circuit may each vary considerably, 
and yet the combined efficiency of the two circuits may not exceed 
a given transmission standard. When, however, the cost is con- 
sidered, there will probably be only one combination which gives 
the required efficiency at the cheapest cost, and this will generally 
depend on the relative amount of copper in the two groups of circuits. 
The problem outlined is a very frequently recumng one. In the 
next chapter some notes on the method of attaining the best results 
are given. It will be convenient at this point to anticipate this 
information to some extent. 

Assuming that the positions of the exchanges have been deter- 
mined and the length of the subscribers' lines is known, the standard 
can at once be apphed. 

Suppose we require to determine the circuits necessary for local 
intercommunication between two definite points in the area, it 
being known that the traffic will be sufficient to justify special 
circuits for local traffic. This case is illustrated by Fig. 153, After 
having thoroughly studied the method of determining the transmis- 
sion equivalents m this case the same method may be apphed to 
any other case. We have here two towns A and C (Fig. 153) com- 
municating through a controUing exchange B, and we require to 
find the necessary lines and apparatus to meet the required local 
standard. The standard for local communication anywhere in the 
area is defined in the hst of transmission standards already given. 
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Conversation must never be worse than that obtained when speaking 
by means of the standard instruments over 20 miles of the standard 
cable. At the same time it must be remembered that the subscribers' 
circuit and apparatus must be suitable for long-distance communica- 
tion. 

At this point the specialized data furnished by the Engineer-in- 
Chief's office enables the engineer responsible for the work to arrive 
at a decision as to the type of circuits to be employed. 

CBEx CBEx. LBEx. 

21 H. 41k AERIAL BRONZE N iHigibCAU 



IIEBN junctidii ^--^ 



WCIRClin l^HIISttlBEB' 

ciwurr CIRCUIT "'■"■i-'-"* aimit 



[OHTMUIIK 
EXCHANU. 



Fig, 153. 

Selection of the Type of O^ice Equipment. — The type of telephone 
installation must now be decided; for example, the question arises 
as to whether a common battery or a local battery installation is to 
be installed. The present practice in Great Britain is to estimate 
on a twenty-year basis and to provide common battery installations 
where more than six operators positions are required. The reasons 
for this do not come within the scope of this study. If the number 
of operators' positions will be not more than six a local battery 
installation is provided. 

It is assumed in this particular case that common battery 
worldng will be required at Aand B and a local batterysystem at C, 

Selection of Conductors.— Transmission studies, such as those 
dealt with in the next chapter, show that it is economical to provide 
lo-lb. cables for subscribers in towns generally, and experience 
shows that by far the greater part of them come within a length of 
2 miles. This maximum length and type of cable is assumed for 
the subscribers at A and C. 

The subscribers' line being fixed, and the apparatus at the 
exchange known, the standard cable allowance permissible for the 
junctions may be found. It is, however, desirable in the first 
mstance to eicpress the standard of 20 miles of the test cable plus 
the standard instruments, in terms of the zero loop standard thus, 
remembering that the standard instnmients contain a resistance of 
300 ohms in Doth the sending and receiving circuits. 

By Fig. 137 we have for a 300-ohm loop in the 24-volt system — 

Sending allowance I0'2 

Receiving allowance (experimental result) ... I'S 
Local standard allowance '. . 20'0 

317 

This standard therefore must not be exceeded. 

The losses due to the two lo-lb. subscribers' circuits, and the 
cord circuits, and office wiring at A. B, and C, are as follows. Assume 
in the first case that A is speaking to C, as this is the worst condition, 
as will be seen later. It is to be noted that if communication is not 
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the same in the two directions, the worst case is always to be provided 
for* We here assume that the two most unfavourable subscribers' 
circuits have been selected. The losses involved are as follows : — 

Subscriber at A, z miles of lo-lb. cable in C.B. 24- 

volt system. Sending allowance 115 

Wiring allowance at A 04 

,, B 05 

Cord loss at B I'o 

Wiring loss at C 0"4 

Cord loss ate I'O 

Subscriber at C — 2 miles of lo-lb. cable in local battery 
system — receiving allowance (by Table II., Chap. 

VIII.) . . .^ 314 

i7'94 

(The subscribers' receiving apparatus is assumed to be equal to 
the zero loop standard.) 

Deducting 18 m.s.c. from the available 317 m. standard we have 
I3'7 miles of standard cable for the jimction cm:uit3. 

If the 20-mile junction is made up of 40 lbs. bronze, the transmis- 
sion equivalent is 7 m.s.c. In view, howev e r , of th e fact that the 
characteristic impedance of this line is 1581 \37°46' ohms, the ques- 
"'■■'* ■ in. If the 



tion of terminal loss requires examination. It the necesMiiy infor- 
mation is not available from existing records it will be necessary 
to investigate the matter. If the bronze line be taken as sufficiently 
long to approximate to an electrically long line, and the apparatus 
and 2 mues subscribers' line at C has the same impedance as the 
standard apparatus on a similar local line, the transmission loss at 
C can readily be calculated. In any case, when the impedance is 
known the process of calculation is the same, and it will be convenient 
to assume that the impedance is that of the standard apparatus on 
a line with a resistance of 350 ohms or 4 miles of standard cable, as 
in Fig. 85, and that the bronze line is sufficiently long and has the 
impedance shown in Table II., Chap. VIII, Of course this assumption 
is not strictly correct, but the bronze line is extended by two others 
before reaching the subscriber at A. Mr. A. J. Aldridge, in his paper 
on " Practical Application of Telephone Transmission Calculations," 
referred to in connection with Table II., found that in the case of 
composite lines a constant value is reached when the lines have 
values approximating to 8 m.s.c. This is not far from the 7 m.s.c. 
equivalent of the bronze line in question. If some such assumption 
is not made the calculation becomes very complex. It can, however, 
be dealt with by constructing the eqmvalent n or T circuits, or by 
graphical methods such as that used by Mr. Aldridge. On the 
assumption we have made, however, the loss at C is found by example 
number i to be 05 m.s.c. The loss at the ^oint at B on makmg 
the same assumptions as to sufficient length is by example number 2 
I'I5 m.s.c. It is to be noted that any error resultmg from the 
assumption that the lines are long enough to have a constant 
impedance is likely to be that a loss somewhat too great will be 
obtained. This is because the effect of electrically short lines 
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inserted between long lengths of other lines, as illustrated by Fig. 84, 
is to decrease the loss, until, when the line is very short, the loss 
disappears altogether. It should be noticed that the ratio of the 
impedances of the bronze circuit and the standard cable is 277 withan 
angle of only 5}degrees. The effect of the angle ishere very small and 
the result obtain^ in example i is nearly the same as that obtained 
from Fig. 81, i.e. the case where the angle is neglected altogether; 
this is generally true when the difference of the angles involves a 
small figure. 

From the preceding remarks it will be seen that the transmission 
loss at the junctions B and C amoimts to 115 +05 = 1-65 m,s.c. 
To arrive at this loss we have in the case of each end of the line 
assumed the bronze length to be inserted between two equal im- 
pedances and have divided the resulting loss by 2 to obtain the mean 
in both directions. The 20 miles junction circuit with its terminal 
loss will therefore account for the total of 7 + 165 = 865 m.s.c., 
leaving 137— 865= 5 m.s,c. nearly, available for the 5-miIe junction 
circuit between A and B. If underground work is suitable as 
assumed, then 20-lb. cable would suffice, if the capacity of this cable 
were 0054 mf . per mile, as it would have a standard cable equivalent 
of 5 m.s.c. If the capacity were higher this would be increased 
accordingly, and the cable would not meet the case. If, however, 
40 lbs. bronze aerial wire were more economical and an open route 
suitable it would be used. In this latter case there would be ample 
marein of transmission efficiency, and the question of terminal loss 
would not be important. Its amount, however, would be ea^y 
found, for we have then a sufficiently long length of 40 lbs. bronze 
between two equal lo-lb. circuits, and this has already been dealt 
with. 

In dealing with cord and wiring losses the remarks under the 
heading of " Apphcations of the Standard Cable Method of Testing," 
should De borne in mind. 

Notes on the Standard Cable Values found in the preceding Example. 
— The sending allowance due to the z miles length of lo-lb. cable 
is found by taking the receiving allowance of a 350-ohm loop on the 
24-volt system from Fig. 138 and adding it to the current supply 
loss for the same resistance in Fig. 139, m order to illustrate tms 
method. 

It will be observed that nothing is shown under the heading of 
cord loss at A ; this is because the cord circuit is included in the 
standard test instrument. 

No terminal loss is involved at Exchange A because the standard 
cord circuit with a 350 subscribers' circuit is connected to a length of 
standard cable. 

Modification of Allowance when sending from C to A. — Assuming 
that cords of similar impedance are used in both directions the sum 
of the transmission values between A and C will be unaltered, but 
the sul)scriber5' circuit values will be modified as shown hereafter. 
It should be noted, however, that the outgoing exchange cord has 
sometimes a different value to the incoming one, and this should 
be watched. As this does not affect the principle of the example 
we assume the same value in both directions. Suppose that an 
ordinary micro-telephone is used at C. This instrument has an 

V 
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allowance of 7'5 m.s.c. as compared with zero loop. The trans- 
mission losses in the subscribers' circuits are as follows : — 

Hika of Standard Cable. 
Subscribers' apparatus at C, sending allowance {as 

compared witn zero loop standard) 7'5 

Sut«Cnbers' line at C, 2 miles of lo-lb. cable . . . 3-14 
Receiving allowance of subscribers' line at A by 
Fig. 138 .. . . ■ 30 

13-64 

A reference to the previous list of losses will show that those 
due to the subscribers' circuits when sending from A to C amount 
to 1464 m.s.c, and it is therefore evident that the loss is greatest 
from A to C. This condition should therefore be provided for. 

This difierence of transmission in two directions does not conflict 
with the conclusions in Chap. XIII. as to communication being equal 
in two directions in stipulated terminal conditions, because in the case 
of Chap. XIII. equal voltages are applied to the ends of the line, 
whereas owing to the efEect of the resistance of the common battery 
circuit on the battery supply, the effect in sending and receiving is 
different in the present case ; and moreover the apparatus at the 
two ends is not alike, so that different voltages are apphed at the 
two ends of the circuit. 

Junction CircuUs for Trunk Traffic. — If the junction circuits 
are to be used for trunk traffic as well as local traffic they must be 
of such an efficiency as to provide for the more exacting requirement, 
i.e. long-distance commumcation, and this is a very common case in 
small exchanges. If there is cfne group of circuits set apart for 
incoming circuits and another for outgoing circuits, then all tne long- 
distance work will be carried over the outgoing junctions ; and these 
must h6 of higher efficiency than the incoming junctions. 

285. Tram mission Lossm.— Generally speaking such losses may 
be divided into line losses, apparatus losses and wiring losses in offices. 
It is a fundamental condition for finding the losses by calculation that 
the impedance of the lines and apparatus involved should be known. 

Line Losses (i.e. Terminal am Transition Losses). — If the lines 
may be assumed to be sufficiently long, formuhe for the calculations 
will be found in Chap. VII. The graphs of terminal losses and 
transition losses in Cnap. VII. and the present chapter furnish a 
large amount of information on this point. If calculations are 
required for short lines the data in Chap. VII. show how to calculate 
these results if Fig. 84, Chap. VII., does not apply. 

Losses due to Apparatus bridged across Lines. — If the line is loiig 
enough such losses may be calculated from (34), etc.. Chap. XIIL 
Such losses are practically the same at the sending and receiving 
ends of a line. For lines of high impedance, however (heavily 
loaded lines) , it will be found that the losses due to bridged apparatus 
are greater at the centre of the line than at the ends, and may 
amount to double the loss at the ends ; they are greater in loaded 
than in unloaded lines. For low resistance circuits, i.e. for most 
unloaded lines the losses are greater at the ends than the middle. 
These facts are deduced from the study of the formulae in Chap. XIII. 
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Losses due to Transformers and Condensers in Series in Lines. — 
As a rule these losses are obtained experimentally. The losses due 
to condensers in unloaded lines are nearly the same at the ends and 
the centre. In heavily loaded lines they aie greater in the middle 
than at the ends of the circuit. 

Combined Losses due to Apparatus in Bridge and in Series in 
Transmission Lines. — It has Deen shown by Messrs. K. Ogawa and 
T. Arakawa, in their article on " Telephonic Transmission Losses," 
in the Telephone Engineer for December, 1917, that if the impedance 
of the apparatus in series is relatively so small and the impedance 
in bridge is so large that the apparatus loss is small compared with 
the attenuation loss in the lines, then the sum of the separate losses 
will represent with sufficient accuracy the combined loss. The 
authors referred to find that this rule is of very general application. 

Office Wiring. — Wires of a given gauge in siUc and cotton cover- 
ing or in sjllt and wool covering wilTgenerally have a transmission 
loss about one and a half times that of wires of similar weight as 
given in Table II., Chap. VIII. The average loss for a small exchange 
IS 0"4 m.s.c. ; for a medium sized exchange 06 m.s.c. ; and for a 
large exchange i m.s,c. 

The following list of transmission losses is in use in the Engineer- 
ing Department of the Post Office. The varying resistances given 
are, of course, for identification puiposes, and do not give a reuable 
clue to the transmission losses. It may be mentioned that the 
current circulating in electromagnetic apparatus may have a material 
effect on transmission losses. 

The following table gives the etjuivalents, in terms of standard 
cable, of various apparatus when joined up in shunt across telephone 
circuits :— 

TABLE I. 
Transmission Equivalxmts ot Apparatus. 



Bell magneto, toooai 

„ , looouiiQ series, witb 2 mf. condenser 
Coil bridging. 6oo((> 

„ 600 -|-6oou> 

Translormer 7 teiminal, when used as bridging coil 
Coil retardation, 60001 

Indicators (tubular type), looou) .... 

Relays, loooitf , . 

Coils, repeating, 37A 

4CK)5A 

4006A 

Transfoimer No i 

„ 7 terminal 



These values 
:e the losses 

formation. 
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The following table of impedance of apparatus is taken from 
Mr. A. J. Aldndge's " Applications of Telephone Transmission 
Calculations," read before the Institution of Electrical Engineers 
on May 30th, 1913. It relates to items extensively employed in 
the Post OflBce Telephone Service, and m^ be applied to obtain 
useful results from the formula in Chap. XIII. 

The following details of impedance are taken from the records 
of the Post Office Engineering Department : — 



Transformer 4006A . 



800] 

600 1 0'5 milliamp 
1000. 



Telephone for Local Line, P.O. ' 
type I 

Telephone for Local Line, N.T. | 
Co.'s type , 



03 milliamp 




The impedance was measured at 2vf = 5000. 

S86. Trans mlssioB Reflordt. — Records under the following heads 
are desirable in every telephone area. A complete survey is not 
necessary, but the information should be recorded and kept up-to- 
date. The information available should include in all cases the 
mileage, details of line conductors, and apparatus and wiring in 
exchanges, together with the highest standard cable value in any 
group of circuits. 

A convenient arrangement of details is as follows : — 

(i) Subscriber connected to each exchange (including private 
branch exchanges, etc.) sending and receiving allowances. 
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ii) Local junctions (incoming, outgoing, and combined), 

(31 Trunk junctions. 

[41 Cord losses and wiring losses at exchanges. 

(51 Terminal losses. 

(6) Trunk circuits. 

(7) Losses due to apparatus in bridge or in series other than 
cord circuits. 

With this information available it is possible to find the standard 
cable e<]uivalent of any combination of circuits having the greatest 
transmission loss in any direction by simple addition of the standard 
cable valuesi 

The late National Telephone Co. made a large number of trans- 
mission records of the areas in the United Kingdom, and did much 
valuable work in this connection. This information is ^till in exist- 
ence and is used by the officers of the Post Office. 

287. Use of the Minus Sign to denote Qtia In Transmission. — 
Cases mav arise where a transmitter or receiver gives louder trans- 
mission than the standard apparatus on zero loop. By comparison 
with the standard apparatus this represents a relative transmission 
gain instead of a loss. Suppose that we have to deal with such a 
case. It is evident from the example dealt with that all the losses 
are added together to ascertain whether the combination comes 
within the standard allowance. So long as there are nothing but 
losses the question of prefixing the plus or minus sign to the figures 
does not enter into the matter, but if losses and gains come into the 
algebraic sum then we are called upon to decide whether the losses 
shall be called +, as was the frequent practice of the Post Office, or 
~, as was the practice of the National Telephone Co. In view of the 
fact that the National Telephone Co. had by far the largest number 
of local systems, and naturally also of records referring to them, it 
is clear that considerable confusion is avoided by keeping to the 
National Telephone Co.'s practice, so far as transmission schemes 
are concerned and in many other cases. 

S88. Importance of the Haltttenanee ot Transmission Standard. 
—Before concluding this chapter attention is called to the import- 
ance of maintaining a standard of transmission when once it is laid 
down. The fixing of a standard involves the supposition that the 
cost of providing it has been fully considered on the one hand, and 
balanced against the benefits to the department and the public on 
the other hand, the conclusion being thatr the maintenance of the 
standard is in the best interests of all concerned ; and it should not 
therefore be departed from except for very serious reasons. If, for 
example, a reasonable standard were degraded the inevitable result 
would be complaints and loss of traffic and probably in the long run 
nothing would be gained. On the other hand, if conductors are 
provided giving better transmission than the transmission require- 
ments, unnecessary expense is involved. It must, however, be ad- 
mitted that cases may arise where the expense of bringing very 
unfavourably situated localities within the general standard would 
be prohibitive ; such cases should only form a small proportion of 
the whole if the standard is to be worthy of its name. 

A problem which frequently arises is as to whether for local 
convenience or some reason which in itself may be desirable, it is 
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permissible to slightly reduce a stand^d of transmission between 
two given points. It can generally be shown that if the propped 
reduction (even half a mile of standard cable) had been permissible 
much more economy could have been effected in using thinner 
conductors in the first instance than is likely to result from any 
present economy. Further, if any such small deterioration is allowea, 
it is not likely to be limited to onecase, and the accumulation of such 
cases would have a very serious effect on the transmission of the 
country in the long run. 

(For examples on Telepbomc Development, see Chap. XII.) 
Example i. — Find the lenninal loss between a subscribers' C.B. 
circuit of 350 ohms resistance in lo-lb. cable and a long length of 
40 lbs. bronze. 

In this case it will be convenient to find the loss with similar 
apparatus to that described at both ends of a long length of 40 lbs. 
bronze circuit. The relative fomiula is No. (60), Chap. VII., or 

The impedance of 40 lbs. bronze is taken from Table II., 
Chap. VIII., and of the 2 miles subscribers' line from records. The 
impedance taken in this case is that of a 10 lbs. line of 350 ohms, or a 
line 2 miles in length. Continuing the calculation, we nave 

A = i + Ki-867\5o'5'+o53o /50°5') 

= J +i{i-2io ->i-447 +0-340 +;o'407) 
= l + i(i'55o— ;i040) =i+o^87— ;o-26o 
= 0887 —yo'26o = 0*9243 \ 

This is the vector whose log. gives the required equivalent pi or 
log, 0-9243 = —00787 

Expressing this in terms of mUes of standard cable, we have 

^^^=-«742 

This is an apparent gain of nearly | m.s.c., but by comparison 
with the standard cable when connected to the standard instrument 
it is a loss. Since the latter, by Fig. 82, on a 4-mile length has a 
gainof I78m.s.c. The loss is therefore 178— 07^2 =1038 m.3.c. 

This is the loss at both ends of the 40 lbs. bronze line, the average 
loss in both directions (sending and receiving) for one end is 

1038 
^-= o-5m.s.c . 

Example 2. — Find the transition loss between the standard cable 
and a 40 lbs. bronze circuit, both lines being assumed to be long. 
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By Table II., Chap. Viil., we obtained the required impedances 
whence A = J + 1(^ + ^\ as in Example i, or 

A = j -I- ^/ I58i\37° 45' I 57l\43' i6' \ 
V 571X43° 16' 1581X37° 45'-* 

and proceeding as in Example i we find that -^^ = 2'3. 

As before the loss for one end of the line is half or — = i '15 m.s.c. 
2 ' ■ ■ - '■■' 
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CHAPTER XII 

SOME COST PROBLEMS IN TELEPHONIC TRANSMISSION 

288. The Hinimnm Coat of a Irfiaded Undergronnd Cable, fnolndlng 
Cftlls, for a flTen Tranimliiioii Sffleleney or Equated Lensth, — Staie- 
ment of the Probiem.—The cost of a long underground cable may 
amount to a sum in five figures expressed in pounds sterling. 
Assume that the circuits in tne cable are required to have some 
known attenuation constant. It is known that this constant may 
be obtained by means of conductors of very different weight per 
mile, when combined with suitable values of inductance : thus if 
a cable with an attenuation constant of 0016 is required, this 
could be provided by stock types of cable conductors consistine 
. of do lbs., 70 lbs., or 100 lbs. per mile, combined with standard 
loading coils providit^ 210, 52, and 24 milUhenrys per mile re- 
spectively, but the relative cost of coils and cable and the total 
cost of a cable pair loaded with the necessary inductance per mile 
would be very different in the three cases. An important factor in 
the choice to be made is the relative price of the cable pairs aod 
loading coils. There is some combination of cost of a cable pair 
and its loading which constitutes a minimum. It may happen that 
a study of ccsts based on the available stock items alone gives a 
price far from the minimum, and it is evidently desirable to know 
the extent of the difference, so as to determine whether any laige 
saving would justify a new stock item, especially if a. similar 
requirement were likely to recur. 

By means of the following formula, due to the author, a price 
P is obtained for any combmation of conductor resistance and 
inductance per mile, wliich will give the required attenuation 
constant. The constants A, B, ancl Ci, as defined bereaJFter, must 
be known, and from them Xg is found. Both the required resist- 
ance Rg and inductance L^ are functions of a:^, and they can be 
readily obtained from it. 

The proof involves considerations of some complexity ; but the 
application of the formula is not difficult, as shown by the example 
at the end of the chapter. In view of the high cost and possible 
economy to be obtained by studies of this kind, they are of course 
highly desirable. The formula is 



■'=^"+^+.i)+il^, ■ ■ • « 



All the symbols in the equation relate to one mile of cable 
conductor pair. The resistance R and inductance L of one pair, 
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and the resistance Rj and inductance Lj o£ a second pair, referred 
to hereafter, are resistances and inductances which give in every 
case the same fi. 

P = the combined cost of one cable pair and its loading. 
A = RPi, where R is the re^tance of a known and selected 
conductor pair and P^ its cost. 

B =W^^Pj. where x = y^. L» is the maximiun possible loading 

of the conductor of resistance R, and L is the necessary 
loading which combined with R, gives fi. Pg is the total 
cost per mile of providing L, and includes coils and manholes. 

C,=R('« + 2+^) = rAji + 2+^). Here *s = x^. which U 

the maximum loading L*t for Rg divided by an inductance 
Lg, which inductance, when associated witti Rg in a cable 
pair, gives the required fi. Rj and Lg are the unknown 
values to be found from x^ from equation (i). 
Xi is defined under Ci. 

240. Proof of Equation (1).— (a) The relation between the in- 
ductance per mile and the distance altart and cost of the coils. — From 
{17), Chapter IX., 

CDL, = 25 (z) 

If L is the inductance per mile of a cable pair, neglecting its 
small natural inductance, we have 

^'_L or L, = LD .... (3) 
Insert this value of 1* in (2) and we obtEun 

CLDS=25 or LD==^ and v'1:D=^^ . (4) 
It is assumed in this case that C is a constant and therefore the 
product VLD in (4) is a constant and equal to */ ,P. 

If L in such a case is multiplied and divided by a, {4) becomes 

V5I^rVf <5) 

From this it is evident that if I, is increased a times the distance 
D between the coils is reduced -^atimes, since a/t^ is constant. 

Example. — (a) If the inductance per mile L is quadrupled, the 
distance between the coils must be halved if nothing else changes. 
It follows that the price in this case is doubled, ance the nuniber 
of loading coils and loading points is doubled. 
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It follows from (4) that the cost of loading varies as the square 
root of the inductance per mile. 
Now bv (4), Chap, fx., 

■•■"IjTi '^' 

and as shown in the definition of B 

x = -Y^ or L = — ■ 
L X 

and therefore by (6) ^ = - ^. = L 






Similarly for any other conductor Rj. with a maximum i 
ductance L»g. we have 



Dividing (7) by (8) we have 



I by (8) we have 

/UTTi^- _ / R . (ri+c)" /r_p, ,„, 
'Vi^'^cr,-,/ (Hi_(.gv ''-^ Vl,-p. '9' 

The relation of cost &, where P3 is the cost of Lj, follows from 

the fact that the price varies as the square root of the inductance. 
Since Pj, the price of L, is by supposition already known, then 
from (9) 

Cost per mile of Lj = P, = Ps\/& X - . . . (10) 

but Pj*/^ = B and therefore Pg = B,^/^ . . (11) 

(b) Cost of a Pair of Condvctors in an Underground Cable. — The 
prices of the copper conductors, whose resistances are R and Rj, 
are asswned to vary inversely as their resistances. If R is the 
resistance per mile loop of a cable pair which costs ;£Pi per mile, 

then the cost per mile of the cable pair of resistance Rj is p-Pj- 

In a cable made up of pairs all of the same. weight, this price is here 
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taken as the total cost of the cable divided by the number of pairs 
in it. If the price of Rj is called P4, then 

where W and Wj are the weights per mile of coj^r in the con- 
ductors of resistance R and Rj respectively. 

(c) The Relation between R, L, and x, and R^, L^, and x^. — From 
App. VII. we have 

R(«+2+!).R^^ + .+i) . . (13) 

where » = ipand*! =i^- From this it is seen tltat L is a 
function of x, and from (13) we liave 

from the definition of C) already given. 

(d) Formation of Equation for the Total Price of a Loaded Cable 
Pair. — The total price, P, of a loaded cable pair of resistance Rg 
and inductance Lo having a fixed attenuation ^, is the sum of 
Pa and P4, and by (11) and (12) this is 



P = ^i + B, 



but by definition RPi =A, and from {14) Rj = 1 

Xi 

Substituting these values of RPj and Rj in (15) we obtain 

=^'^+2-^-i-')+ EiiSi 

=r.("+^+r>|^i,- <'^) 

We have in (16) an equation with only one unknown quantity, 
Xi. Bv means of this equation the minimum cost of a cable pair 
in combination with loading coils giving a fixed attenuation constant 
^i may be found in two ways : — 

(i) By means of a graph showing the relation between x. and 
the total cost P, as shown in Fig. 155 {see Example i). From 
this curve the minimum price P, and the corresponding value 
of Xj, are found, and Rg ana Lg then deduced from (14) ana (8). 
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(z) By differentiating (16) and finding the mini-num vaJue of 
Xi, and then substituting this value of x^ m (16). 

Using method {2) we have by differentiation of {16) 

_A/ 1\ BVC, . , 

-cA i?) O^T+l? ■ ■ ■ ■ ™ 



-I? 



For a maximum o 

This gives a minimum value. 

From this equation x^ can be found when the value of - ^'^ 1 
has been computed from known constants. In order to facilitate 
the solution of (19) the value of ^i ~ A){*8 + 1)' has been com- 
puted for all values of x^ between i and 10. The relation is shown 
by Fig. 154. 

{e) Comideralions affecttng the Phantom Circuit. — When the 
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we^ht of conductor of the side circuit and the spacing distance of 
timcircuit are fixed, there Is only a limited choice as to the re- 
sulting efficiency of the phantom circuit. In such a case all that 
can be done to obtain the best result is to consider the efficiency 
of the loading coU to be used in relation to its cost, and to load as 
heavily as the distance apart of the manholes permits, having due 
regard to the spacing rule (C.D.L« = 25 in this case). It appears at 
first sight as though the transmission efficiency of the pnantom 
circuit would be materially greater if heavy ^uge conductors are 
used as compared with the results obtained with lighter ones. 
This, however, does not necessarily follow unless we have freedom 
of choice as to the spacing distance apart of the manholes, and 
such is usually not the case. The effect on the phantom circuit 
of a given loading of the side circuit should, however, be carefully 
considered. If fml advantage is taken of the spacing rule to place 
coils in manholes as wide apart as possible, it will be found that 
in air-space underground cables side circuits require closer spacing 
than phantom circuits to produce the same attenuation constant. 
As a matter of fact, the phantom circuits in the London-Liverpool 
cable {see Chap. IX.) are about 15 per cent, more ef&dent for 
transmission with the same spacing distance than the side circuits 
on which they are superimposed. The figures given are, however, 
by no means rigid, and the improvement of 15 per cent, may be 
exceeded. If, therefore, the side circuit is deigned for a given 
efficiency, we know that thephantom circuit will, generally speak- 
ing, be somewhat better. The method here adopted is tnerefore 
to aim at a definite efficiency for the side circuit without specifically 
mentioning in the calculation the efficiency of the phantom circuit. 
The full cost of loading that circuit is, however, taken into account, 
and the efficiency of the phantom circuit is largely determined by 
the loading distance of the side circuit (see para. 230). 

(f) Note on the Assumptions made as to Costs of Coils and Con- 
duaors — Loading Coils. — -If the loaded circuits are all of the same 
gauge and are not phantomed the matter is relatively simple, and 
nie cost follows the rule given without qualification. If, however, 
the circuits are all superimposed, then, as a general rule, these 
circuits have not the same inductance as the side circuits, if they 
are calculated for the same efficiency. For costing purposes we 
have to consider that, as a rule, only one set of manholes will be 
used, and that it is the coils which require the closest spacing 
which fix the cost. When the spacing distance is fixed, the plan 
here adopted is to assume a certain necessary cost for laying the 
cable in the absence of the coils, and to add to this the cost of the 
coUs and any extra charges, such as manholes for the coils and 
chaises for their installation. These added items are included in 
the cost of loading. When once the cost for providing, accom- 
modating, and fixing one loading jwint is calculated, the cost per 
circuit per manhole is this cost divided by the number of coils at 
one pomt. If the circuits are phantomed tne cost taJcen is that for 
a phantom unit or three circuits. Knowing the number of loading 
pomts and the length of the cable, the cost per mile is then easily 
found. It is assumed that the cost of laying the cable will be 
the same whatever gauge of conductor is selected. 
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Conductors. — The supposition that the cable space required is 
approximately in proportion to the relative weight of the con- 
ductois is based on the practice of the British Post Of&ce, and the 
thickness of the lead sheath is also taken as being approximately 
a simple function of the diameter of the core for sufficiently lai^e 
cables. For a capacity of 0'o65 mf. per mile wire to wire, the 
spaces allowed per pair for multiple twin conductois suitable for 
superimposing (20 lbs. per mile and over) are given in para. 153, 
Chap. VlII. 

241. The HlnlmDm Coat of » Composite Loaded Ondorgioand 
Ctble, Inetiidiiic Phkntom Colli, the Cible haTlng • Olven Lei^th 
and « FIted Equated Length. — If a loaded cable contains two or 
more types of conductors the use of one set of loading points for 
all types of conductors simplifies the maintenance <» the cable 
and permits of considerable economy in the construction of man- 
holes for the coils, even when the ideal loading points for the 
difierent types of conductors employed are not the same. The 
calculation of the minimum cost is, however, more complicated 
in the case where only one set of loading points is available. If 
each set of conductors of different types were unrestricted as 
regards loading points, the method of calculation explained in 
para. 240 could, in fact, be employed. It may be remarked 
that the restriction of loading points, which follows from the fact 
that if we are confined to one set of manholes we can only make the 
theoretically best air^igement for one type of conductor, renders 
it impossible to obtain the minimum theoretical cost for more 
than one set of dreuits in the same cable at one time ; and, more- 
over, it does not follow that this minimum, when taken m con- 
nection with the costs for the other types of conductor in the 
same cable, will give the best total value. 

The minimum cost for a cable containing two tj'pes of con- 
ductors, both fully loaded for phantom working, wiU now be 
considered, but the principle outlined will apply to a larger number 
of circuit types with only one set of loading points. The following 
is a method of finding the minimum cost : — 

{a) Find the required attenuation constants, as explained in 
Example i. and then find thevaluesof A, B, and Ci. The following 
notes may be of assistance in calculating A and B. The value of 
Ci apparently presents no difKculty. The cost of a pair in this 
case may be deiennined as follows, bearing in mind the limitations 
as to accuracy already laid down. Let the weight of one mile of 
single wire of one type be called a and the wei^t of a mile of the 
other type be called b, also let the total weight of a length of 
one mile of all the combined conductors in the cable be called e ; 
and, finally, let the total price of one mile of the cable be called a 
pounds sterling. Then the price per mile of two pairs required 
for a phantom unit is 



Cost of two pdis of type a = ^) 

i.\ (20) 

Cost of two pairs of type b = a-- 1 

The resistance of the selected conductor pair per mile multiplied 

Digilized by Google 



y>4 TELEPHONIC TRANSMISSION 

by twice the cost of a pair per mile gives the required constant 



A in each case. IJ the same coil is used for each type of side circuit 
and if the coils to be used for the two types of ptuuitom dicuit are 
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alike, then the cost for loading will be alike for both types of 
circuits. In any case, the cost per mile for loading at some e^ven 
spacing distance must be known for each loading tinit m&ae up 
'oT two sides and one phantom circuit. When these data are 
known, B can be calculated as in Example i. 



Km 

: 

X 

034 



(b) After finding A, B, Ci. and «j, construct graphs similar to 
Figs. 155 and 156. 

(c) Next construct two curves on one and the same graph, 
showing the relation between the price per loaded pair multipGea 
by the number of pairs of each type, and the inductance or the 
pairs of that type corresponding to the price P and P,. Thus, if 
there are n pairs of one type and m pairs of the other type, ^and 

X 
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the price of one pair is P as determined bv equation (i), and the 

firice of the other type is Pa as determined also by equation (i) 
hen the total price of all conductors of the one type is »P and 
of the other t^)e mPa. The corresponding inductance of a pair 
whose price is P or Pa is found from graphs such as Figs. 15s and 
156, which are supposed to be available, and Lg is then plotted 
against the price «P, and on the same graph another curve con- 
necting Lj and nP« is constructed. 

(rf) Find the least sum of the ordinates of these two curves 
for any one given value of Lj ; this is the minimum cost of the 
cable. 

To prove that the minimum cost of the cable is obtained with 
circuits of different types having the same inductance Lj^, where 
this is possible, and when only one set of loading points is used, 
we have, by paras. 239 and 240, 



C,-R^.,+.+i) 



It is evident from this equation that as Xf is made smaller (and 
consequently Lg is increased) Rj is increased (see (14)], and there- 
fore the weight and cost 01 the conductor are rMuced. Now, if 
any selection whatever of two values of inductance for the two 
sets of circuits is made from the graph for the loading of the two 
types of conductors in question, and one value of La is higher than 
tne other, this fixes the loading point, which must be that for the 
higher inductance in order that both circuits loaded by these 
inductances fulfil the spacing rule {17), Chap. IX, Now, by 
hypothesis the circuit having the lower inductance must be 
fixed at the same point as the other, since there is only one set of 
manholes, and therefore its inductance m&y be increased without 
cost until it is equal to the other. It then follows, as pointed out 
in connection with the preceding equation, that the conductor 
resistance must be increased to keep the attenuation constant of 
the same value as it was before L was increased, unless we have 
maximum loading. The circuit as now constituted will, in fact, 
be the cheapest possible, since the weight of copper is reduced to 
a minimum and the cost of loading cannot be further reduced or 
altered. It follows that the combination of two circuits which 
have the same inductance, and at the same time indicate the 
minimum sum of the prices in the curve, cannot be further reduced 
in price, and therefore give the required minimum cost. 

The phantom circuit attenuation constant should be taken 
into account in making a final choice. The importance to be 
attached to it depends largely upon the requirements of the service 
for which it is provided and tne cost of the coils. 

In preparing the curve, A, B, and Ci can be varied in the case 
of larger and smaller conductors if greater accuracy is required. 

242. (a) For a fiiad kttennatlon Isn^h (j8/) in aerial line tele- 
phonic transmission, a conductor ot uniform g^ngt throngbont 
necessitates the least weight of copper, (b) If any section of the 
line has a dlDerent weight per mile as compared with the other 
seetlon, the total combined copper weight will always be less the 
nearer the copper weight! per mile are to equality. — As regards 
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[a), strictly speaking this proof applies to copper conductors of 
200 lbs. per mile and upwards, but there is only a small error in 
assuming that all copper conductors used for aerial line telephony 
in Great Britain obey the law (the least gauge used is 100 lbs. per 
mile per wire). 

Let it be assumed that formula {47), Chap. VIII., applies to 
any uniform aerial conductor of resistance R, length I, and weight 
W per mile. This will be sufficiently correct for our object, with 
the limitations stipulated in the last paragraph. 

Next let it be assumed that the same total attenuation as 
given by the conductor R of length I can be obtained by means 
of two different lengths /• and l^ fwhere li-\-li=l\ot conductors 
having resistances R] and Ro ana weights per mile per wire W^ 
and Wj respectively, one 01^ these conductors being necessarily 
heavier and the other lighter than the conductor, whose weight is 
W lbs. per mile. It is assumed that the inductance, capacity and 
leakance are equal in all cases. The sum of the attenuation 
constants multiphed by the respective lengths in such a case is 
therefore assumed to be as follows : — 

'(''+e'-) /c ''{^'+c^) /c'±^ /c , , 
— 5 — Vl- — ; — Vl+ — 3 — Vl (") 

Eliminating the common factor ix/j and multiplying by the 
variou? lengths we have 

or Jtl-Rih -R2/£=|U, +^Ut~^U 

that U R/~Ri/i -R2/2 =^L(/, +/j -I) 

and since ti+la — lv/e have 

Ri-R,ii-Rg/2=o 
or Rl = Rili+R^i (22) 

When these relations hold, the attenuation length fil of the circuit 
of resistance R and length I is equal to the combined attenuation 
lengths of the circuits having the resistances Rili, and R^, > 
but the combined weight of the latter conductors may be very 
different to that of R3. This may be verified by the following 
formulae : — 

By (2), Chap. VHI., the weight varies inversely as the re- 
sistance, and if A be a constant, the following relations are evident. 
We have 
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If ^ be multiplied by /i and ^ be multiplied by It, the total weight 
Wj becomes 

w.-^+^ <"<> 

To obtain the most economical circuit for a fixed transmission 
value in this case, the sum o* r + r^ ™"^t "^^ * minimum 
value, whilst at the same time the sum ot Rjii + Rj/j in equation 
(22) remains constant. This may be brought about as follows. 

If in equation (22) Rj/i is increased by a value x so that x is 
uniformly distributed over the conductor Ri for the whole length 
li, then, in order that the total value of the equation may remain 
constant, Rg/, must be decreased by the amount x equally dis- 
tributed over ?g. In that case (22) becomes 

R/ = (Ri/,+«)-|-(Rj/,-x) . - . {25) 
{24) then becomes 

w, — i!i_+_iiL.. . . . (26) 

(x is divided by /, and t^ to reduce it to a value per mile.) 

The minimam value of this expression, when W, is dinerentiated 
with respect to x, is obtained as follows : — 

iW, a;,« , Al.' 

Tr--(R,).+x)' + (R>ir-«)' 
For a maximum or minimum value we have 

If a; be written ri/i = rj/j, where r, and rj are the respective 
resistances added to Rj and subtracted from Rj, (27) then becomes 

*j Kgtj — r^fs (j Kg — ft 
whence Ri + ''i = Ra — ("s (28) 

Now Ri -)- ri is the adjusted resistance of Ri, and Rj — f'g is the 
adjusted resistance of Rg, and when finally adjusted they are 
equal and unifonn, as shown by (28), which proves the proposition 
so far as the uniformity of the conductors is concerned, 

A simple application of (22) is of interest. Suj^tose that 
/, =fj, then, since /, -f-/j=i, both li and /g become -. Formula 
(22) then becomes 

R/ = Rii + Ri^ or R = Bl±^ . . (29) 
These are values per unit length, in this case per mile. 
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It follows from the operations leading to (22) that ii the attenua- 
tion constants of the circuits R, R,, and R^ are substituted in 
fonnula (29) for the corresponding resistances they will have the 
same relation to each other as the resistances ; tnos if R is the 
resistance of a 300 lbs. circuit, Ri that of a 600 lbs. circuit, and 
Rj that of a 200 lbs. circuit, we have by Table II.. Chap. VIII.. 
R = 3-87. Ri = 2'93, Re= 880, and (29) becomes by substitution of 
these values 587 = ^ 93 + 80 ^ which is easily seen to be correct. 

The corresponding attenuation constants by the same table are, 
for 300 lbs. Cu 000488, for 600 lbs, Cu o'oo279, and for 200 lbs. 
Cu 00069. ^^^^ values should, by the deduction now made, have 
the relation 

000488 =. °'°°'79+°°°<^ ... (30) 

This is very nearly correct, as the actual figure obtained from the 
right-hand side of (30) is o'00485. The largest error in the use of 
the formula is when dealing with the smaller gauges in the aerial 
line table referred to. For example, taking tne data of 300 lbs. 
copper and 100 lbs. copper conductors to find the attenuation 
constant of a 150 lbs. copper circuit, it will be found that the 
error is a little less than 3 per cent. ; for the heavier conductor 
drcuits it is much less, 

(b) This may be easily proved as follows for the case where 
/i = 4 as given by equation (29). If the resistances R^ and Rg are 
varied so that Ri increases to Ki -f- »" and R^ decreases to Rj — r, 
the total value of (29) is unaltered, but the corresponding weight 
of copper is then by modification of (23). if W* is written lor 
Wi -i- ^ 

or w -/.(A(RB -0+ A(Ri+r)l IMRi+Rj) 

or W. =/tJ— jj^-p^j^^L -j-J = R.R,+r(R«-R;-r) (33) 

Assume that the only variable is r, then the only part of (33) 
containing the variable is f (Rj — Ri — r). As this quantity is in 
the denominator of {33), the weight W4 will be a nunimum when 
it, the variable part, is a maximum. Differentiate the variable 
part of (33), thus 

y=r(Ri~Ri~r) {34) 

jJ = R«-Ri-2f (35) 

For a maximum or minimum value we have 

2r = Rs-R, orr-?>-=5) . . . (36) 
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If, however, {35) is differentiated it gives ^= — 2, which is a 

negative value, and therefore it leads to a jnaximum value. It 
follows that when this condition is attained the weight equation (33) 
will have a ininimum value. We are now in a position to prove {b). 
To do this, fiist express y in terms of its maximum value by 
substituting the value of r from (36) in (34). thus 

,(R.-R,-,).?i=?ljR.-R,-!?.=>lL)j„(Rl=Riy„M37) 

Next substitute the value of Rj — Ri in (34) by its equivalent 2r 
from {36), and write (34} as follows : — 

ri(Ra-Ri-M=r,{2r-ri)=2rri-fi8 . {38) 
Now (37), as already proved, is the maximiun value of (34), 
fi is t 

f»-2fri+fx* = (r-ri)». ... (39) 
This equation shows at a 0ance the difierence between the maximum 
value of {34) (which determines the minimum weight in (33)) and 
any other value of {34) ; the greater the difference the greater will 
be {33I, the total wei^t of the wire ; this proves (6) for wires of 
equal length. The same facts may be proved by the graphical 
method. 

Messis. A. B. Hart and W. J. Hilyer proved in their paper on 
Transmission Schemes, which is referred to later in this chapter, 
that the foregoing law holds as regards small gauge cable circuits, 
in which case the attenuation constant is 

It will therefore be seen that the law which states that a unifonn 
gauge of circuit for a given attenuation length involves the minimum 
weight of copper is of wide application, and it is scarcely necessary 
to add that it is of the highest importance thatit should be observed 
wherever possible. 

248. Cost CvTTts for Loeal TelephoOB Systsiiu — Notes on th« 
Costt of Telephone Sfstems. — Reference is made in para. 234, Chap. 
XI., to the frequently recurring problem in transmission which 
presents itself wnen provision is made for connecting a group of 
circuits of a given number and of known lengths with another 
group of a different number and length. As an example we will 
consider the problem of connecting a. large number of subscribers' 
circuits in a given local area wita a given number of Junction 
circuits of known length, the transmission not to exceed the limits 
of a definite known standard ; say, for example, 10 miles of 
standard cable when utilizing the standard instruments (Fig. 135, 
Chap. XI.). The problem consists in finding a method of ensuruig 
that the standard shall never be exceeded and ai a minimum cost. 
Suppose, as a starting point, that the longest subscribers' circuit 
is assumed to be provided by means of 20 lbs, cable, and that the 
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juncticm circuits are so provided as to then give the required 
standard. It is evident that all subscribers' lines of materially 
less length than the longest one could be provided hy means o( 
thinner copper than 20 lbs. cable. Again, if the junction circuits 
were more efScient than just supposed, the gauge of the 20 lbs., 
longest subscribers' circuit could be reduced and all the others 
reduced proportionately. The problem then resolves itself into 
distributing the copper among the subscribers' and junction circuits 
in such a way as to fulhl the standard conditions at a minimum 
cost. 

So far as large exchange areas are concerned in this country, 
the d^ree of development is such that it is hardly likely that the 
problem of providing an entirely new network on a very large 
scale — say tor 10,000 subscribers — will present itself. The 
problem, however, frequently presents itself for solution for smaller 
areas and for opening new exchanges and providing for extensions 
of existing ones. The principle is always the same, and the method 
here adopted is of general application. The first solution to be 
considered is a graphical one. 

Suppose that a preliminary survey has been made, as described 
in Chap. XI., and that the position of the exchanges, with the 
number and length and route of the lines, is known. The cost of 
providing the subscribers' lines to a given standard of transmission 
may be arrived at as follows. First construct a graph, such as 
Fig. 157, to show the percentage of all the subscribers hnes con- 
nected to the given exchange, which are not longer than some 
specified length. This length is given for all lengths of subscribers' 
Imes up to 2 miles radius in tfle supposed case, and it is assumed 
that 99 per cent, of the subscribers are included in it. Thus 70 ' 
per cent, of the subscribers have lines not longer than 075 mile, 
and 10 per cent, are not more than 015 mile in length. 

Fig. 158 gives the aggregate lengtn of ali the lines connected 
to the exchange, which are not longer than some length stated in 
the abscissa of the graph. This curve is based on the preceding 
one and is calculated from it, but it could be made up from available 
figures in an actual case. For example, the graph shows that 
3,230 miles of circuit in the aggregate is the length of all the lines 
not more than one mile in length, and 260 miles is the total length 
of all lines not more than 025 mile in length. 

Applications 0/ the Curves. — We will assume that it is required 
to find the best distribution of copper among the 10,000 subscribers 
in a common battery system and an appropnate number of junction 
circuits of known length connected to known exchanges. As a 
result of past experience assume to begin with that 6) lbs. and 
10 lbs. cables will oe used, and that the resistance of the subscribers' 
hnes will not exceed 350 ohms on a standard common battery 
system. The 64 lbs. cables are to be used wherever possible, and 
the 10 lbs, cables where absolutely necessary. Theoretically a 
weight of copper less than 6^ lbs. per mile could evidently be used 
for the very short lines, but no such cable is at present available. 
From the graphs we know the number of subscribers and the 
lengths of their lines at any point, and these may be localized if 
required from the available maps to definite cable routes. From 
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these data an average price per mile of subscribers' circuit may 
be found, based on previous departmental experience in similar 
areas. Seeing that tne number of circuits at every distance is 
known, it wiU be possible to find approximately the cost of distri- 
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LENGTH OF SUBSCRIBERS LINE - MILES- 

Fig. 157.— Gnph showing what perceatoge of the Subscribers connected 
to a given Telephone Exchange have Circuits which do not exceed a Given 
Length. 

bution from the cable ends and of leading in to the subscribers' 
ofBces and providing apparatus. 

The transmission efficiency absorbed by the most unfavourable 
subscribers' circuit can be found, and the wiring and cord losses 
in all the exchanges affected arrived at, as the details are supposed 
to be known. These separate amounts for the worst connection 
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in the area must next be totalled, and this amount deducted from 
the pennissible total allowance or standard, i.e. 10 miles of standard 
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LENGTH OP SUBSCRIBERS LINE -MILES- 
Fio. 158. — Gfa^Bhowing the Total Mileage of SubsctlbeiB' Line in anArea 
havii^ any Radius up to 3 Miks fn>m the Exchange. 
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cable and the standard instruments, or 217 miles of standard 
cable on zero loopstandard (lo m.s.c. standard + 102 miles standard 
cable for the sending allowance + I'j m.s.c for the receiving allow- 
ance). The difference so arrived at is available for the junction 
circuits, and it fixes the type of circuit which most be utilized for 
than within definite limits, and therefore regulates their cost. 

Now, if we have freedom of choice as to the amount of resist- 
ance which may be allowed for the subscribers' circuits, then so 
lone as the total permissible transmission equivalent is not ex- 
ceeded we may assume that some other resistance is allowed as a 
maximum instead of 350 ohms — say, for example, 300 ohms. 
Acting as before and selecting cables of such a weight as to give 
the required resistance only, it will naturally be found that the 
weight of conductor used in the subscribers' circuits is greater 
than before, and the cost of the subscribers' circuits greater. The 
cost of the junction circuits will, however, be smaller, in view of 
the fact that the subscribers' 300 ohms circuits will be more efficient 
than in the previous case, and therefore a lai^er standard cable 
equivalent will be available for the junction circuits, which may 
therefore be of smaller gauge. It can now be seen whether the 
sum of the cost of the subscribers' and junction circuits is greater 
in the former or the latter case, Proceeoing in this way with other 
maxima for subscribers' circuit resistances, the cheapest combined 
cost may be found. The more extensive and complicated the 
junction scheme, the more it becomes economical to reduce the 
resistance of the subscribers' circuits, and vice versa. The sub- 
scribers' circuits are, however, also required for trunk communica- 
tion, and the cost of providing this with various resistances in the 
subscribers' lines must be borne in mind. In the particular instance 
we have in view, the lo-mile standard aimed at allows for trunk 
communication. 

Such studies involve a considerable amount of work, but, on 
the other hand, the cost of providing the system is vtry great. 
A solution for such a case can in some cases be found by an applica- 
tion of the calculus, as shown later ; but it must again be borne 
in mind that a graphical method shows at a glance what is involved 
in departing from the minimum cost, which is a great advantage 
in many cases. With the calculus method only the minimum 
point is known, and many approximations are necessaiy in cases 
of this kind. It is, however, frequently convenient and sufficient 
in the case of preliminary estimates to utilize a formula to deter- 
mine the minimum cost. 

244. Hinimnm Cost FormnlSB. — ^The following formula has been 
devised to determine the minimum cost in cases where the trans- 
mission law assumed in the formulae holds good. This foimula 
and formula (59) which follows it, were developed and given by 
Messrs. A. B. Hart and W. J. Hilyer of the Engineer-in-Chiefs 
Office, Post Office, in a paper read on March loth, 1913, before 
the Institute of Post Office Engineers, and entitled, " Trunk Tele- 
phone Communication Transmission Schemes and the Design of 
Circuits." See the Electrician, April nth, 1913^ The formula 
can be applied to any two groups of circuits. For example, in 
Fig. 159, if a total standard cable equivalent E is permissible for 
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communication between i and 3, and there are N circuits L miles 
long between i and 2, and n circuits I miles long between 2 and 3, 
the formula (No, (49)) gives the minimum cost for the necessary 
combined circuits between i and 3. Exdiange No, i may be a 
zone centre or any other exchange ; Exchange No, 2 may be a 
junction centre or any other exchange ; and No. 3 may be an ex- 
change or a subscribers' station. It will be convenient for our 
purpose to prove the formula for the latter case. 

Let L = length of a junction circuit. 
„ /= „ „ subscribers' circuit. 
„ N = number of junction circuits. 
.. »= ■■ ■■ subscribers' circuits. 
„ E= the equated length {m.s.c.) allowed for the junction 

circuit and subscribers' circuit combined. 
„ ifi =the weight of Cu in a subscribers' line i mile in length. 
„ >*= „ „ „ junction circuit 



(D <I> : © 

^— ^ H Circuits L Miles in lemctm^— ^ n Cibcuits I Mius m LEHem^— ^ 

Fig. 139. 

Th e form ula for j8 for a light gauge underground cable is 
P = V¥^Rhy(57). Chap. VIII. Ifo.=5ooo and 0=0054 mt. 
this becomes 

j8 =ooii6'\/E per mile loop . . . {40) 

But R = -?y per conductor pair, where W is the weight ot wire 
per mile per wire. (See (15), Chap. VIII.) 

•■• *—"V¥ =°^ . . . M 

Therefore the statldanl cable equivalent of I mile of cable circuit of 
weight W is equal to 

0-481 „ I 

fio5'^:7W 



M 



From the above definitions we have the total weight of copper Wi 

Wi=iiLy^+tUifi (43) 

Seeing that W = a:* for i mile of subscribers' lines and W =y' 
for I mile of junction circuit, (42) may be modified and written 

crioSlv "'"*)' *°*^ '""^ ^^^ **'*^ lengths of circuit L and / 

p 48i/'L , l\ „ 0-I06E L , / ,,.. 
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In this case .. — - is a constant which we will call K. 
Then {43) becomes K = - + - (45) 

By simplifying this we obtain La: + /y = Kxy or ty = x{Ky — L) ; 
«h«nce * = K7^ W 

Substituting this value of x in (43) we obtain 

W,=NL^+„^(gJ^y . . . (47) 

Next differentiate {47) with respect toy. We then have 

-.NLj> + .riM=^ (48) 

For a maximum or minimum value this is equal to zero. Simpli- 
fying (48) we obtain 

whence N.,^^^,, a.d i^)' ~^^, 



_iVn+(I.xVN) 



(49) 



We obtain by this equation the minimum value of y. 

Since N, n, /, and K are known, the values of the weight per 
mile of the copper in the junction circuits y' is first otrtained-from 
(49), and the weight thus found will give the required standard 
cable equivalent with the minimum weight of copper. The weight 
of the subscribers' circuit for minimum copper can now be obtained 
^y (46). Note that Wj is known from {47). 

If it is desired to use loaded conductors, we have by (41) 

jS =^4r^ . And as ^ is known it is possible to select loaded con- 
ductors which give the required fi. For any other value of capacity 
with the same value of fi we have 

Vi^R^Vi^icnrj or ->yic«ci^=.^i«c, X^ 
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If W is the weight of copper per mile per circuit required in 
connection with o'034, mf., and Wg the weight required for the 
new capacity Cj mf., tnis becomes 

^'=5%* M 

In connection with the value £, the standard cable equivalent 
of any cord and wiring losses in the offices concerned in the total 
connection should not oe included. The value E is the estimated 
standard cable equivalent of the junction hne and the equivalent 
of the subscribCTs' circuit. The latter, however, includes the 
standard cord circuit, as explained in Chap. XI. 

Minimum Cost Formula for Aerial Lines of Small Gauge. — The 

froblem presented by the cases explained in connection with 
ig. 159 occurs also when the lines to be dealt with are aerial cireuits. 
In view of the fact that the formula for the attenuation constant 
of such circuits is materially different from that for small cable 
conductors, the devdopment of the formula for minimum cost 
of aerial lines is mateiially different from that just dealt with. 

In the case of aerial wires of small gauge, if a curve be plotted 
showing the relationship between weight and standara cable 
efficiency it will be found to obey the law 



(51) 



where E is the equated length for a mile loop of conductor the 
sinde wire weight of which is W. 

Let an efficiency expressed as S standard miles be required between 
Exchanges I and 3 in Fig. 159. Exchange i is here supposed to 
be a zone centre and Exchange 2 a junction centre, then 

LE+is = S (52) 

L and / being the respective circuit lengths and e the equated 
length of I mile of the junction circuit between 2 and 3 in Fig. 159, 
If the price of pole space for a pair is taken to be constant for snuQl 
^uge circuits — say, P pounds sterling per mile of loop — and x 
13 the price of copper per ton, we have 

2,{NL^±!!M+P(NL+«i)=cost=C . (33) 

W is the weight per mile of a sin^e wire between i and 2, Fig. 159, 
and w the corresponding weight per mile of a single wire between 
2 and 3. 

From (51) W-(jy"=|^ (54) 

mJ "-S (55) 



Substituting these values in (53) we obtain 
^ ^ ^J NL 

3240 



X7"^pii+,^) + I'(NI-+«fl ■ (56) 

D,i„Mb, Google 



318 TELEPHONIC TRANSMISSION 

and since r = - ~. - from (52) .... (57) 

[Ffe + (S-^LE).-. ) + ''""-+'"' (S") 
Differentiating C with respect to E we obtain 
^1 = -^ X 7'12(- r22NLE-»" - r22nl>"{S ~ LE)-»-»> x-L) 

For a maximum or minimum value this becomes zero, 
.-. NLE-« " = «/• "L{S -LE)-»" 



<sr 



+1. 



(39) 



This eauation gives the number of miles of standard cable to 
be allottea to the circuits between I and 2, Fig. 159, and when 
this value is allotted the minimimt cost is obtained. When E is 
known the weight of copper jgiving the required efficiency may be 
found from {54). When E is known e may also be found from 
(57). 

Examples 

Bxampla 1. — (Application of formulae (l) and (19).) An under- 
ground cable 100 miles in length is required with a transmission 
efficiency or effective equated length not exceeding 17 m.s.c,, in- 
cluding terminal loss, when a common battery subscribers' tine 
4 miles in Ic^igth and of 350 ohms resistance is connected at "each 
end of the circuit. All the circuits are to be of a uniform gauge 
and the cable is to be fully loaded for side and phantom circuit 
working. The capacity may be taken as 0065 mf . per mile loop. 
What IS the cheapest combination of conductor loop and loading, 
coils by means of which the required service may be provided? 

First find some known combination of coil and conductor which 
will meet the requirement irrespective of cost and will give i7m.s.c. 
inclu(^ng terminal loss. A mean weight of copper is preferable 
for thh purpose. 

As a &rst step it will be assumed that the terminal loss will be 
that due to light loading. By Fig. 83, Chap. VIZ., the terminal loss 
is I m.s.c. with a subscribers' loop of standard cable 4 miles in length. 
In order to make up for this loss the attenuation length jS/ to be pro- 
vided must be equivalent to 17— i=i6m.s.c„ or ^/=i6xo'io6=i7, 
whence ^ = O'oi?. This can be provided by a 70 lbs. conductor 
with 0'055 henry per mile. It is known that y* +7^ =70 in this 
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case, and therefore by formula (48), Chap. VIII.. we have 

p ^ 25-3 + (5o+20>o-55 /gg^ 10-, ^ 00158 
• 2 V o'o55 '' 

An analysis of previous results shows, however, that the addition 
of phantom coUs of the ordinary type in the side circuit increases 
? hy 5 per cent., and therefore fi ~ 00158 + o"ooo8 — o'oi66, which 
leaves a small and desirable margin between o'oi66 and the limiting 
value of 0017 allowed. The exact value of R and L for any 
reasonable v^ue of 18 could, however, be found without difficulty. 

The conductor R = 25-3 and the inductance L=0'055, found 
in the preceding example, are next adopted as the values of R and 
L defined in connection with equation (11). 

To Ond tba Value of x. — The maximum inductance for R is 
found'from (6) ; it is 

U-n-E-r=^ = 036 henry 

By (7) ,=^,thaife.« = i^^-6-5 

The eTilnaUon of — i^l_J (see explanation of symbols in 

formula (l)). — Computation of A. — In the case of the 70 lbs. cable 
tmder consideration the cost per pair per mile (based on the total 
cost of the cable divided by tne number of pairs in it) is taken at 
;£i2. In a phantom combination we have, however, two side circuits 
and a phantom circuit, and the combination constitutes one unit 
for cost purposes. We therefore have 

A = RPi=25'3 X 12 X 2 =6072 
If a cable sheath of fixed internal diameter is assumed which is 
to be filled as economically as possible, the assumption that the 
cost pel pair will be proportional to the weight of copper will be 
approximately correct, or if the ntimber of pairs remains fixed 
and the cable does not vary greatly in diameter the error will not 
be great. In any case a correction can be made if required, as 
will be shown. 

Computation of B. — Suppose the cost of loading both the side 
circuits and the associated phantom is £y per mile, including cost 
of coils and manholes^ (These figures are merely illustrative.) 

Now, B = Pi\/ %■ We have already found that the cost Pa of 
loading R is £j, also R = 253 and * = 6"5. Therefore 

Computation ofZ-^. — 

C, - e(« + 2 + J) _ 23-3(6-5 + 2 + i) 
= 25-3 X 8-65. that is, Ci = 2IQ'86 
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Value of — Y ^ - — From the preceding calculations we have 

BCiV'Ci_3'55 X 25' 3 X 865 x Vtig-Se 
"A " 253 X 24 

= 3-55 X 8-65 X 14-83 ^ ,8.^ ^^^ _^y^ + ,j, t,y „g, 

The value of «2 corresponding to 1897 may be read from Fig. 
154 ; it is X9= 3"5 to the nearest first decunal. 

To find «B Mta Ltfrom the known value of x^. — By (13) 

and by {14) this is C, = 21986 = ^Jy5 "*"*"'"«) '^ ^' ^ ^'^^ 

whence Rj = 522|^ ^ g ^^^^ 

57'' 
This is the resistance of a cable weighing 46-6 lbs. per mile loop. 
The inductance L^ is obtained as follows : — 

From (6) L.., = h-Si— and therefore L«, = , ^ = 0543 

also ^ = a:, by (7), that is. °^ = 35 

whence Lj = ^4^^ = O" 1 55 henry 

From the values of Rj = 38 ohms and L« = 0*155 henry per 
mile, the attenuation constant may be calculated, as the values 
C = 0065 and p = 20 are known. We have 

fi = { 38 + (50 +20 )0251)^1^ X lo-i =00157 

which is very near to the stipulated figure of 00138. 

The relative cost per mile of the two loading schemes is as 
follows : — 

Cott of Seheme (a) — £ 

2 pairs in 70 lbs. cable = 240 

Loading 2 side circuits and one phantom circuit = 7'0 
Coit of Seheme (b) — 3i'o 

2 pairs weighing 46'6 lbs, per wire per mile 

-^X24-^xPiX2by(i2) . . _,5-98 
Cost of loading 2 side circuits and one phantom 
circuit =»/^ X 7. since the cost varies as 

the square root of the inductance . . . =11-76 

(Mem. the loading point is the same as for the 

side circuit.} 2774 
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Dlfferenee In eost of Ibe two Sehomes — , 

Scheme fa) per mile = 310 

Scheme (b) =2774 

3-26 

For a 100 pair cable this would amount to ^163 per mile or 
;£i6,3oo per 100 miles. 

Now, a 47 lbs. cable is not a standard size, the nearest cable 
being a 40 lbs. cable. To obtain the required attenuation constant 
in connection with this conductor an inductance of '24 henry per 
mile would be required 

Seheme (e), 40 lbs. condnetor — 

The cost per mile would be 2 pairs weighing £ 

each 40 lbs. per mile per wire =4? x 24 =9? = I3'7i 
Cost of loading 2 side c ircuits and one phantom 

-»'-Vfi=vi .... =.4^ 

Total cost . . = 28-34 

The diSerence between Scheme (a) and Scheme (c) 
would be — 

Scheme fa) per mile =310 

Scheme (c) =2834 

2-66 

This scheme (c) would, however, require coils of 0'32 henry 
spaced 12 miles apart. This inductance is usually considered 
too high for practical purposes. If, however, coils of^o'266 henry 
were spaced i* miles apart the attenuation would be 00162, or 
a little higher than the stipulated case, but it might in the circum- 
stances be accepted. 

It is evident by inspection that the use of the 100 lbs. cable 
would not be justified on the prices, as the cost of the copper would 
be greater than the combined copper and coils in any of^the cases 
examined. 

It is probable that a determination of the cheapest cable on 
the lines laid down would be sufficiently accurate for a preliminaiy 
estimate, but if any more precise figure is required this may be 
obtained by making a fresh calculation from the data obtained 
in the preceding case. For example, if it were known that the cost 
of the 38 ohms cable were ^r? per mile instead of ^rsgS as assumed, 
the effect on the cable constants would be as foUows. 



Biample 2. — Find the resistance of a cable pair for n 
cost by formula (19), assuming that the conductor of 38 ohms, 
already found in example i, is taken as the known conductor R. 
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We have in this case 

A = RPi=38xi7 =646 

B = ^t\/^ = "T^vll = "76 X -303 = 356 

Ci=r(*+2+?) = 38(3-5+2+^) = 38(578)=222 

whence ^^iV^ = 356 X 38 X 578V2"iij ^ 356 X 578 X 1483 
A 38 X 17 17 

= 18 .■• from Fig, I54,«s = 2^ 
By (14) Ra = £l__ , that is 222 = 38-4 ohms 

*i+2 + f 3'43+2+T^l 

xt 3 43 

This value differs so little from the value of 38 ohms previously 
obtained that there would be no advantage for an approximate 
estimate in pursuing the matter further, and therefore the values 
Rj and Lj have been found with sufficient accuracy. The method 
thus illustrated of first finding an approximate result and then 
taking the results thus found as data for a further problem is 
calculated to give very exact results. Of course extra trouble 
is involved, but in view of the magnitude of the monetary interests 
involved this is a relativdy small matter. The whole calculations 
can be finished in a relatively short time. As a rule, for purposes 
of approximate estimates the formula is sufficiently exact. The 
cost of the ducts being constant has been left out of the calculation 
at this stage, but the effect on the cost per pair can be seen when 
the required gauge has been found. 

Example S. — AppliestEon of the Orftphleal Method.— The same 
problem has been here dealt with graphically as in the case of 
example i, and the results are shown in Figs. 155 and 156. These 
curves are arrived at as follows. The values of A, B, and Ci are 
calculated as shown in example i and inserted in equation (i). 
The numerical value of the equation is then calculated when x* 
has values from i to 10, ten separate calculations being made and 
tabulated. Fig, 155 shows the variation of price witn variation 
of x%. It will oe seen that the minimum price is obtained when 
xi has the value s'M. In example i, x^ is given as 3"5 to the nearest 
(tecimal place. When *j is known Lo may be found from known 

values of Rj and a known value t-* +?i^ by equation (8), or 

In this case ^J + ^ is known to be 70, and therefore L* == — *- , 
L, ' C ^ 7o:e8 

The value of Ro is obtained from equation (14) from known 
values of Cj and x^ (in this case 3-54 for the cntical minimum 
value). A number of values of Rg and Lj are plotted in Fig. 156. 
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This graph shows the whole of the possible values of Rj and Lj 
between the limits taken, which will in combination give the 
required attenuation constant. The values of the resistances are 
read from the left-hand side of the graph and the inductances on 
the right-hand side. Any values of Kg and Lg which are read 
vertically will give the required attenuation constant, which is 
always the same ; thus o'l henry and 32 ohms gives the same 
attenuation constant as 0125 henry and 35 ohms. The advantage 
of the graphical method is that not only the minimum values are 

fiven, but the result of departing from the minimum may be seen 
y inspection. 
Exkmplfl 4. — An extension of a long-distance circuit is required 
for a len^h of 100 miles on existing poles, and it is known tnat a 
transmission efficiency equal to that of 400 lbs. aerial conductors 
is needed for the required service. It is found that a length of 
25 miles of 200 lbs. copper aerial circuit is spare and available on 
the proposed route, and it is required to know whether it would 
be economical to use ttris, and also what conductor should be used 
for the remaining 75 miles to give the required transmission 
efficiency. 

By equation (22) we Have 

If R is the resistance of the 400 lbs. conductor per mile loop and 
/ its lei^h, Ri and li the resistance and length of the 200 lbs. spare 
wires, R* being unknown, we have by suDstitution in {22) from 
Table I., Chap.^'III. 

4-4 X 100 = 8-8 X 25 -1- R, X 75 
or 220 = 75R2 and .-. Rg = 293 ohms 

This is the resistance of 600 lbs. copper per mile loop, and it may be 
verified from the table that 25 miles of 200 lbs. Cu + 75 miles of 
600 lbs. copper would give the same attenuation length as 100 
miles of 400 lbs. aei^ copper. The weights of copper used in 
the two cases, however, would be as follows. 

(a) 400 lbs. Co 

2 X 400 X 100 lbs. = 8q,ooo lbs. 

{b) 2X600X 75 lbs. =90,000 lbs. 1.. 

2X200X 25 lbs. = 10,000 __ / — iW,OOOiDS. 

It would evidently be advantageous to erect 400 lbs. copper for 
the whole distance, even if the 200 lbs. spare wires had to be 
taken down to provide space on the poles. 

Biample 5. — A new minor telephone system is to be developed 
in a given area. The number of the subscribers' circuits is esti- 
mated at 500 and their average length at 06 mile. The number 
of junction circuits is estimated at i^ and their length is 14 miles. 
Assume that an underground system is used throughout. 

Ten miles of standard cable is allowed between the subscribers' 
station and the zone centre when using standard apparatus. The 
loss due to wiring and coils is estimated at z mile of standard cable. 
The subscribers' apparatus is su^osed to be of standard efficiency. 
The system is local battery, find the most suitable wei^t of 
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copper for the subscnbers' and junction circuits based on the above 
assumptions. 

We have by' formula (49) and the fact that K =— ^^^ 



\ -481 / 



481 

If there is i m.s.c. loss in the cords and wiring and the instruments 
are of standard efficiency the 10 m.s.c. allowed is reduced to 9 and 
therefore E = 9. We then obtain 

this is the weight of copper required for the junction circuits if the 
capacity is 0054. If the capacity were 0-065 "«*■. we have by (50) 
% — 5 X 65 = 12 X 65 = 78 lbs. per mile. Such a circuit efificiency 

would usually be obtained by loading a lesser gauge of circuit. 
If the 65 lbs. unloaded circuit were used, or one naving the same 
overall transmission efficiency, the weight of copper for the sub- 
scribers' circuits would be obtained from (46), thus 

But the weight of copper in the subscribers' line per mile is by 
definition x" = (2'467)* =6-07 lbs. per mile. To prove that the 
circuits thus provided wonld give the required efficiency, proceed 
as follows. By formula {15), Chap. VIII., the resistance of a circuit 
weighing 65 lbs. per mile per wire = 26-4 ohms per mile loop. As 
the attenuat ion assumed is based on the fo rmula ^ = Vi<"CR, we 
have jS = Vi X 5000 X 0054 x 10-* x 26-4 =00597. 

The m.s.c. in the junction circuits is^ — ^J' ^ = 7*885 m.s.c. 

Thetotal amount allowed is (excluding cord and wiring losses) Qm.s.c. 
We have, therefore, g— 7085 m.s.c. = i'ii5 in.s.c. available for 
a length of 06 mile of subscribers' circuit = i"86 m-s.c. per mile. 
The weight of copper found for these circuits would give an attenua- 
tion constant which may be found in e xactly the same way as that 
of the junction circuits; thus ^=10^3^289 x i X 5000 x 054=0197 
= i'8o m.s.c, which is the value m m.s.c. left available 
when the junction circuit efficiency is satisfied. In practice the 
smallest gauge of wire available is 61^ lbs. per mile, and this would 
pennit of alTcircuits up to 0"5i mile in length with a wire to wire 
capacity of o"o8 mf. being provided by that weight of copper. 
There is, of course, a large element of approximation in using such 
formuhe, especially as either all underground or all aerial line is 
assumed ; but by using this formula and balancing the advantages 
obtained by the use of {49}, much insight into the necessary trans- 
mission requirements is obtained. 

It is evident from such studies that subscribers' circuits of very 
small weight might often be suitable. 

Digilized by Google 



CHAPTER XIII 

TRANSMISSION FORMULA FOR LINES IN SERIES. WITH 
APPARATUS IN SERIES AND IN LEAK 

Inlrodnelory Rtmuks. — In practical telephony numerous cases 
involving complex transmission formulae occur. When, however, 
the number ol finite lines in series exceeds three, the formula 
become so complicated and cumbersome that they are not suited 
for practical calculation, and they are not here dealt with. See, 
however, para. 235, Combined Losses, etc. 

245. To Bnd the Current at the RwBlrlng End of Two Transmission 
Lines of any Length, in Series. — The received current at the receiving 
end of a transmission line of any length closed by a resistance Za, is 
by (17), Chap. III. 

2osinhe+2acoshfl = ^' . . - . (i) 
Let the line in- Fig. 16 be continued by a second circuit CD, 
instead of being dosed by the impedance Za. If Z'g is the charac- 
teristic impedance of this line, and 0, its line angle, its impedance 
for any length is. by (6), Chap. III., Z'q tanh 9i 




Fig. i6a 
If Za in (i) be replaced by Z'p tanh ffj, we have 
E, 



' Zo sinh 9 + Z\ tanh flj cosh 6 ' ' *^* 



(2) gives the current I. at B m rig. ibo, i.e. at the point where the 
line CD of impedance Z'o tanh fli replaces the impedance Za. The 
current I. is also the sending end current in the circuit CD, and by 
(12), Chap. III. 

la ~ cosh fli '~cosh e^ 

that is ^I, = t-z ,sinhg + ZV a nhg.cosh9) ^ c"^, ^""^ (^> 

°^ ' ^Zo sinh e coslTflr+Z'o sinh eJcoSTS ' ' *^' 

3*5 
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24fl. To find the Carrent it the ReeaMiiK Bnd of Two TrkumluloD 
Clnnits In Series having an Impedtnee Za at the Sending End. — 



Fio. i6i. 

If the impedance Zb in Fig. 19 be replaced by a unifonn trans- 
mission circuit CD, the arrangement lK«onies as shown in Fig. 161. 
Replacing Zb in formula (30), Chap. III., by Z'q tanh ^i, we obtain 

'' - (Z.' + Z^^ 'ntjmtji) ^^ ,\^^_^, ^.^t^,, ^ ^^^ , <■" 

^0 

(4) gives the current at the point BC in Fig. 161 as in the previous 

case, and we ^ain have ^ == — ,— ,- or I, = — ^~-- or 
^ Ib cosh fli " cosh e, 

' ^ ^0- ^-"h ''+^«^ ota nhJ>^smhg^^ ^^^ fl+Z', tanh 0, cosh b) 

■ x^nr 

cosh ^1 
that is Ig =: 

E] ( 

Zosinh fleosh tfj +^^-Osinh «i sinh fl+Zacosh flcosh fl.+Z'nSinh tf.cosh tf 
^0 

247. To show that the Reeelved Carrent Is the same with the 
same VoUace it the Sending and Reeelvlng Ends ate reversed in 
Fig. 161.— If the impedance of the uniform circuit CD, Fig. 162, 



^Mif' 



and its terminal Za be Zx, we have by formula {17), Chap. Ill, 
I El 

* Z'o sinh fl, + Zx cosh fli 
Multiplying by Zx we have 

2,x\ ^ F E-iZx 

' ' Z'o sinh fl, 4 Z« cos¥ flj 

or Ee = Mj ^1 . . . {( 

=-S sinh Bi + cosh Jj 
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but from {17), Chap. III., and Fig. 162 

* ~Zo sinh 6+Za cosh B ' " " ■ (7) 

Substituting the value of Ej from (6) {Zx is found by (13), Chap. 
III.}, we obtain 



Z'o sinh 9, , ,, j" Zn sinh S+Za cosh fl 

7 / itosinh g + Zacosh tf \+^'^ *» 
"x/o cosh e+Za sinh tf/ 



E] 

7Z37 



Z'osinhtfiCOshS+^^Jsinhflsinhtf.+Znsinhficoshffi+Zacoshtfcoshtfi 
io 
Which is the same as {5). 

248. Reeeived CnrrBni «t the end ol Three Transmission Linw 
of any Lenfth In Series, Closed at the Reeeivlng End. — Let the line 
angles be 6, 6 and B and the corresponding characteristic im- 
pedances Zq, Z'q, and Z"o ; these values to be unrestricted. 

If in Fig. 162, Za, whose value is unrestricted, be substituted by 
a uniform Une of impedance Z"o tanb 8„ = Za, the current Ig wiU 
be unaltered, and Fig. 163 represents the stipulated conditions, j -'t 

E.-^ _ 

• - - .c e ~ - - - 



^"WtrrrnTF 

Fig. 163. 

By („), Chap. III., ^^ = --1,-. whence U-^- S.b- 
stitute the value of Ig from (8) and put Za = Z"o tanh 0„, we then 
obtain 

I4 = El /(Z'o sinh 6, cosh 6 cosh tf„ + ?'^"fl sinh B sinh tf, sinh B„ 

+ Zo sinh * cosh B, cosh fl„ + Z"o smh ff„ cosh 9 cosh B,J (9) 



-"' ifiiiiirtiif 



It is easily shown that with the same impressed voltage at either 
end of AF, Fig. 163, the same current is received at the distant end. 
Fig. 164 shows the alternative case to 163. The line B„ is at the 
sending end in that case, and the line B at the receiving end. If 
■i> (9)* ^> is now written for B,„ and 8„ for 6,. and if also Z'o 
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replaces Z"(,, and vice versa, it will be found that (9) is unaltered, 
and the received current is the same. Para. 2^2 could have been 
dealt with similarly, but an alternative proof is given. 

{9} will next be utUized to find an expression for the received 
current in a line having a large line angle e, tenninated by two 
short lines, each having a line angle $,. In this case sinh S and 

cosh 6 in (9) will each be approximately equal to -, and the 
expression becomes 

Is = EiZoj -AZi^Z'o anh 6, cosh 0, + (Z'o)« sinh= fl, + Zo* cosh« 8' 

+ ZqZ'o sinh 9, cosh o\ (10) 

-Ma (II) 



Separation of the Effects of Line Angles and Impedances. 

Formula (9) shows the combined attenuation due to three lines 
in series, and their impedances. For comparison with this, suppose 
that a uniform circuit having the same constants throughout its 
length, has a line angle 0,„. Let it be divided into three unequal 
lengths such that 9,^,=tf-f fl,+fl,, : then by (43), Chap. I., and {10), 
Ch^. III., the received current is 

r^ E, _ El 

' Zq sinh e,„ Zo smh (» + *, + »„) 
= Eiy(Zo sinh 9, cosh e cosh «„ + Zq sinh B sinh $, sinh 0„ 

+ Zo sinh e cosh S, cosh fl„ -f Zq sinh fi„ cosh 9 cosh fl,) {12) 

This expression only differs from (o) in this chapter in respect 
of the impedances, 'fne hyperbolic function terms aie exactly 
the same in the two cases, ana since (12) clearly includes the develop- 
ment of the sinh of the sum of the angles, the same remark evidently 
applies to (g). It follows that the attenuation due to these lines 
in series is the sum of the attenuation in the lines taken separately ; 
and that if two series of such circuits have the same line angles, 
but different characteristic impedances, the difference in the received 
currents will be due to the difference in the characteristic impedances. 

249. Bfleet ttt Inserting a Tisnsmlssfon Line of any Fixed Length, 
htTlng a Line Angle 8, at any point In a line o( any Fixed Length 
having a Line Angle d . Both the Line Angles being nnrestrleted 
In Value. — The case is shown in Fig. 165. 

Let / and L be fixed lengths, and It and /) variable lengths, such 
that the combmed length ;—/o = /i+73. Let thehnes ABand EF 
have the same constants, and the same propagation constant y. 
Let the line CD have different constants to AB and EF, such that 
its propagation constant is yi. The effect of moving the line CD 
to any point on the line ABEF will now be investigated. The 
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equation for the received current I4 is by inspection amilar to (ql, 
except that Z'o=Z"(| in the case now under consideration. We 
have therefore 



^^ (Imr^Triii^^ 



Fio, 165. 

(a) 1 4 = E J ( Z'o sinh 9, cosh cosh fl„ + *-^ sinh sinh ff, sinh 9„ 

+ ZoSinh 0cosb 9, cosh 6,, + Z't, sinh 9„ cosh ScoshffJ (13) 

For purposes of comparison suppose that the section of line 
CD in Fig. 165 is next fixed at one end of the circuit ; then AB and 
£F will form one continuous length, and the case will be equivalent 
to that shown in Fig. 160 and (3). If in (3) Is substituted by 
6^+S we shall obtain the equation for the same circuit but with 
CD, Fig. 160, divided into two parts 0,+0„i (3) may therefore in 
that case be written 

' ' ^Zo sinh fl cosh (9,+ fl„) + Z'o sinh («,+ ffJ cosh fl *^^* 
= EJ{ Zq sinh (cosh 0, cosh 0„ + sinh 0, sinh ff„) 

+ Z'o cosh (sinh 8, cosh fl„ + cosh 6, sinh 9„) } . (15} 
Comparing {13) with (15I, it will be seen that the only difference 
in the two cases is that ^ "'- sinh sinh 0, sinh *„ in (13) is 

replaced by Zq sinh sinh fl, sinh 8„ in (15I. 

If Zo sinh 8 sinh 8, sinh 9„ be added to, and subtracted from, 
the denominator of (13), its vidue will be unaltered, and if the 
denominator of (15) be called A, then (15)= -^ and (13) may be 
written 



{ (!!'.)'-!!.' } 



^nh sinh 0, sinh 9,, 



The effect of the position of the circuit CD, Fig. 165, may now 

be seen. If either sinh 0, or sinh 0„ = 0, (16) becomes -^ in each 

instance. This is the case when CD is at either end of the line, and 
the received current is evidently the same in both cases. This 
confirms the conclusion already arrived at. By suj^)osition AF 
and CD are fixed lengths. It should be noticed that when either 
0, or 0„= o, some of the terms of A, i.e. of the denominator of (15), 
disappear ; but the value of A nevertheless remains constant. 
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because when 6, = o, 6„ increases to 9, + 6„, and when 9„ = o then S, 
increases to B, + 9„ and this compensates for .the terms which 
disappear. 

260. EBeet of plaeing Apparatus Zc at either End of a Dnllorm 
TraiumlHlon Une termiiiated by Apparatus at eaeh End. Fig. 19 

■vwv * 



||| — WW-AAMr 



TTTTTTTT 



and formula {30), Chap. III., show how the received current at 
I* is arrived at in the absence of Zc. If Zc be placed in series with 
Za, as shown in Fig. 166, then (30), Ch^. III., becomes 

'~Zo'+(i^ + Z<)Z6 sinhfl+{(Zg+Z<:) + Z6}coSh» 

Zo 
If the apparatus is placed in series with Z6 at the distant end 
instead of Za, the formula becomes 

Zo 

Now (17} and (18) are not the same unless Z«=Zi, or in other 
words, unless the circuit is terminated by apparatus of equal 
impedance Za at both ends before the addition of Zc. If Za=Zb 
(17) and (18) become 

^~'4^J:J^^:?)^sinhe+iZa+{Za+Zc)\i:oshe 

261. EBeet on the Reeeived Cnrrent ot an Impedanee Zq plaeed 
at any Point, In Seriei, in a Transmlasion Line. — By (17), Chap. III., 
the received current when the impedance Z'a is at the receiving 
end of the line is 

, ^ El 

' Zosinhfl+Z'iicoshfl 



(20) 



In Fijg. 16, Chap. III., the current at the junction of Z'a and 
the hne is the same as the received current. Now the impedance 
Z'a is unrestricted in value, and if for Z'a we substitute an equal 
impedance, viz. Za + Zq" tanh fl„ (where 8„ is the angle of the 
added line and Z(," tanh fl„ its impedance), we shall still obtain the 
current Ig at the junction of Z'a with the line. The arrai^ement 
is shown in Fig. 167. The current at Ij then becomes by modification 
of (zo) 

, ^ Z'o sinh e, + [Za + Z"o tanh 8„) cosh fl, ' '*^' 
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The voltage Ej and the currents 13 and Ig indicated in Fig. 167, 
are related as follows. By (12), Chap. III. 

that is Is= ,z'„ sinh 0,+(Za + Z"o tLih O cosh ff,) cosh e,. 
_ El . /gjj 

Z'o sinh e, cosh 6,,+Za cosh fl, cosh J,, +Z"o sinh fl„ cosh 0, 

*---♦-'; * 

Fio. 167. 

This is a general expression for the received current, in the case 
where an impedance Za is at any point in series between two trans- 
mission lines whose line angles are tf, and 0,„ and characteristic 
impedances Z'p and Z"o. 

II Z'o=Z V r^i = 9, and y/g = *,„ we have the case of an 
impedance in series at any point of a uniform transmission line of 
length (/i +tt) =1. {22) then becomes 
T El 

' Z'o (sinh 6, cosh S„ + sinh fl„ cosh *,) + Za cosh 6, cosh *„ 

_ Ej 

" Z'o sinh (0. + 8„) + Za cosh j; cosh fl,, " " * ^^3' 

Here S, + (,, is the total line angle yl. li this be written then 
{23) becomes 

^* "" Z'o sinh fl + Z« cosh S, cosh e",, ' ' **^* 
This is a general expression for the received current obtained by 

placing an impedance Za at any point in a uniform line (see Fig. 167). 
If in a uniform line 8, =0„ = - the impedance is evidently in 

the middle of the line. In that case (24) becomes 

l!= ^^ S ■ ■ . (25) 

Z'o sinh 9+Zflcosh" ^ 

If cosh in (20) be written cosh {0, + 9„), where 0, and 0„ have 
the meaning already given, then 

cosh 6= cosh {#, + fl„) = cosh #, cosh 0„ + sinh 9, sinh tf„ 
or cosh 9— sinh *, sinh 0,, = cosh tf, cosh 6,, 
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Substitute this value of cosh S, cosh $„ in (24) and we then 
obtain 

^' ~ Z'o sinh e + Za {cosh — sinh 0, sinh 9„) ' '^^' 

If fl, or S„ is zero, (26) reduces to (20). 

2&2. Efteet on the Sending End Resistance of an Impedanee Za 
In the Middle of a UnUoTm Transmisilon Line. — Fig. 167 illustrates 
this case, if the lengths ly and l^ are equal and umfonn. Let the 
characteristic impedance of both lengths be Zg, and the line angle 
of the total length li+l^ be 6. By (i^), Chap. III., if one of the 
half-line sections be closed at the receiving end by an impedance 
-r- its sending end resistance is 

„ Z'o(z'o sinh I + — cosh -) 

E, , V 2 2 2/ (27) 



(Za + Z'o tanh |) 
in the last equation, we obtain the arrangement shown in Fig. 167, 
the impedance (za + Z'o tanh - j being that of the impedance Za and 
the line /j ; we then have 

Z'ojZ'o sinh t+(Za + Z'o tanh ^ cosh H 

Z'o cosh : +( Za + Z'g tanh -J sinh - 

Z\{zZ\ sinh ^ + Z« cosh ?) 

Z'ofcosh - + tanh ? sinh - W Za sinh ? 

\ Z 2 2/ 2 

Z'o(2Z'o sinh | + Za cosh ?) 

Z'o('cosh»"+sinh*?) ' 

-3 ^ ^ ^'' -FZasinhg 

cosh? 2 

2 

Z'oi('2Z'o sinh I cosh ?W Za cosh^ ?? 



Z'o(z'o sinh 9 + Za cosh^ ?) 



(28) 
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II Fig. 167 represents a loading coil section with a loading coil 
of impedance Z« in the centre of the line, the impedance measured 
from the sending end is given by (28). 

If Ii be derived from (28), and divided by I3 from (25), we 
obtain 



= cosh -f -=j- sinh 6 



This equation is of the same form as (8), Chap. IV. ; but it should 
be noticed that each of the two impedances in this latter case would 
be — in practice, whilst in the former case the impedance is Za. 

With this proviso the ratios j* and ,-i are the same. It follows 

from this that the attenuation (^j in a series loaded section of 

transmission line earthed at the receiving end, is the same whether 
the load is in the centre of the section, or split up into two halves 
placed at its two ends. The received current in the two cases is 
not, however, the same, because that depends also upon the sending 
end impedance. Compare (21), Chap. III., with (28) in this chapter. 

2&S. CharMterlitle Imyedftiiee ot « Sflrifls-Loaded Line. — The 
required impedance is that obtained at the sending end of a suffi- 
ciently large number of sections of series-loaded hne, the number 
being such that the impedance at the sending end is the same 
whether the receiving end is open or closed. Two cases will be 
considered ; (a) when a load is placed at the centre of every section 
of the line ; and (6) when half a load is placed at each end of every 
section. 

(a) By (7), Chap. III., we have Zo=V^- Here Zi and Z 
refer to lines of any length and they will be applied to one section 
of loaded line. In case {a) Z^ is given by (2S), and Z, the sending 
end impedance with the distant end open, is derived from (27) by 

replacing^ by (^Zfl+Zocoth^\ (See (5), Chap. III.} Formula 

(27} then becomes 

Z'o(Z'o cosh S+y sinh fl) 



by a similar process to the development of (28). Whence 

/[Z'o)^Z'o sinh fl+Z<i cosh^-Yz'oCosh 9+— sinh e\ 
(Z'o cosh e+ ^ sinh ffVz'o sinh 9+ Za sinh* |) 
By the aid of (52) and (53), Chap. I., this may be written 

7-7' /zZ' o sinh e+Za <cosh 9 +t) , 

Zo--^ oV ^osinh e+Za (cosh 9- i) ■ ' (^9' 
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This formula is also given by H. W. Malcobn on page 176 of 
" The Theory of the Submarine Telegraph and Telephone Cable." 
(b) In this case Z^ is given by (21), Chap. III., and 

Z=Z«+Z'oCothfl 

by inspection of Fig. 18, and {5), Chap. III. 

. 7 _ /[] (Z'o)« + Za'} sinh fl+ 2Za Z'q cosh 9] (Za + Z'<, coth g) 
• •^»,. V (Z'ocoshfl+Zflsinhfl)" 

' l{(Z'o)'+Za'^sinhfl+"2ZaZ'oCosh9](Zasinhfl+Z'oC05b^ 

sinb 6 

(it'o cosh e + Za sinh fl) 
= V{ {Z'o)*+ Za* } + 2ZaZ'o cotFe {30) 

This is given by G. A. Campbell in the article quoted in para. 76 ; 
the symbols are, however, altered in conformity with those here 
used. 

aS4. TraiuinluioD Lou or Gain dne to Apparatus In Leak at 
Either End, or In the Middle of K Long *nd UDiform Transmlstion 
Line. — Case (a). Apparatus at tfu Sendit^ End ofihe Line. — Let Za 
be the impiedance 01 the apparatus, Zq the characteristic impedance 
of the line, and Z the impedance of the apparatus in leak to earth. 



= / 



■^l|l^-TO 



Replacing Zg by the joint resistance of Zg and Z we obtain 
E, _ Ei(Zo + Z) , , 

^~Za^ V ~2^2o+2a2+Zo2 " " '^^J 

This is the current I. entering Za in Fig. 168. Now It divides 
between Z^ and Z, and tne portion I^ entenng Zq is by the law of 
divided resistances 

I _ E,Z .. (Zq + Z) ^ E.Z , . 

^'~Zo+Z^Z«Z„+Z<iZ+ZoZ ZflZo + ZaZ + ZoZ ^"' 
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The current which entered Zu and Zo before the addition of the 
shunt is given by {31). The ratio of (33) to (31) is 



(34) 



Ii_ EiZ y Za+Zo _^ Z(Za + Zo) 

It ZoZo + ZaZ+ZftZ El ZoZq + ZaZ + ZoZ 

This ratio ^ may be expressed as an attenuation by the same 

reasoning as that given in Chap. VII., para. 126. In that case we 
" may write 

^^e-9, and fl, = log,{* 

t^^*'^ "-'^'Z^i^^r^ ... (35) 

and the loss or gain in miles of standard cable as compared with the 

circuit without the leak is - - V . 
0106 
In view of the fact that the receiving end ts too distant to 
affect the volts or current at the sending end of the circuit, the 
receiving end impedance does not come directly into the calculation, 
seeing that both {31) and (32) are equally anected by it. At the 

receiving end the quantity - — also gives the loss m the received 

current, due to the leak impeidance at the sending end. 

Case {b). Transmission Loss or Gain due to Apparatus in Leak 
at the Middle of a Lot^ Uniform Line. — Fig, 169 illustrates this case. 



Hi|i|- 



Fig. 169. 

This problem is practically the same as the preceding one, inasmuch 
as by inspection we have a leak between two fixed impet^ces 
in each case. The only difference is that in the present case the 
impedances at each side of the leak are Zn instead of one of them 
bemg Za. If, therefore, Za be altered to Zo in the formula already 
developed, we obtain from (34) 

la ._ 2Z 0Z _ 2Z ,,, 

Case (c). Transrmssion Loss or Gain due to Apparatus tn Bridge 
at the Receiving End of a Long and Uniform Line. — Fig. i?o applies 
in this instance. The case is exactly the same as that illustrated 
by Fig. 168, except that the battery is connected to the opposite end 
01 the impedance system in the two cases. If, therefore, Za be 
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formula will hold good for the receiving end < 
changes indicated are made, however, an inspection of {35} will 
show that the alterations leave this equation exactly as it was before 
the changes were made, and it follows that the same effect on the 
received current is obtained whether the leak is applied to the 
sending or the receiving end of the Une. See Figs, 168 and 170. 



Hil'l- 



I 00000 *" 



Infinite Une 



Case {d). Relative Loss at the Middle and End of the Line. — The 
condition which determines whether the loss at the middle or end 
of the line is the greater is as follows. The ratio of {34) to {36) is 

(37) 



iMi _ „ (Za+Zo)Z _ ^ 2Z+Zd 
{36) ~ ZflZo + ZaZ + ZoZ ^ 2Z 
^ /aZ Za -f 2ZZ1, + ZaZp + Z<,g \ 
1^ 2ZaZo-f 2Z*iZ + 2Z|,Z / 
_ 2ZZa+2ZZo+ZflZo+Zo' , „. 

2ZZa + 2ZZ0+ Z*iZo+ Z«Zo ■ • • ^^' 

The only difference in the numerator and denominator of (38) is 
that Zq* in the former is replaced by ZaZq in the latter. If, therefore, 
the former is greater than the latter the numerator is greater than 
the denominator, and since in that case (34} is greater than (36) it 
follows that if Zg is greater than Za, the loss at the end of ttie line 
due to the leak is greater than that at its middle. On the contrary, 
if Za is greater than Z(, the loss at the centre of the circuit is greater 
than that at the ends. 

Experiment shows that in practice a shunt has a somewhat 
greater effect at the sending end of a line than at the receiving end. 
in some cases, however, the greater current at the sending end 
alters the impedance, and this is probably the reason for the greater 
effect observed at the sending end of the line. 

£«am^/e.— Calculate the efiect on the received current !< of 
placing an impedance Zii=20o/5o° in series (a) at the end and 
J6) in the middle of a 40 lbs. cable pair having the constants given 
in Table II., Chap. VIlI., and loaded by means of 200 millihenrys 
per mile. Ej = 10 volts ; length of hne 40 miles. Zq is the character- 
istic impedance of the line and 8 its Ime angle ; fl, and 8 are the 
Une angles of the sections on either side of the impedance Za. 
This case is shown by Fig. 167, and the received current may be 
calculated by (20) and (26). 
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The method to be adopted is the same as that utilized in Ex. 4, 
Chap. IX. We have, therefore, 

Zq = 1756 \i° 27' and e= (ooi626+yo-57o)40 
= o'65o+y22'8 
sinh tf = sinh (o65o+;22'8)=i'004/24i'' 2/ 
cosh 6 =cosh (o65o+y228)= ■980/211° o' 



sinh e, = sinh 9„ = sinh (0325 +; 11-4) = '974X36' 10' 



sinh* 0, = -949X72° 20' 

Cast (a).— By (20) 

, "> 

* Zo sinh 6+ Za cosh 6 



1756X1° 2/ X 1-004 /241° 27' + 200 /5O°o' X 980 / 211° o' 



1764 / 240° o' + 196 / 261° o' 

Case (b).—By {26) 
1* = 



1764 /240°o' + 200 / 5o°o' (o-98o /2ii°q' — 0-949X 72° 20*) 

10 

^ 1764 / 240° 0' + 200 / 50° o' X 1197 / 109° 3 2' 

10 

•"1764 /240° 0' + 2394 / 159° 32' 
10 

~ 1818/232° 31' 



= 550 \ 232° 31' milliamps. 

It will be seen that the difference in the received currents in the 
two cases is not more than 61 per cent . , but it should be borne in mind 
that the impedajice of the line is very high in comparison with the 
impedance added to the circuit. 
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CHAPTER XIV 

THE THERMIONIC VALVE AS A TELEPHONIC RELAY 

26S. Genflr&l ConsUerations.— The term "telephonic relay "is here 
used to describe the simplest piece of apparatus by means of which 
the amplification or magnification of toe complex electrical waves 
of speaJi is produced. This magnification is usually effected 
at some intermediate point in a telephone circuit, where the 
volume of speech impressed on the circuit at the sending end 
is con^derably reduced, owing to the impedance and attenua- 
tion of the hne. As already shown in Chap. V. an electrical 
complex wave due to speech consists of a fundamental and a 
number of overtones. Perfect reproduction of speech by a relay 
involves the reproduction of the fundamental and its overtones 
in their correct proportion, all the amplitudes being magnified, but 
their ratio of amphtude being unchanged. It is, therefore, at once 
evident that the ideal relay must possess great sensitivity, on account 
of the small forces which are brought into operation, and must be of 
great rapidity of action, on account of the frequency of the voice 
currents, which may attain 2000 periods or more per second. It is 
clear that such an apparatus must practically have no mechanical 
inertia, and that the amplified currents must be under complete 
control, beginning and ending instantaneously with the forces which 
produce them. The thermionic lamp or valve comes much nearer 
10 the fulfilment of all these conditions than any other known 
device, and this accounts for the fact that it has been generally 
selected for use wherever telephonic relays have been adopted. 

The first attempt to produce a relay, however, was on quite 
different lines, A telephone receiver was utilized to receive the 
signals which were required to be ampUficd ; the diaphragm of this 
receiver was attached mechanically to the diaphragm of a sensitive 
telephone transmitter; the receiver actuated the transmitter and 
brought into operation augmented currents, due to the battery in 
the telephone transmitter circuit. A good magnification was 
obtained by this means, and considerable work was done in the 
development of this device, notably by H. E. Shreeve (U.S. Patent 
791,650, 1905, and others), and S. G. Brown {British Patent specifi- 
cation 11135, 1908, and many others). The stabihty and general 
action of the thermionic valve were, however, ultimately found to be 
superior to this device, which doubtless accounts for the general 
adoption of the valve. 

The development of the thermionic valve relay is the outcome of 
modem scientific research, and a brief account of some of the most 
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salient facts in connection with its evolution will now be given. 
It has been known for many years that if the high volta£e generated 
in a Ruhmkoifi induction coil be impressed on a partially exhausted 
vacuum tube a current will flow, although when the tube is filled 
with air at atmospheric pressure no current passes. In order to 
pass the current through the partial vacuum, efectrodes of platinum 
were sealed through the glass tube, the electrode connected to the 
positive tenninal of the source of current being called by Faraday 
the anode, and the negative electrode the cathode. The passing of 
the current through different gases in these conditions produces 
beautiful luminous effects, which depend iipon the nature of the gas 
and the amount of the vacuum. In 1878 Sir William Crookes 
announced his discovery that if the vacuum was greatly increased, 
the phenomena in the tube were considerably mo^hed, and that in 
fact violet rays were {irojected in straight hnes from the cathode. 
' and were associated with a dark space around it ; he named the 
rays " cathode rays," and stated that they consisted of very small 
particles travelling at a high speed, each particle carrying a charge 
of negative electricity. 

It had hitherto been accepted as a scientific fact that the atom 
was the smallest particle into which any element could be resolved ; 
but Sir J. J.Thomson, in 1897, succeeded in measuringthe apparent 
mass of the cathode particle ; he found it to be only one-thousandth 
part of the lightest atom known, viz. hydrogen, and that it carried 
a negative charge, e = 3*4 X 10— i" electrostatic units. The negative 
particles were thus brought into greater prominence. They were 
at first called corpuscles and afterwards electrons, which name 
they still bear. Subsequent investigations (those of Perrin, 1008- 
10) give the apparent mass of the electron as 1775 times less uian 
that of an atom of hydrogen, and the charge of the electron in 
electrostatic units as 411 x 10—10. A continuous supply of electrons 
may be produced from a heated filament in a partially exhausted, 
or m a highly exhausted bulb. By this means a permanent dectric 
current can be obtained, if an external path for it is completed, as 
will now be explained. It will be convenient to assume, in the first 
instance, that the bulb has been exhausted to a high degree of 
vacuum, in view of the fact that thermionic relay valves of this 
type are largely used at the present time for telephonic purposes ; 
and, moreover, the action of such a valve admits of a somewhat 
simpler explanation than that of a partially exhausted one. 

Referring to Fig. 171. In the first instance consider that portion 
of the diagram shown by the full lines. The filament F in the 
interior of the bulb (which is usually made of tungsten, owing to 
the fact that this metal can be heated to a high temperature without 
deterioration) is connected to a heating battery B,, and the current 
circulating through the filament can be regulated oy a resistance R. 
It is found that the filament in these conditions gives of! electrons, 
the amount of which depends upon the temperature of the filament. 
Professor 0. W. Richardson has given the following equation to 
express the relation between the emission and the temperature of 
the filament : — 

N=flT*fi"^ (1) 
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where N = number of electrons emitted per second by a square 
centimetre of the heated body, T = absolute temperature of the 
filament, i.e. {273 + (}, where t is the Centigrade temperature above 
zero, and a and are constants depending upon the material of the 
filament. The term " thermionic " is derived from the heating 
effects, and is due to Professor Richardson. 

In order that a current obeying the law in (1) may be obtained, 
the anode A and the cathode K, Fie. 171, must be comiected by a 
battery Bj, as shown in the figure, the positive pole being connected 
to the plate or anode of the valve and the negative pole to the 
cathode. An electric field is then established between the anode 
and the cathode, and the negative charges of the electrons are 
attracted to the anode, whence they circulate in the external circuit 
and return to the cathode as a unidirectional current, which can be 
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made evident by a galvanometer in the discharge circuit described. 
The conventional direction of the electric current is opposite to that 
of the electron flow. For any given temperature of the cathode there 
is some minimum voltage in the discharge circuit AB^K, which is 
necessary in order to carry off the electrons with sufficient rapidity 
to maintain a current in accordance with Richardson's law. When 
this point is reached the thermionic current is said to be saturated. 
The higher the temperature of the filament the greater is the voltage 
required for this purpose. Professor Fleming, in 1904. was the 
first to utilize the fact that a unidirectional current only can be 
produced by similar means to those described, and he applied the 
principle to the commercial uses of wireless telegraphy, by converting 
oscillations to unidirectional currents. A later and important 
development was discovered by Dr. Lee de Forest, who found that 
if a third electrode, which was grid shaped, were interposed between 
the' anode and cathode, and if the grid were primed by a suitable 
voltage derived from a battery as shown at Bj, Fig. 171, then by means 
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of the circuit GB^F a supplementary voltage can be superimposed 
upon that in the discharge circuit. If a suitable negative value of Bg 
is chosen, the current in the discharge circuit is materially diminished ; 
but il an alternating current is then superimposed on the grid 
circuit— for example, the electric waves due to speech — these waves 
pass out in the discharge circuit in an amplified form. We have here 
the essentials of a telephonic relay. It may be noted that the 
excessively small apparent mass of the electrons offers an inappreci- 
able inertia, and tnat a suitably designed thermionic valve is suffi- 
ciently sensitive to respond instantaneously to the variations of the 
impressed speech waves within the required limits. 

Dr. Irvine Langmuir, of the General Electric Company's Research 
Laboratory, Schenectady, N.Y„ has fully investigated and developed 
the properties of the type of valve referred to, i.e. that in which the 
pressure in terms of mm, of mercury is reduced to a very low figure 
(o'oooooi mm. of mercury, for example) . In this type of valve a pure 
electron discharge is obtained. {See his paper read before the 
American Institute of Radio Eng^eers, Apri 7th, 1915, an abstract 
of which appeared in the Electrician of May 21st, 1915.) It may 
here be mentioned that in vacuum valves having a much greater 
mercury pressure, the electrons in their passage through the lamp 
ionize tne molecules of gas, i.e. the molecules are spht up into ions, 
and electrons are released which react on the electron discharce and 
complicate the phenomena. These valves are known as soft " 
valves ; they have in the past been largely used in pioneer relay work, 
but at present the " hard " type is preferred on account of its greater 
stability. These latter valves are not subject to the ionizing effect 
referred to. In order, however, to exhaust thermionic valves 
suitably Dr. Langmuir found it necessary to take special steps to 
ensure that anygas occluded in the glass and metal filament, etc., are 
removed. It may be mentioned that the anode and grid are 
frequeiltly made of nickel, Dr, Langmuir has given the name of 
pliotron to the type of valve with three electrod^ and an extremely 
nigh degree of vacuum as developed by him. Experiment shows 
that a definite relation exists between the heating current, the grid 
voltage, and the discharge voltage, in order to secure the best 
results. The law of emission of electrons with variation of tempe- 
rature has already been given. Dr. Langmuir's researches show that 
with a high exhaustion of the valve, the maximum current which 
can be produced in the discharge circuit in the absence of the grid 
is proportional to the potential between the anode and cathode 
raised to the I'jth power. When the grid is added the relation 
found by Dr. Langmuir is expressed by the following equation : — 

i=A(Va-J-KV£)i» (2) 

where i = the current Bowing to the anode 

Va =tbe anode voltage 
Vg = the grid voltage 
A and K are constants which depend upon the dimensions of the valve 
and the form and position of the electrodes. It should be noticed 
that if the potentialof the grid is negative with respect to the filament 
a current cannot flow in the grid circuit, since by supposition the 
potential of the grid must be positive with reference to toe cathode in 
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order to attract the negative charge of the electrons. Voltage changes 
impressed on the grid can therefore be effected with a negligible 
current in that circuit, and since the power absorbed is proportional 
to {3), a very small expenditure of power due to speech waves in 
this pait of the circuit can in accordance with (2) be made to 
produce a considerable change in the voltage and current of the 
dischan;e circuit. 

856. DflteiminaUon of Telephonle Belay CharMtarUttea.— The 
valves described have b«n developed for the purposes of wireless 
telegraphy, and for these purposes they generally require a small 
input of power and a hign magnification. The requirements of 
thennionic valves for telephonic purposes are somewhat different, 
the required power being more, and the magnification less, than in 
the wireless case. The power required determines the size of the 
valve ; the best voltages for the discharge circuit, for the heating 
or filament circuit, and the md circuit, are determined by a series 
of actu^ tests. Details of the methods of test will be found in a 
paper by Messrs. C. Robinson, B.A., and R. M. Chamney, A.M.I.C.E., 
of theEngineer in Chief 'sDepartment, Post Ofiice,entitlea"Telephonic 
Rdays and their Application to Commercial Circuits," read before 
the Post Office Institute of Electrical Engineers and included in 
the Professional Papers of that body. The tests were devised by the 
authois, and the lollowing graphs of results are taken from the 

fiaper. Fig. 172 shows an important characteristic, i.e. the varia- 
ion of the current Sowing between the anode and cathode, and 
in the grid cireuit, due to variations of the voltage in the 
battery B2 for different vahies of B^ (Fig. 171J. The slope of these 
ciirves shows how the current vanes with tne voltage, and the 
corresponding resistance at any point of the curve can be deduced 
from it. The straight part of the curves indicates a resistance of 
26,300 ohms, the fiunp under test was a "hard" one. Now in 
actual practice the amplified current in the discharge circuit is trans- 
mitted by a transformer to the outgoing telephone circuit to which 
the magnified current is supphed, and the best impedance of the 
winding of the transformer connected in the discbarge cireuit is the 
same as that of the lamp discharge circuit itself for maximum 
absorption of power in the transfonner. Similarly the winding of 
the transformer connected to the outgoing telephone circuit should 
be the same as that of the line (see Cnap. Vll). It may also 
be seen from the curve in question that an increase in the dis- 
charge volts up to about 250 volts produces an increase in the 
discbarge current. At this point it is probable that the electron 
emission from the cathode is completely disposed of by the voltage, 
and that there is therefore no advanti^e in increasing it further, — 
this is shown by the flattening out of the curve for the higher values 
of V. It is not necessary in all cases, however, to use the highest 
possible voltage, as in some cases the required magnification can be 
obtained with a less voltage. The grid current is also shown in the 
figure. It is in all cases very small and is associated with a + grid 
voltage. Fig. 175 shows the variation of the discharge current and 
the CTid current, i.e. the current circulating in the cireuit shown by 
the dotted lines in Fig. i, with variations of grid potential. It is 
seen from this curve, as already mentioned, that when the voltage 
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of the grid is negative with reference to the filament, no current 
flows in the grid circuit ; this is clear from the fact that the grid 
current entirely disappears in the curve for all values between 



potential o and —15 in the grid circuit. The slope of the curve 
showing the discharge current with change of grid voltage should be 
straight and steep, to give the best result, because such a curve 
shows by its steepness that a small change in the grid voltage 
produces the maximum current change in the discharge circuit, and 
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the fact that the line is straight indicates that the increase is equal 
whether the voltage is increased or decreased by an equal amount. 
H. therefore, a small alternating voltage, which of course alternately 



Potential of Grid 

Fig. 173. — Variation of Discharge Cuirent and Grid Cnrrr^nt with Variation 
of Grid Potential. 

increases and decreases from a neutral point, were impressed on the 
grid, it would not suffer distortion. Now such an alternating 
voltage is impressed on the grid by the speech waves which enter 
the relay on tnat side. If, as an example, 210 volts were used in the 
discharge circuit, then the straight portion of the 210 volt curve in 
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Fig. 1^3 would be chosen, and this would be obtained by a priming 
negative grid voltage between o' and —15 ; this need not be more 



Grid Potential- Vorts from-end of Filament- 
Fio, 174.— Efiect on Discharge Current and on-Grid Current of varying the 
Heating Current I in the Cathode Filament. 
Curves marked (A) I = 073 amp. 
,. (B) 1 = 070 „ 
,. (C) 1-0-673 ., 
„ (D) I = 0-65 „ 

than 3 or 4 volts, as the same result is obtained with these values 
as for larger negative voltages. It is further obvious from the 
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fact that no current is circulating in the grid circuit that the apparent 
impedance of that circuit is very high ; when a transformer is added 
on the input side to connect the relay to the telephone line, as is ' 
always the case, the condition of no current is sUghtly modified, but 
the impedance is very high and the winding of the transfoTmer 
cohnectcd to the input sitie should be correspondingly high on the 
principle already laid down. Fig. 174 shows the effect on the dis- 
charge current and on the grid current of varying the heating current 
in the cathode filament. The slope of the current in the cuschaige 
circuit should be steep and it should be straight, for the reasons 
already explained. This is attained with a beating current of 
about 72 ampere. 

Similar curves to those given are required for every different 
type of lamp, and for every mSerent maker's products. 

It will be seen that information is obtained by these curves as 
to the best voltage for the batteries Bi, Bj, and B3. We also learn 
that the input transfonner should be a step-up transformer and the 



3 



i 



-<l;!J-Uj|-''^J-H+;-.|- 



t 



output a step-down transformer, usual values in the former case 
are a ratio of^ao to i and in the latter case 10 to i. 

From the high impedance in the grid circuit it will be seen that 
small cells of high resistance would De suitable. This would also 
appear to be the case as regards the discharge circuit, but there is 
some risk of overhearing if high resistance celk are used'; and, more- 
over. secondaJT cells are often foimd to be convenient. From the 
magnitude of tne current circulating in the filament circuit secondary 
cells are necessary. . 

A photograph of a " hard " lamp, which is often called a lamp 
of the " French " type, as used by the Post Office, is given in Fig. 
175A and 175B. The cathode, grid, and anode are indicated by the 
letters K, G, A. 

Measurement of Magnification. — This measurement is made .by 
connecting an alternating current to the primary side of the trans- 
former Ti which is connected to the grid circuit {see Fig. 176). and 
measuring the watts entering the relay in that primary, and also the 
watts leaving the relay circuit on the secondary side of the trans- 
former T(. The Franke machine is frequently used for this purpose 
(see Chap. X^. In measuring the watts on the input side the 
voltage drop V] is first measured at the ends of a non-inductive 
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resistance R, in series with the primary winding, and then the 
voltage drop Vj at the ends of the primary winding is taken. The 
current in the primaiy winding is then evidently ^ and the volts 

are measured by Vg. The voltage is out of phase with the current 
by an angle ^ which is measured. Then the power P is 



P,=^V8 cos* watts (3) 

In the output circuit, if the power is absorbed by a non-reactive 
resistance K^, and this is the only resistance in series with the 
secondary wmding of Tt, it suffices to measure the voltage drop 
Vg at the ends of the resistance, which also corresponds with the 
ends of the winding, we then have 



= VbI watts (4) 



V, 



where I =s-'- 
Kt 

The magnification of power is then obtained by dividing (4) by (3). 
It should be noticed that inasmuch as there is usually no current 
in the grid circuit, the fc»egoing is as much a test of the input trans- 
former as of the valve. 

Fig. 177 shows the results of a series of tests taken in this way on 
a " hard valve. If it be assumed that the speech currwit entering 
a telephone circuit at the sending end has a mean value of 0-005 
ampere, and that the circuit has a characteristic impedance of 1000 
ohms, then ^e input watts in this case would af^Iy to the case 
of a telephone circuit of the longest conceivable length as one hmiting 
value and one having an attenuation length equivalent to 30-3 miles 
of the standard cable as a lower limit, these limits corresponding 
to the input values o and 40 respectively, as g^ven in Fig. 177. For 
a circuit of lower impedance the equivalent attenuation length 
would be somewhat less. It will therefore be seen that this valve 
gives its maximum magnification when fixed at points in a long Une 
which have an attenuation greater than 303 miles of standard cable 
in the conditions supposed. It should be borne in mind, however, 
that the current at the beginning of the trunk line may be considerably 
iess than the 5 miUiarap6res stipulated, either on account of attenu- 
ation In the subscribers lines, or due to atelephone below the normal 
efficiency, or a subscriber speaking in an abnormally low voice, etc., 
and all these factors must be taken into account in determining the 
most suitable input to be provided for by the valve. It will be seen 
from Fig. 177 that the maximum magnification is given when the 
input is very small, i.e. about five microwatts, and that as the input 
increases from that figure to 40 microwatts the magniJicatton 
decreases. By this means a variation of volume of speech within 
these limits is to some extent corrected. This variable magnifi- 
cation does not mean that harmonics of small amphtude wm be 
magnified in a different ratio to the much larger volume of the funda- 
mental, for both harmonic and fundamental simultaneously fonn 
part of the total value of the input energy, and it is this total value 
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which deteimines the mi^;nificatioii ; so that all the instantaneous 
frequencies in the input enerCT are ma^ified in the same proportion 
so far as this curve shows. The relative magnification of high and 
low frequencies can, however, be modified by the design of the input 
transfomier. In order to appreciate the significance of the values of 
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Fig. 177. — Variation of Magnification with Input. 
Heating Current . 073 amp. 
Dischai^ Volts 330 

Grid Volts --5'7 from end of Filament. 

magnification given in the curve, say for example a magnification of 
tooo, we have only to take a representative telephone circuit and 
find some point distant from the sending end where the power 
has diminished by attenuation to one-thousandth part of the 
impressed power. This attenuation is such that the magnification of 
1000 would entirely annul it and restore the power to its sending end 
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value ; the magnification may therefore be said to give an improve- 
ment equivalent to that attenuation length, and it may be conveni- 
ently expressed in terms of standard cable. If as an example we 
agam assume the turrent at the sending end to be 0005 amp^ and 
the characteristic impedance of a very long loaded line 1000 ohms 
without phase angle between volts and current , we have at the sending 
end 

p=VI=ZoI« = iooox{ooo5)« . . . (5) 

At some distant point on the line we have by supposition 

P,=ZoI««-W = iooo x{ooo5}«r-»'. . . (6) 

Here zpl has a value such that the ratio of (5) to (6) is p- = -^j 

= 1000, or e-* = Voooi = 0-0316, whence pl = y^$ and 4^. 

= 32 5 miles of standard cable. Similarly a magnification of 2000 
woula correspond to an improvement equivalent to nearly 36 miles of 
the standard cable. Comparing these figures with the mput values 
previously analysed, it would appear that the improvement obtained 
would be a little more than the actual power attenuation due to the 
lines connected to the input side of T. 

It must be borne in mind, however, that the improvement values 
are only rigid for one frequency, and over a very small range of 
input values. This is in fact the principal limitation of a lamp of 
this capacity, but it is found to meet commercial requirements. 
Further investigation is, however, being made by the Post Ofl&ce 
Research Section on this point. 

267. Telephonle Relay Byatems. — (a) Single Relay Repeaters. — 
In order to introduce a thermionic lamp relay into a telephone 
circuit in the simplest way, i.e. to provide for speaMngin one direction 
only, transformers are added, as already mentioned, to the relay, 
see Fig. 176. The transformers perform the function of confining 
the battery currents in a local circuit, and if they are suitably 
designed they permit of the power generated being utilized to the 
greatest advantage. It maybe noticed, however, from Fig. 176 that 
a voltage can only be impressed on the grid from the side of the line 
to whicn it (the grid) is adjacent, a current entering the relay by the 
transformer Tj is not efiective for operating the grid. It is however, 
of course, an indispensable condition for commercial telephony that 
speech shall be possible in both directions, and to make tnis possible 
a device originated by Edison is used. In order to facilitate the 
explanation of this device Fig. 178 should be examined. This 
arrangement fulfils exactly the same object as Fig. 176, and the 
similarity is evident. In this case, however, the primary is divided 
into four equal windings as shown, and a resistance is inserted in the 
middle of the primary coils ; this reduces the current in the trans- 
former, but does not in any way affect the principle of the arrange- 
ment. If now the line which was previously connected to the 
secondary of Tj be substituted for the resistance R, and if its impe- 
dance is the same, the electrical conditions will not be in any way 
affected ; speech can now be conducted between the two ends of 
the line and the speech currents are amplified in the relay circuit. 
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but this does not benefit the line because the discharge side of the 
relay is not yet connected to it. If, however, the secondary side of 
the transformer T, be joined to the line through the primary windings 
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Fig. 178.— Single Relay Repeater. Explanatory Diagraia 

of Tj, as shown in Fig. 179. the magnified currents are repeated into 
the hne, they split through the trar^onner windings in parallel, and 
the repeated currents are propagated to both ends 01 the line. If the 
resistances on each side of the point of connection of the relay are 
equal, the secondary winding of^T) will not be afiected, as there will 
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Fig. 179.— Single Relay Repeater. ExpUnatory Diagram. 

be no magnetic effect in the primary owing to the relay currents 
circulating through the windings in opposite directions ; such an 
arrangement as that shown in Fig. 179 is frequently called a telephonic 
repeater to distinguish it from a telephonic relay as previously defined. 
The essential feature of this device (Fig. 179) is that the relayed 
currents must be repeated into the line without affecting the grid 
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circuit, and this can only be done if the line impedances on both 
sides of C and Cj, Fig, 179, are equal. If such is not the case there 
will be a resultant magnetic effect on the secondary windings of Tj, 
and the resulting current will actuate the grid, this will give ilse to a 
magnified current in the discharge circuit, which will again circulate 
in tne primary circuit of Tj, and the out-of-balance current will once 
more give rise to a current in the secondary of Tj and the grid. This 
cycle of events will continue, and in this way the relay wiU be contin- 
uously actuated. The rapidity of the impulses actuating the relay 
will depend on the electric constants of the circuit, which will oscillate 
at its characteristic frequency. If the effects are sufficiently powerful 
a loud note will be heard ; this effect is usually known as Mir/tng," 
and it prevents the proper use of the relay. 

Problems of Baiance in the Single Relay Repeater. — We are here 
face to face with one of the most difficult problems of telephonic 
relay working, i.e. that of maintaining an equal impedance in the 
up and down lines attached to the relay, tor all the important 
Trequendes which enter into the composition of speech. It is not 
sufficient to prevent the relay " howling ; " if there is a want of 
balance which is not sufficient to produce that result, the parasitic 
speech waves which enter the relay will be added to those which 
are being amplified in the usual way, and may produce serious 
distortion and oad articulation. Want of balance in the line circuits 
may be produced by a number of causes, one of the most obvious 
of which is the change of impedance with length. If the line is not 
sufficiently long, a cnange m the circuit conditions at the distant 
end — such, for example, as opening, or closing, or extending the 
circuit — will alter its impedance, ana at once throw the valve out of 
balance. If, however, the line is sufficiently long from the electrical 
point of view, then no matter what Change is made at the distant 
end, the apparent impedance of the line as measured from the relay 
end is not affected. A reference to Fig. 73 shows the effect on the 
impedance of varying the length of a 70 lbs. cable circuit. It will 
be seen from that figure that the sending end impedance becomes 

fractically constant with a length of 30 miles of standard cable, 
t is convenient to regard the amplified currents which affect the 
relay, due to varying impedance, as being sent out from the relay, 
and reflected back to it from the distant end, the current being thus 
propagated over twice the length of the line. Now experience 
shows that if the electrical length of the line Is equivalent to 15 miles 
of standard cable, a relay lamp of normal sensitiveness is not affected, 
and taking the double journey ^due to reflection into account, this 
agrees with Fig. 73. Tne magnitude of the characteristic impe- 
dance of the Une modifies the result to a small extent, but the rtile 
fiven is found to be of practicjil utUity. Other causes of want of 
alance are, different composition of the lines on the two sides of the 
relay, or apparatus bridged across one side (up or down) and not the 
other, or imperfect insulation, etc. If the balance of the lines cannot 
be restored, it is necessary to reduce the sensitiveness of the repeater 
system by shunting the relay ; this can be done by means of a high 
resistance shunt across the grid-anode circuit. The resistance can 
usually be varied by steps of 50,000 ohms, to 600,000 ohms ; a very 
small capacity is, however, sometimes used as a shunt. Ths lines 
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may also be to some extent balanced by means of a sliding resistance 
inserted on eittier side of the relay. In open-line working it is some- 
times necessary to reduce the sensitiveness of the relay to prevent its 
being affected by currents induced in the line by power drcuits 
and other sources of disturbance. The net result of the various 
causes of unbalance referred to is that a magnification equivalent to 
the elimination of 30 miles of standard cable as deduced from Fig. 177 
can very rarely be maintained. The ideal position for a single relay 
is in the middle of electrically long underground conductors having 
a total electrical length not less than that equivalent to 30 miles of 
standard cable. To provide an entirely stable service, however, 
the relay should not be worked so that it is operated by excessively 
small inputs ; in actual practice in double-repeater systems an 
improvement equivalent to from 15 to 20 miles of standard cable 
is usually arranged for, but on relatively short lines it may not be 
possible to attain this figure. In some exceptional cases a single 
relay in a very long line may have an improvement equal to about 
27 miles of standard cable. 
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Interaction between Relays *« the Same Circuit. — If the circuit 
is of such an electrical length that two or more relays are necessary, 
a further difficulty arises, for if the valves are not sufficiently far apart 
they interact on each other, unless special arrangements, to be shortly 
described, are taken to prevent this. The difficulty is caused by 
the fact that the amplified energy in each relay system travels both 
backwards and forwards along the line as shown in Fig 180, where 
the arrows indicate the diiection of flow of the amphfied currents. 
If the distance between the repeaters is not sufficient, the amplified 
speech waves, from B for example, on arrival at C will be reflected 
back to B, and will affect that valve a second time. If the effect 
is sufficiently powerful serious disturbance to working may be caused 
by this means. Experience shows that the magnification of any 
valve should not be greater than that necessary to permit of the 
transmitted power amving at any relay, being of the same value in 
aJl cases, assuming a uniform line and equal spacing. This means 
that the attenuation of any section of line must in all cases armul 
the effect of the magnification in the preceding valve, and this rule 
applies whether the spacing is equal or not. It should be noticed 
that if this theoretical schemecan be perfectly carried out transmission 
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to any required distance can be maintained, because the effects of 
attenuation are continually neutralized. In order for this to be 
possible, each valve must also correctly reproduce the impressed 
speech waves in relative amplitude without distortion. If the Une 
is uniform throughout and divided into equal relayed lengths, the 
total attenuation of any number of lengths with the power regulated 
as stated, would be that of one length only. Generally speaking, 
this is theoretically possible in double-repeater systems, but it could 
not be attained at present in single-relay repeater systems. 

(b) Double Relav Repeaters. — On account of tne difficulties in 
balancing the impedances on each side of a single telephonic repeater, 
especially where more than one such repeater is used in a telephone 
circuit, the line is divided up into isolated lengths, two repeaters 
being allotted to each junction of separate lengths, as shown m Fig. 
181 ; this arrangement replaces that shown at B or C in Fig. 180. In 
order to neutralize the amplified current which splits through the 






t •— ' *0i 
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primary on the input side of the transformer (Pi, Fig. 179) , artificial 
balancmg circuits are utilized as shown at A and Aj, Fig. 181 ; the 
secondary side of the output circuit on the one side is joined as 
shown to the centre of the input transformer on the other side, thus 
the first relay repeats into the second and passes on the amplified 
current to the next section of line ; the arrangement is shown in 
greater detail in Fig. 182. The switches S, and Sg are provided 
for reversing the direction of the current ; this is found to be of 
advantage because of the fact that the current in one part of the 
apparatus tends to get out of phase with that in other parts of the 
system, and the reversal of the current is frequently beneficial from 
the phase point of view. The advantages of the doiibU relay repeater 
are : (a} Each section of line can be balanced independently and does 
not depend on the similarity of the adjoining section. (6) The 
artificial balancing arm of the combination is absolutely stable, and 
therefore tends to stabilize the arrangement, one possible variable 
being replaced by it in each case. 

On tne whole, therefore, a more stable arrangement is obtained 
than is the case when single repeaters are used, and this is particularly 
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advantageous when more than- one relay station is in drcuit. A 
further marked advantage is that the double relay repeater is suitable 
for use in cord circuits at tel^hone exchanges for connection to 
various types of circuits. 

The principal disadvantages are : {a) The apparatus is more 
complicated and expensive, (o) Commumcation from one end of the 
line to the other can only be completed by means of the relays, 
whereas in the single valve system the continuity of the circuit is 
maintained even if a valve fails, (c) The design of an artificial circuit 
for balancing purposes involves complex considerations and an 
approximation to a true balance has to suffice in commercial practice. 

268. ArtlBelalClreolti to represent Loaded Unei. — If loaded under- 
ground circuits are used then even if the circuit is sufficiently long 
to avoid end efiects, difficulties still arise. This is because the so- 
called constants of the circuit are not quite unifoim. Thus the 




Fio. 183. — Double Relay Repeater. Genenl AmiDgement of Apparatus. 



inductance of the loading coils may vary appreciably from the mean 
inductance, and the capacity in different lengths may also vary. 
The position of the last coil with respect to the end of the line has also 
a marked effect on the impedance, and the lumping of the inductance 
at fixed points contributes to the variations of impedance. If a 
circuit is subject to variationssuch as those pointed out, the impedance 
of an infinite line when measured with frequency between the limits 
of 300 and 1300 periods per second, commencing with the lower 
Umit and making measurements at frequencies mcreasing by 40 
periods per second, gives an undulatory curve as shown in Fig. 107. 
A method of constructing an artifiaal impedance to balance an 
infinite loaded line has been devised by Mr. C. Robinson, part author 
of the paper referred to. The problem, however, is much simplified 
if a capacity of 02 mf. is permanently bridged across the end of the 
loaded line, as this has the effect of partially smoothing out the 
impedance curve, and as the capacity only ados a very small trans- 
mission loss it is usually utilized. Mr. Robinson's method is as follows. 
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It is known that the required impedance is one having a small 
angle in view of the fact that the line is loaded (see details 01 measure- 
ment of loaded lines in Chap. X.), and it is usually possible to make 
up the required artifidal unpedance by means of resistance and 
capacity only. From inspection of the measured results the limits 
of magnitude of the impedance are also known, and experience shows 
that the range of frequencies between 300 and 1300 cycles per second 
is sufficient. A number of standard curves are calculated within 
the required range of magnitude and frequency. These show the 
impedance-frequency characteristics of different combinations of 
resistance and capacity, the real and imaginary parts being plotted 
separately. The impedances so calculated consist of a simple 
resistance shunted by a capacity. The measured resistance and 
reactance components of theline impedance are drawn to the same 
scale on tracing paper. The resistance component is laid over the 
calculated resistance curves and it is usually possible to find one with 
the same slope. The actual value of the resistance can be obtained 
by adding resistance to the selected combination, since this does not 
affect either the resistance slope, or the magnitude of the reactance 
part. The reactance component is dealt with in a similar maimer. 
When a curve with a suitable slope is found the reactance component 
can be adjusted to the required values by adding a series condenser. 
This, however, alters tne slope of the reactance component, 
since the impedance of a condenser is inversely proportional to 
the frequency. It is, however, usually possible to find a capacity 
to be placed in series with the selected combination which gives 
an approximately correct reactance over the required range of 
frequencies. If, however, this is found to be impracticable, a different 
combination must be selected. The illustration taken is that of a 
tump-loaded line, but the method is appUcable to any type of circuit. 

It is also possible to arrive at the required impedance value by 
calculation, but the method involves a number of complex simul- 
taneous equations, and in practice the method described gives 
satisfactory results and is preferred. 

Equivalent impedances may also be calculated on the princi|des 
laid down in Chapters IV, and VI, Those methods, however, are 
particularly suitable when both attenuation and impedance are 
involved, whereas in the case investigated in the preceding para- 
graphs only impedance is in question. Moreover, the method of 
T and n circuits is strictljy correct for one frequency only. If, how- 
ever, the impedance network is made up of equivalent circuits 
whidi represent very short electrical lengtns, the network will not 
vary appreciably from the line impedance required, but in such a 
case the network would be complex and might be unduly large. 

2S9. The Van Kesteren Sysum of Relay WorUng. — In order to 
overcome the difficulties in working associated with the balancing 
systems just described, Mr. A. S. J. Van Kesteren, a Dutch Telegraph 
Engineer, has proposed to utilize two trunk lines for each telephone 
conversation, one line being reserved for listening at each end. 
(British Patent Specification, No. 29165, 1913.) The relays are 
joined up for working in one direction only as shown on Fig. 183, 
the gria side of the relay being joined to the side of the 
circuit which is reserved at the distant end for speaking in each 
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case, thus at one end of the circuit A is the speaking line and Ai 
the receiving line, as indicated by the direction of the arrows. At the 
other end of the line B. is the speaking line and B the listening line. 
The two lines are joined together at the ends as shown, in order that 
the combined circuit may oe extended to subscribers by means of 
one pair of Unes as indicated. This device appears to involve some 
transmission loss. A transformer can also be used to effect the 
connection, and balancing devices added. The 4-wire system has 
the advantage that " howling " and other difficulties incident to 
imperfect balance are entirely eliminated, and the interaction 
between relays is prevented, provided that the relays in the two lines 
are not too near each other. It may be expected that the net 
results would be that a larger magnification could be utilized than 
in balanced systems, and the deterioration of articulation and 
want of stability which take place due to imperfectly balanced 




Fig. 183.— Van Kestcrcn Relay System. Explanatory Diagram. 

repeater systems eliminated. How far these presumed advantages 
compensate for the necessity of using two pairs of wires is not at 
present known to the writer. 

260. Signalling and Ringing Arrangements. — Signalling on relayed 
lines is usually necessary. The ideal method is to use a device which 
utilizes currents of sufficient frequency to actuate the thermionic 
relays. Signals could then be registeredby means of electromagnetic 
relays witn armatures tuned to vibrate at the selected nnging 
frequency. It is expected that such a method will shortly be 
introduced by the Post Office. 

The ordinary ringing frequency usually adopted for ringing 
subscribers has a frequency of about 17 periods per second ; the 
thermionic relay is not injured by such currents, out on the other 
hand it does not transmit such low frequency signals. Fig. 184 
shows a method of ringing by means of generators operating at this 
frequency. The diagram is taken from a pai)er by Mr. A. B. Hart, 
read before the Institution of Post Office Electrical Engineers, on 
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" Telephonic Repeaters," on Nov. 22nd, 1918. The paper is 
included in the series of professional papers published by the 
Institution. 

201. Aftrantagei ot the HeUy Method of Improving Tranimission.— 

The improvement of tdephonic transmission by means of telephonic 
relays gives promise of considerable development, and its close study 
will be advantageous to all who are interested in the study of trans- 
mission problems, Thismeansof improvingtransmission hasnotable 
advantages over the attainment of the same means by improvements 
io subscribers' sending or receiving apparatus. In the first place, 
any method which would involve the scrapping of the enormous 
number of existing subscribers' instruments would be very costly. 
Not only is this so but a considerable increase in the efficiency of 




Relay 500*500 
one Coil Sliort 
circuited. 



7b Generator To Generator 

Fic. 1S4. — Arrangemeat for Ringiitg through Double Relay Repeaters 

the transmitter and receiver is attended with difficulty. A con- 
siderable increase in the volume of speech at the sending end of a 
hne would give rise to overhearing in some parts of the plant, which 
has been designed for existing conditions. Again, expMience shows 
that any great increase in the volume of speech at the sending end 
of the hne aflects the ear painfully, and b^ond a ceriain hmit it is 
dangerous. Special steps nave to be taken in such a case to cut out 
the receiver whilst a subscriber is speaking, and this is attended with 
considerable inconvenience, and gives rise to confusion. As regards 
the receiving apparatus, the telephone receiver is at present highly 
sensitive {see para. 183), and any apparatus of greater sensitivity 
increases the audibility of any cross-talk or other inductive disturb- 
ances. 

It is here assumed that ordinary telephone frequencies are 
utilized for transmission, the conversion of the speech frequencies 
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to those of a higher order, such as is involved in some modem 
proposals — for example Squier^' wired wireless and similar proposals 
—are not referred to. In tne case of the telephonic relay as described 
in this chapter, the volume of telephonic speech can be kept within 
normal limits whilst at the same time the possibility of extendi^ 
the range of commercial telephone commumcation by this means is 
very great. It will also doubtless be used as a means of cheapening 
the cost of the plant necessary to obtain a fixed standard of trans- 
mission efficiency. 




Fia. 185.— The Thermiooic Valve arranged as an Oscillator. 



262. The Thermionle ValT« ostd m an Oaelllator. — The use of 

this valve for the purpose named in the title is well known (see the 
" Handbook of Wireless Telegraphy and Telephony." by W. H. 
Eccles, p. 340, etc.). If the mscnarge circuit of a three-electrode 
thermionic valve is inductively coupled to the grid circuit through a 
transformer, a transient potential impressed on- the grid circuit 
will be amplified in the discharge circuit ; and a current will traverse 
the winding of the transformer in that circuit ; as a restUt, a further 
induced potential will be impressed on the grid circuit via the 
transformer winding in that circuit, and this will again be magnified 
in the discharge circuit, and so on. The necessary arrangements for 



..Google 



THE THERMIONIC VALVE AS A TELEPHONIC RELAY 359 

the production of dectrical oscillations on this principle are shown 
in Rg. 185. A transf onner with three windings Wj, Wa, and Wg 
is provided, the windings Wj and Wg being connected as described, 
and the windii^ Wj loosely coupled to the other part of the trans- 
former. This winding is used to supply the generated alternating 
current as required. A condenser of siutable capacity is connected 
as shown, and by varying the amount of the capaaty a rai^ ot 
frequencies can be providwl which will depend on the magnitudes of 
M and C. When the oscillator is used to provide sine wave alter- 
nating current of telephonic frequency between 2n/ = 3000 and zw/ = 
zo.ooo, suitable values of inductance are obtained by means of two 
air-core coils each having a resistance of 27 ohms, an inductance of 
250 millihenrys, and a variable capacity of a total value of 2 mf. 
llie best value of the mutual inductance M between the windings Wi 
and W« and also the value of the capacity C is discussed in a Note 
on the Production of Continuous Electrical Oscillations by the Three- 
electrode Valve," by E. V. L. Appleton, M.A., B.Sc, m the EUc- 
ttician for December zyth, 1918. The winding W. may be wound 
to give some convenient value of inductance, but it snould be loosely 
coupled. It may be mentioned that the battery in the grid circuit 
is sometimes dispensed with. An oscillator such as that described 
forms an extremely useful portable guierator for telephonic sine-wave 
measurements, and it is a valuable adjunct to the apparatus described 
in Chapter X. 
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Hftthematleal Proof ol the Rtlatlaiu between the Voltage and Cnmat 
In the Steady State In a Line of any Len^ with uniformly dlstrlltiited 
Eleetrloal Constants. 



t 



Pig. A. 

Let R be the resistance of unit length of circuit, 
leakiuce 
capacity 

inductance „ „ ,, 

current at the length / from the sending end. 
E.M.F. 
j = ■)/—! indicating a lead of 90°. 
Y be the propagation constant = fi +ja. 

It is assumed that the voltage and current vary in a simple harmonic 
manner, their instantaneous values being — 



ti sin at 

I sin (cu/ + 0) 



(I) 
(2) 



Then we have, for diminishing values of volts and current, the 
following equations : — 



dl 



= Ei+L' 
= Gfl + C' 



dt' 



(3) 
(4) 



Next, suppose the sine current to be represented by a vector denoting 

its maximum value I, then since the rate of change of a simple harmonic 

function is a times the amplitude and leads by 90", the vector quantity 

cuLI will be revolved forward through 90° as compared with the vector 
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RI, and it may therefore be represented hyjoLl, hence (3) and (4) may 
be converted into vector equations and written 



-S_Ri+y„Ll-(R+y„L)i . 


• (5) 


-S-GE+i»CE-(G +,<.£)£ . 


■ (6) 






^-(E+j<.L)(G+,..C)E . . 


■ (7) 


|5_(G+y^)(R+y„L)I. . . 


■ (S) 


(7) and (8) may be written 




^jj. = y»E, where y ia a constant . 


. (9) 


14=v. 


• (■») 



Since the pc^on of (7) and (8) in brackets consists of constants, 
both (9) and (to) have the form of harmonic equations, and the solution 
of (9) is 

E=A«^ + B«-T' (II) 

This is evident if (ti) be differentiated, for yn then obtain 

which agrees with (9). 

^ is of the same form, and to obtain its value difEerentiate (11) with 
respect to 1, we then have 

§ = y(A.''-B<-^) (I,) 

Substitute the value of ^ in (12) from (j), we then obtain 

From (7) and (9) y = V(R +y»L)(G +y..C) . . . (.,1 

Therefore {13) may be written 

,__(A.--B.^ 

V R H-jmL 
G +;«.C 

Let . / „ "t^-^S - be written 2». then (15) becomes 
^ G + /(«€ 






(16) 
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To find the value of A and B. If / = o, (i i) and (16} may be written 
From (II) E = A«« + B«» = A + B 

From (16) IZ, = - A«« + B«* =- - A + B 

Whence ?jti?-' = B and ^~^^ = A 

2 2 

Now since tha values ol £ and I in A and B are the values obtained 
when 1=0, they are the current and voltage at the beginning of the 
line; call them E, and If, then (11) and (16) may be written 

£_®L+i?!),-.'+!5L=iA),l'. . . (,,) 



- + I. 



-r# 



If the line is indefinitely long El 3 1,Z( and ~;l'-I„ since the line 
by supposition too long for any reflection effect, and (17) and (18) 






(>9) 



Z^ is the impedance of an indefinitely long or infinite line, and y is 
the propagation constant of a decaying undulation ; it is a vector by 
inspection of {14), and may be written j'o + ;8 = y, and we may conse- 
quently write 

I=|>5H'-+»'=|l«-»',-^=|',-<»'(co8<,i-y8inJ) . (20) 

In the following formulx £ and I, which are gmeral values for the 
volts and current at any point on the line, will be discontinued, since 
the symbols E^ and I, have been appropriated for the volts and current 
at the beginning of the Une, and henceforth in this Appendix, £, and I^, 
etc., will be used to denote the volts and current at any other point on 
the line. 

(17) and (18) may be written, ityl =e 

E, = E,'" +' J - I{z j>t - ~ 1Z1 = E, cosh ff - I,Z, sinh * {21) 

I,^r.('^+/-^-| t>^-'-^) -l.coshtf-|sinh. . (22) 

SettdlBf end Impaduee of » transinlsiloa line of any length ofta at 
the dletuit end. 

In (22) Ij =0 at. the point /, i.e. the receiving end, and therefore 

I, cosh ff = s-5 sinh 9, that is 
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S«ndliic end nristMiee of » truumlsslon line elosed ftt the dlituit end. 

In this case E^ = o at the point I, and we get from (21) 

Ei cosh 9 = IiZ, sinh 6 
To find the sending end current we have 



Zi = ^' =- z. ■ 



= I] with the circuit open . . (25) 

= Ii with the circuit closed . . (26) 



Substitute the value of I,=±l= _-^-- from (24). We then 
Z, Z, tann 8 
obtain — 

E.cosbg _E, 
• Z, tanh B Z, 

_Ei/ cosh*fl nh e\ — ^ ' ^'^^^* ^~ '"'^' ^ 
°^Z,^,sinhfl ^' / ' Zjsinhff 

^ZTsinhfl '^'* 

Voltage at the reeeWlng end of a ttanimlsslon line open at the reeeirtng 
end. 

Substitute the value of I, in (21), and we get 

E, = E, cosh 8 - -■ — *, Zo sinh 



El 
Zo coth e 
that is 

^ E, cosh' e E, sinh* g ^ Ei(cosh' - sinh* g) ^ E, . g. 
* ~ cosh S cosh ~ cosh ~ cosh 

Impedanee at the end ol a transmission line closed at the reeelviug 
end. 

The ratio of the impressed volts at the sending end to the received 
current is called the receiving end impedance. 

We have -i = Z, and by substitution of the value of I„ Z, is found. 

To show that the ehanwtertstie Impedance = VzZi. 
From (23) and (24) we have 

V^ZZi = VZ, coth Zt tanh~0 = Z, . . (29} 
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1 
eosh 0' 

El 
I| Z, sinh 9 _ i y-(,\ 

I,^ E, coshff ■■■■«' 

Z|tanh6 
Hence - = cosh 8 

Cumiit «t the reotlving end ol a transmission line «]osed at the 
reeeiving end by an Impedanee Za. 



The voltage across the receiving instnimect is IjZa = V» ; 
therefore by (ai) I^ = V, = E, cosh J — IjZ, sinh ff 
Also by (22) It = Ii cosh * — ~* ainh 

From these equations I^ may be found. Rearranging {21) and (22) 
we get 

I,_ ^coshfl= -^2, sinh S 

I» + 7-' ^'^ fl — Ii cosh 6 

I, _ 1j cosh 9 - il X Zo sinh 8 ^* sinh 

', Za Za Za 

"^"•^^ i.+|sinh(. rTT^^^-- -^^r 

that is I, cosh »-^ cosh* tf = - l3 sinh tf - f * sinh' « 
('cosh 9+^''sinha^ = — '{cosh* tf — sinh»fl) ==^ 



I, 

I, 



Z, sinh 9 + Za cosh 6 



Cnrrent at the sending end of a trammlMlon line closed at the receiving 
end by a resistance Za. 

In Fig. B the current Ij is required. 

(21) and (22) may be written 

E, «sh# _ J Z. ^j^^ ff = I. cosh e - f-' sinh e 
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th.t is E. (^ + 'fj) = I. (^c«sh S + g sinh e) 

/cosh 8 , sinh S\-. 

I.J ^'^'J^^ 

cosh *+ J* sinh tf 

Multiply and divide by Za and we then have 

E/coshfl+^sinhtf") 

I,: ^ .il i 

Za cosh 8 + Z, sinh 9 
that is . _E»^ Z, cosh tf + Za sinh a . 

' Z,Vza cosh fl + Zo sinh S^ " ' 

From (21) and (22) the receiving end impedance and the sending end 
impedance are readily found. The receiving end impedance is defined 
as the ratio of the impressed volts at the sending end to the received 
current, or 

?? = Z, = Z, sinh e + Za cosh B . . . (33) 

The sending end impedance is 

E, „ / Za cosh g + Z , sinh_fl\ , 

I, ^ V,coshfl + Z*isinhtfJ ■ ' ■ '^'*' 
The foregoing examples sufficiently illustrate the method. Further 
developments are given in Chaptei^ III., VI. and XIII. 

Denlopment ol the attenuation eonstaat and Ute wave leBcth 



The complex attenuation constant (14) is by inspection a vector 
quantity, ai^ it may be written 

fi +;a =y = V{R +><«L)(G + }a>Q . . . (35) 

By squaring both sides we obtain 

j8' +i}<xfi + A* = (R +i«>L)(G +j<^) 

= GR +>(uLG +;<i.CR + (j<u)*LC 

Equatii^ the real and unreal parts we obtain 

^»-a* = GR-iu»LC and 20^ = u.LG +«.CR 
By squaiing and adding we have 

O' -<.»)» + (aaffi* = (GR - (u'LC)* + (<uLG + «CR)» 
that is 

{j8* + a') * -G»R» - 2«»GRLC + u.*L«C» +<u»L'G» + a«»LGCR + <u«C»R» 
= G»(R« +a.»L») +w»C»(R* +«»*L*) - (G» +u»C*)(R' + t<.*L») 
or j8» +«» =\/(G» + «.«C*){R» +a.«L!) 

Also (^» + a^+(i8'-^')=a;S' 

.-. 2/J' = V(G'+"'C»)(R'+^"»L') +GR-a,'LC 
and fi = Vi{VlG*~+u.'*C^{R^+^^ + (GR -«.»LC)} (36) 
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This is the real part of the complex attenuation constant, it is 
generally referred to as the attennatioa constant. 

Similarly (fi* +'«») - (;)» — «»} « 2a* 

Whence 2a* = V{G*+«'*C^(R' +*'^*) - (GR - ^»LC) 
or a - Vii V(G» +a.«C*)(R» +o.»L') - (GR -o.«LC)f (37) 

This is the wave length constant. 

(35) UQplies not only that the current changes in magnitude by a 
given percentage (j9) per unit length in an infinite line, but also that the 
sine wave revolves through a definite angle per unit length. 

The imaginary part of y (that is ja) merely states that the wave 
has revolved a radians in unit length, i.». the phase at nnit distance 
differs from that at the beginning of the line by that angle. Conse- 
quently, at any length / it differs by nl radians, when al'=2ir then the 
wave has revolved through a complete cycle. The wave length is 
therefore 



(38) 



IE we know the frequency (i.e. the number of waves impressed 
on the line per second), then the velocity (V) of propagation is easily 
obtained, for the wave leagth is known aad it is passed over in a time 

( ■■ -i where / is the number of waves per second. We have ^ '^ V, and 

by substitutioq from (38) 



.2/ 
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Elementary Hathematieal PtaoI of the Belatloni betwMn the Voltage 
and Current in tbe Steady State in an Infinite Line with nnlforinljr 
dlatrlbuted Constanti. 

I. It is assumed that the current varies in a simple harmomc maniier, 
its instantaneous value being Imu sin wl. The symbols are the same 
as in Appendix I. 

If iti is a very small fraction of unit length, the following will be 
the electrical values for that small length of tiie circuit : — 

B. xdl = Resistance of a very small fraction of unit length. 
G X dl=^ Leakance „ „ „ 

L X d/ =3 Inductance „ „ „ ;, 

C X (0— Capacity 

If E) is the voltage at the beginning of the lei^th dl and E, the 
voltage at the end of this small length, then the voltage drop in the 
length iti is Ei — E„ and similarly in the next equal small length E,— E, 
where Ei is the voltage at the end of the second small length dl. 

Let E, - E, be caUed dv \ ^ , , 

.. e;-e; .. di.,r**= (•) 

Although the voltage In such a line falls continuously along its 
whole length, we may suppose it to be unchanged in the length di if 
that length be small enough. Call the current in this small length 
(say at the beginning of tiie line) I,. The impedance of unit length 
is R +ya>I'. and therefore 

Impedance x dl = {R +jo>VjdI .... (2) 
Now Volts = Impedance x Current ■ • . . (3) 

andtherefore E, -E, = dw = (R +;(uL}I,<« . . . . "U) 

= volts consumed in length dl 

But current is also lost in the same length ; firstly, owing to diiect 
leakage ; and secondly, because the dielectric gives rise to a capacity 
charge. The leakage in a small length dJ is 

volts X leakance = Efidl (5) 

The ciurent loss due to the condenser is 

jtaCEidl = loss due to capacity charge . (6) 

The combined loss due to (3) and (6) in a very small length is 

I, - 1, = <K - E,0(B+;«CE,<« .■■-(?) 
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where I, is the current at the beginning of the small length and I^ the 
current at the end of the length : this expression may be written 

E,(G +jmC)d{ =di (8) 

Divide (4) by (8) and we then get 

dv ___ R + ja.L I^dl rft^ E, _ R + jWL 

di ~G+}<aC E,i/ rf* I, G +jo^ ■ ^^' 



2. This equation has the dimensions of an impedance multiplied 
by ,an impedance. If the necessary uniform conditions are fulfilled, 
as is the case in an infinite line, the impedance will be the same at any 
point on the line. This is evident from the following considerations : — 

(a) The voltage<and current are continually attenuated during their 
transmission along the line, owing to the combined capacity and 
leakance loss, and they must ultimately become so small after transmis- 
sion over a sufficient length of circuit (an infinite circuit) that no elec- 
trical change is observed at the sending end even if the distant end be 
opened or closed. 

(6) Whatever point on the line be taken the line in front is still 
supposed to be an iafiuite circuit, and therefore to be subject to an 
unvarying condition. It follows that 

^-|- (.0) 

since each is the impedance of the line at a different point and the 

impedance is everywhere equal, and therefore -i = ~^. Subtract i 

from each side of this equation and we obtain 

%_i = I|_i,thatis5lZ^ = !l^.whence|l^« = ?i(i.) 

but by (I) and (7) X^*"S *"' 

therefore j^ = t 



and therefore by (10) rf^ ~ f* 



Substitute this value of dv in (9), and we g 
El' _ R +ja.L 
I,»~G-i-y«.C 



whence 



E, / R +j«.L 



/ R+j«.L _, 



Z, is called the characteristic impedance, it is the impedance of a 
very long bne. 

3. Again, from (4) and (8) 

dvdi = (R +jtaL)Ijdi(G +jo>C)Eidi 

whence J^^ - **(R +;«L)(G + j«C) 

2 B 
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Since the impedance is constant at all points of the line this mav be 
ntten from {3) ' 

idiZJidi ift'Z. 
{^T,=iriZ^='"*^^+J'"^)^^+J'-^) ■ ■ ('5) 



that is j- = <i;-v/(R+y'"L)(G+;<-C) .... (16) 

That is to say, the ratio of the lost current di in any short length dt 
to the current I, at the beginning of that section is a constant fraction. 
This may also be expressed as *~ ' = ^, by dividing (7) by I,. The 
current at the beginning of the second short length is I, and tiie cuirent 
lost in that sectioii is I, — I, if I, is the current at the end of the second 
short section. 

Now -*^ — ^ = -5-j — ' for each equals diy'(R +juiL}{G +}iMtL) from 
(16) »t seq. 

In a third short section we should have ' ~-^ = '~ * , and so on 
to « short sections and since each of these ratios =(i/y'(R+/<uL)(G+y<uC). 
Therefore n '^ * = ft X dly/(R +jul,) (G + jaiC) , n being a number such 
that tt X dl = unit length = 1. 

Therefore w( ^' j~'' ) = « X * = V(R H-^ft^G +jwCj 

That is to say, in any unit length, whatever it may be (an inch, a mile, 
or a kilometre), tiie ratio of the current lost in that length, to the current 
at the beginning of it, is n times the fractional toes found for a very 
small lengt h dl (where n x dl = unit length), and b measured by the 
quantity •>/(R+}<aL){G+jtoC), where R, L, G and C, are the constants 
per unit length. This quantity is known as the complex attenuation 
constant. It is complex because it involves phase.'and is a vector. 
The constant is here denoted by y, so that our expression becomes 

„ X ^i = J. = V(R +><»L)(G +j«0 . , . (17) 

From inspection of the formula it may be seen that it consists of a real 
and an unreal part, and it may be written 

Y =jo + fi = v'(R +}<»mG +;«C) . . . (18) 
The two parts may be separated algebraically as shown in Appendix I. 
4. It has been shown that the ratio of the lost current in any short 
length to the cuirent at the beginning of that length, is a constant 
fraction anywhere in a uniform and infinite line, (16) et seq., although the 
current is constantly altering in magnitude throughout the line. A 
little consideratioa will show ^lat this is a case of the compound interest 
law, and that, consequently, the value of the current at any point is 
of the form I, = t~^, where Ij is the current and e is the base of the 
natural logarithms ; also, y is the complex attenuation constant per 
unit length, and / is the number of units of length. 
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This may bo proved as follows : — 

Let the current at the beginning of the line be i and let y be the 
fraction of cuireDt lost in the first mile. At the end of this mile the 
cnrrent will be i — y, and this is the current at the beginning of the 
second mile. The same fraction of this beginning current, i.e. ol t —y, 
will be lost in the second mile as was lost in the first mile. So that at 
the end of the second mile the value of the remaining current will be 
(i — y) of (I — y) = (i — y) *. Similarly, at the end of I miles it will be 
It™(i — rr- If instead of taking so large a length as a mile for the unit, 
an exceedingly small fraction of a mile be taken, such that instead 
of losing the fraction y of the cnrrent per unit length, only the fraction 

'^ (where n is a very large number) is lost, then at the end of the first 
mile the current will have the value ( i — ^ )" and at the end of / miles. 



(-r 



: I at point / 



It is known and can be verified, that if the algebraical quantity 
1 1 +- 1 be expanded by the Binomial Theorem, and * then assumed 
to be a very large number, the Summation amounts to 2-7i828 = e = the 
base of the natural logarithms. 

To make use of this fact, we convert ( i — ^ J to the form ( » + - ) • 
To effect thb let - = — ? then « = — y*. Substitute this value of m in 

-.-'-.-"f"*''-!, (19) 



If the current instead of having the value i at the commencement 
is represented by A, then (19] becomes 



1, = A«' 



■tf.+M 



But the value of the current at tiie commencement of the line is -3 
which may be substituted for A, and we finally obtain 

'■-I'""'"" <^°) 

5. This is the expression for a decaying undulation where fi is the 
attenuation constant and a the wave length constant. The value of 
these constants is developed at the end of Appendix I. 

It is a condition of this proof that the impedance is equal at any 
point of an infinite line, and subject to that condition the voltage and 
current in a transmission line with uniformly distributed constants 
(such as those stipulated in the proof) are attenuated in transmission 
along such a line in accordance with (zo) ; or in other words, in accord- 
ance with the compound interest law. Now an infinite line in the 
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literaJ sense does not exist, but a line with uniformly distributed 
constants and of any length fulfils the same compound interest law if 
the receiving end of the line is closed through a resistance having a 
value Z,. This is evident if it be remembered that the line at any point 
has an impedance Z« measured from that point to the receiving end. 
If the hne is cut at any such point and the receiving end impedance 
substituted by an artificial impedance Z,, the impedance of the circuit 
at every point is unaltered and the attenuation of the volts and current 
from the sending end to the resistance Z, will evidently be unaltered. 

6. If a direct current voltage is appUed at the sending end of the 
circuit instead of an alternating current voltage, the fqrmuhe derived are 
modified as follows, due to the fact that both uL and luC are dependent 
upon and proportional to the frequency factor, and therefore in the 
various direct current formulse oj = o. Also by (37), App. I., if tu = o, 
then a =0, since this also depends upon the frequency. (14) therefore 



(18) then takes the form 

y = V{R + o)(G+o)=V^G . . . (22) 
(20} is also modified as follows : 



It should be noted that in the direct current case ^ and y are identical 
by (23), since a = o, but y is retained for convenience. R, is sub- 
stituted for Zj as the latter is an impedance, whereas E, is now the 
characteristic resistance. 

Since ^ =h the current at the sending end of the line, (23) may be 

written 

whence =-* = «~^ (24) 
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To find the Constants of an Artifleial T Line whleli acts extenially in 
the Steady State In the sante way as a Line of any Length with 
nnlloriDly Distributed Constanta. 

IHreet Cnmnt Case.— Having given that the resistance, measured 
from the sending end of a line of any length, which is made up of uni- 
formly distributed leakaoce and resistance, is constant when the tine 
is closed by a resistance R,, i.e. by its characteristic resistance (see 
Appendix II), it is required to find the values of the constants of an 
artificial circuit which shall satisfy this condition, and shall ,also fulfil 
the condition that the sent and received currents I] and It satisfy the 
equation 

li--^ '■' 

as is the case with the uniform line in the conditions stipulated [App. 
II. No. (24)]. 

Let the artificial circuit be represented by the following diagram, 
Ri and R) being independent resistances. 



Hllh 



Ro 



Fip. C. 



It is required to find Ri and R„ R« being given, so that Fig. C always 
fulfils the foregoing conditions. By the elementary law of divided 
circuits the resistance (say R*) of the equivalent circuit, Fig. C, 
measured from the sending end is 

-='<.+|ffe^ '^' 

By the conditions of the problem as stated above R* = R,. The sent 
current will divide at the junction of R, with the Une R„ inversely 
as the resistances R, and R, + Bg, and the proportion of the 
current flowing through R, to earth will be 1 p' . r ■ ^* 

received current Ij is by similar reasoning 

^'" r. + R, + R. I^'*^"" li = R.+R, + R. 
373 
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374 TELEPHONIC TRANSMISSION 

But by (i) =^ = e~^. If the resistance at the sending end trf the 
line is constant I, is constant, and by (i) and Appendix II. we have 

I. R, + R, +fi, '■*' 

Substituting R, for Rv in (2) w« have 

H.-R I Ri(R. +R.) , , 

In (3) and (4) we have two unknown quantities R, and R, and their 
values may be found by means of two simultaneous quadratic equations, 
as follows, and the equations thus solved to satisfy paragraph i. Clear 
(4) of fractions, and we get 

R,» + R,R« + 2R,R, + E,R, = R,R, + R,» -( R,R, 

whence by cancelling like quantities we have 

R,' + 2R,R, =R,' ... . (5) 

If in equation (3) we represent e"^ by A we may write (3) thus 

AR. + AR, + AR, = R, ' 



whence 



._&-R.-R..R.(i-.)-R. . . (6) 
Represent - — i by B, and then (6) may be written 

BR. - R, = R, (7) 

Multiply (5) by B and (7) by zR,, we then get 

BR,« +*2BR,R, = BR,* . . . . (S) 
2BR,R, - 2E,' = 2R,R„ .... (9) 
Subtract (9) from (S) we then have 

BR,* + 2R,» = BR,* - aRjR, 



lat is (B + 2)R,' + 2R,R, - BR,* = o . 

This equation (10) b of the form «R,' + 6Rt + e =» i 

_ - 2R, ± VjR , * + 4(B + 2)BR,* 
2{B+a) 
.»ti. „_-2R,±2R,(B + i) .... 



thatis R^^R.{(B + i)-it^^^ 

* B+2 B+2 

seeing that 2R,(B + i) is always positive. 

But from (5) to (7) B = (1 - i) = Jjj - I . 



the solutio 



(■3) 
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Substitute this value in (13) and we then get 

W^ - 1\ 

^-^'^> '■^' 

Jt! 
Multiply and divide by * and we obtain 

R, sinh ^' 

that is R, -T^ <- R, tanh ^ . . . . (15} 

cosh?^ * 

If 9 be written for yl then (15) becomes 

R, = R,tanh? {16) 

To find R, ; formula (7) may be written 

R,=?i+^ (17) 

Substitute the values of R^ and B in (17), R, being written as in 
(14), and we get 

Hi ^^^ (>8) 

.tatto E.-R.I"' + '>+'"'-"lxV- 

lial is E, - -5l^ (19) 

e* — I 

Multiply and divide (19) by «"* we then have 
R,_J5! 5l_ 

3 

that is K, = ^%-. (ao) 

The artificial T circuit may therefore be represented as in Fig. D 
by substitution of the values of Ri and R, in Fig. C and the elimination 
of the battery and the constant R,. 

This circuit fulfils th6 required conditions stated in paragraph i, 
and the values found for R, and R^ satisfy equations (3) and (4). The 
artificial circuit shown in Fig. J>, therefore, is the equivalent T circuit 
of a uniform transmission line of any length, which has a resistance R^ 
when closed by an impedance R«, and it is the equivalent of a uniform 

line with an attenuation constant such that y ^ ' ' ^^ *^^^ artificial 
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circuit is, as stipulated, always equal to the real circuit irom its two 
ends, it will be equal when short-circuited or disconnected or when 
clos^ by resistances ol any value, as well as when closed by R,, and 



Fig- D. 

. such is in fact the case. The simple artificial circuit can therefore be 
operated upon as if it were the real circuit, and that too by means of 
Ohm's law, as shown in Chap. III. 

Alternating Currant Case.— In this case paragraph i holds good if 
the word " impedance " be substituted for the word " resistance." Wo 
then have two unknown impedances, which it will be convenient to 
call Z( and Z, ; these are vectors, and they replace the resistances 
R, and R^ which are scalar quantities. The appropriate diagram is 
shown in Fig. E. 



Hll^ 



Equations (3) and [4] are now modified as follows : 



(21) 



I, Z, + Z, + Zo * 

Z,(Z. + Z,) 

z, - z, + 2^ + z, + z, ■ ■ ■ ■ (^^' 

Z, is now the characteristic impedance and all the quantities 
involved in the equations are vectors. These equations are exactly 
of the same form as equations (3) and (4), and iu the general form in 
which they are expressed they must have similar roots to the direct 

current case ; thus by simple substitution, instead of R^ = R, tanh - 

we now have 

Z, = Z, tanh - (33) 

and instead of R, = . ," „ we now have 
sinh 8 

^'-i^e '=-1 

It must, however, now be t»rne in mind that all the operations in 
the alternating current case are subject to the rules for the calculation 
of vectors ; the more important of these rules are summarized in 
Chap. 1. If the frequency of the A.C is owe have the direct current 
case and equations (21) and (22] reduce to (3) and (4). (See £x. 5. 

p. I02.) 
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To find the Constants of an Artlflelal n Line which act* externiUy in 
Ibe Steady State in the same way as a Line of any Length haTing 
nnllonnljF distributed Bleetrtoal Constants. 

The problem is the same as that stattd in Appendix ill. except that 
a n line is dealt with in this case instead of a T line. Let the artificial 
circuit of the n line be represented by the following diagram : 



"W 



J "3 



The resistance of the above combination when measured from the 
junction i is as follows :— 

Let the resistance of the combination from i in Fig. F, with Rt dis- 
connected at that point, be Rx, then the joint resistance of R^ and Rv is 

5iJ<Rf (,j 

R, + R* ■ ■ ■ \il 

By the law of divided circuits the resistance Rx may be written 

'<' = '<-+^^ w 

Substitute the value of (2) in (1) ; we then have 

Clearing of fractions we get 
aRj'R, + R,»R<,+ R4RB* + R0R4R, = RiR4Ri + Ri'R. + R«R»' (4) 
R,R,' 
~ R« + 2R, 



whence R»' = r.1'r. (5) 



. = rVr 



I-2R. 
The current I, passing through R, to earth is 

I, = ~ — i— X the current in R, 
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If R* has the value stated in (z) the current I^ will divide at i 
and the current in R^ is 



Substitute this value in (7) and we have 



R, + R, K, + R* 
Substitute the value of Rj* in (9) and we have 



R,' 

RflR, +R,R4 +R,' +R4R, +R,R, 

hence ?^ = zR^, + R,R, + R.' + R«R, . 



that is 



R4+ZR, 
If B be written for s'* — i we have 

„ BR,* - R.R, 



(tz) 



R, + 2R, • ■ 

Divide (5) by (iz), we then have 

?t' = R. = K»*K« ^ 2R, + R, _ R«R, , 

K. aR, +R, R,(BR, -R4) BR, -R* " ^^^' 

tJiat is BR,R, = R.R, + R,R, 

whence r, = ^^«R' t,.\ 

• R, + B, ^ *' 

Insert this value of R^ in (12) and we get 

R. + Ri • 
Clearing of fractions we obtain 

2R,»R, + 2RoR,» + R,»R,B = BR,» 
tii^-tis 2R,'+2R,R,+BR,»=BR,' .... (15) 

or BR,* - zR,R, - R,"(B + 2) = o 

This is of the form ax* + bx+c ■= o, where the value of * is 



The root R, is therefore equal to 

-(-'Rb) ± V4R«' - { - 4R«'B(B + zf; 

iB - ■ ■ t'*) 
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The quantity under the square root sign is j(3R,(B + i)}*, and 
therefore (i6) may be written 

B + I is always positive and (17) may be written 

R,-2R, — ^ — =^-B ^irTi 

that is 



(18) 
R,_R^«^±i) {19) 



Multiply and divide by « ' aod we then have 
t -J" 

II 9 be written for yt we obtain 

R, = R, coth - (a 

To obtain R, substitute ttie value of R, in (14) and we obtain 






BR,R, 



■) 



Multiply and divide by e~* and we get 

E._?!!e^_R.,i„h. . . 
The equivalent circuit diagram is therefore as follows : 
R. "Ro Sinh0 



F 



Ro Cot/tf R.'HoCothf 



The preceding proof refers to the direct cuirent case, hut it may be 
shown 1^ similar reasoning to that at the end of Appendix III. that if 
A.C. impedances be taken instead of resistances, and Z„ Z| and Z, be 
substituted for R^ R4 and R„a similar solution for the resulting equatioos 
would be found as those already found tor Rg and R4 with the proviso 
that aU the resulting calculations would require to be performed by 
vectors. 
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To show that U LG = CR then ^ = y/M, and that this Is the 
lUnlmtim Value of jS. 

In any telephone conductor with uniionnly distributed constants 
we have by App, I. (36) 

^ = Vi 7TRM-ai'L*}(G' +«,ici) + i(RG -cSX) ■ . . (1) 



=yj.^R{V(.+";^'+„^+S-:)^ 



L»G' 
Substitute ^ for i and for ■ ^i in (3). This then becomes 



Now if LG = CR then ^j^j = i and also - 



L»G' 



The q''">"ty"^V + ''n+»e'"('ff+.S)'""' ''""'°" '3' 



' =nA X "-^Kt +„° +„c -f ) = Vix •^« X '1 

= VRg (5) 

Again. {3) is the equation for fi in any and all cases whilst I4I gives 
fi = V RG. The only difference between the two equations b that 
m(3). I +^^ (which may be written ^(g +^)j b replaced by 

2——; the ratio of these two quantities is therefore 



LG/CR , LG' 

crVlg CR, 



i/CR , LG\ 

tVLG"'"CR,J _i/CR . LG'\ , 
iVLG "*" CR7 
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If tht" ratio is greater than i the numerator must be greater than 

the denominator 2— , and therefore (3) must be greater than {4). 

If, however, LG = CH, (4) gives the minimum p. This is readily proved, 

■ for in -l=-p. +;^^] the expression in the brackets consists of a fraction 
2\L(j civ/ 
and its reciprocal, and the minimum value of thisisi, by Fig. 2, Chap. I., 

and (91), Chap. 1., and therefore ^=^, whence CR=LG, i.e. the 
minimum value of (3] is found when CR = LG. In that case 
i/CR , LG\ „ , , J *v / LG/CR , LG\ LG ,, 

^lg+cr) = *('+'^ = ^-^"'**''^^^^°'^cr(lg+cr) = Vr- " 

CR does not equal LG, (6) must be greater than i and therefore (3) 
must be greater than (4] in all cases. The latter gives, therefore, the 
minimum value of fi. 

A simpler method of proving that j3n = vRG might be given, but 
the method adopted permits of the suteequent simple proof that this 
is the minimum (8. __ 

To Show that when fi = VRO then a =to'\/Ch. 

As shown in Appendices I. and II. 

a = VjVtR* + <-*L»)(G' + o.»C') - J(RG -<«»CL) . (7) 
This may be written 
«=V{i^(R'+«.«L')(G'+<«'C»)+t(RG-«,'CL)}-(RG-^«CL) (8) 

The quantity in the large square brackets is the same as (i), and 
therefore 

a--v/^'~(RG-«,»CL) .... (9) 

Nowwhen LG-=CR, ;il=v'RGasshownintIiisAppendix, Therefore 
VRG may be substituted for fi in (8) in that case, and we have 

a = v'RG-RG+«'CL=t«V'a^ • - ■ (10) 
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In uy OnUorm Truumteslos Line, If wC Is great in eompwlson with 
G and (uL it gnu in eomparlaon witb R the tteqoeitey tutor 4ls- 
ippean from the Att«nuatlon Constant and the Clnolt Is uUd to be 
dbtortionless, both j8 and a are then sbnpMed as shown In this 
Appendix. 



^ = V-i^/iR' +«'L')(G' +«,»C») + i(RG -^K.h) . (1) 
See App. I. (36). 

Eirtract the quantity under the inner root. We have 



= -^(-+„^.)'(-+S)' ■ ■ • « 
Both of the latter quantities in the brackets are of the form (i +')"■ 
and if R* is small in comparison with u*L', and G* is small in com- 
parison with <u*C* then, by a well-known algebraic approximation, 
([-!-*)■ = i-+nx. In thb case n = 1 and * = "i^- Also x^=^— 

We then have (i +*)*(i -|-*,)* =^i + -Yi-i-^'j and similarly (a) 
may be written 

The last tenn is negligible and (3) then becomes 

r root in (i) and we 



fi=^ia.'CL+(^ + ^ + iRG^~^*CL . (5) 

Now the quantity in the inner brackets in (5) is a perfect square, and 
therefore (5) becomes ^ ^^ 

"-Vl+i'v/fe (6) 
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To obtain the corresponding value oi a the only change is that 
^(RG— u'CL) in the equation of ^ at the end of (i) becomes 
— (JRG — oi'CL) in the equation for a as shown in (37), Appendix I. 
Equation (5) in this Appendix ma y then be changed to a as foUowa : — 

If (4) be called A. then j8 = VjA +i(RG -uj'C L) as in (5). and there- 
fore a may be written a = Vi* — J{RG —w'CL) by snbstitatlon of A 
for the quantity under the inner root in (37), App, I., that is, 






If RC=:GLthe quantity in the brackets reduces to 

a=o.VCL (10) 

Equation (6), however. Is not limited to the condition that LG = CR, 
bat of course to the conditionsspecified at the heading of this Appendix, 
and it should be ascertained by trial in any given case how far (g) 
differs from (10). 



..Google 



APPENDIX VII 

Proof of the Equation is Moordkue* with whleh Fig. 90, Chap. IX. is 
Constraeted and Examples of Applieatlon. 

To show that -^ = i^b ^L 

(Sm 2 

As stated in Chap. IX. in coonection with Fig. 90, where 
L = best inductance per unit length 
L, = any inductance chosen for loading 
L| = inductance of loading coil used 



Represent (^^ + -\ by the letter J 
i by equation (4) Ch 



Then AL = R by equation (4) Chap. IX. 



MEi 



VE 



_ AL + AL, /L _ L + L, / L 
" AL + AL V L, "" iL V L, 

_ lVl + L,-\/L ^ lVl l,Vl 

aL-v/l^ ^ 2W^ aLVT, 
V£.VU 
^ ^/^ , 



(^ = 



If i- is called * then (2) becomes 

If some other values ^mi and yi are such that jSm, ^1 = fi, where p 
is the same as in (6), Chap. IX., then, fimy = fim, y^ and by (51), Chap. 
VIIL, this may be written 



3S4 
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If R and y are the only variables this reduces to 
VR xy = VRi X Vi 

«».» vH(Vr+^,)-v's;(v»-, + ^) 

Squaring both sides we have 

^(* + '+l)-^>{''i+^+~^ - ■ ■ (3) 

CorrectioH for Capacity and for ~ + t^.— ^In connection with Fig. 90, 

Chap. IX., it is obvious frominspection of formula (51), Chap. VIII., that 
if nothing but the capacity alters, the values of j9 will vary as the square 
root of the capacity, and Fig. 89 is constructed on that basis. 

The same remark applies to the value f^+ 7:' a^d F'B- H and a correct- 
ing table have been prepared for this (Table I . , p. 389) ; previously tousing 
this table, however, a prior correction must be made. From formula (4), 
Ch^. IX., the value of L max. i.e. the best L, is inversely proportional 

to 5i + ^. If this is caUed A. we have ^ - ? - "- = ^, where A U the 
L, C _ L,max. A 

value of Y^+7; corresponding to L max. and A^ the value corresponding 

Li C 
to L, max. 

Now the X values in the horizontal line of Fig. 90 are the values 
x= — = — ' where L, is any value of inductance it may be desired to use. 

Therefore for the same values of L,, with different values of L max., we 
may write— 

X L, L max. _A, . 

^^"l^nn^. "L,max. A 

so that for a given value of Lj the value of * varies inversely as 

5l -f 9 H A. Fig. H shows the ratio between the values of A and A,. . 

and therefore ol the values of * and *i. From the corrected value *j, 
the corresponding value of y, can be found fr om Fig. 90, 

Then if the correcting factor*/ ii- — from Table I. is called a,, 

and fim is the value given in Fig. 90, the attenuation constant fi for 
any circuit havii^ a value of A differing from jo is fi = fim X a,xyi- 
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Graph showing Variation of Values op x in Fig. 90 with Vasiatioms of 



12 
II 
10 
9 

8 

7 
8 

II 6 
o|u 
+ 5 

z . 
uj4 

2 

I . 



LR, , G 



2 3 4 5 6 7 8 9 10 II 12-^ 
X, 



, Google 



APPENDIX VII 387 

FIGURE 90, FURTHER EXAMPLES 

Example i. — ^It is proposed to use 55 m.h. per mile in a 100 lbs. 
copper circuit vrith a capacity of 0065 mf. per mile. At the same time 

~ = y> and ^ = 30. The required " p " value may be read direct 

from Fig. 90. Chap. IX., thus : Find 55 m.h. in the horizontal line 
relating to 100 lbs. Cn at the foot of the graph, and then find the corre- 
sponding " p " value in the first vertical column on the r^ht. It is 
o'oii6 nearly. It may be stated here that the j8 for the standard 
cable is o'io6, therefore the standard cable equivalent of the 100 lbs, 
circuit is » o'log, and 9*14 miles of the 100 lbs. cable has the 

same attennation as i mile of standard cable. (For standard cable, 
see Chap. XI.) 

Example 2. — ^Assume that instead ot 0065 capacity the circuit 
in Example i has a capacity of 007 mf. per mile. Refer to Fig. 89, 
Chap. VIII. Find o'o/ in the horizontal Ime, and then in the vertical 
line find the corresponding value. Multiply the value found in 
Example i by this figure. We have 00116 X 1033 =00120, the 
required attenuation constant. 

Example 3.— In a cable circuit with a capacity of O'o65 mf. per mile 

and ( j-i + = j — 70, it is required to load a circuit to give a " p" of 
o'oi6 ; what circuit and loading will give this result ? Inspection of the 
graph shows three values, i.e. 100 lbs, with 24 m.h. per mile, 70 lbs. with 
52 m.b. per mile, and 40 lbs. with 325 m.h. per mile. The choice is a 
matter of cost and convenience. The characteristic impedance must 
in this case be borne in mind, as the terminal loss would be different in 
the three cases. 

When the valne ^ +p;is more or less than 70, two corrections are 
Lj C 
necessary. 

isl Correction to obtain the correct value ot xia Fig. 90. Example : 
Suppose a 100 lbs. conductor is to be loaded with 84 m.h. per mile, the 
capacity being that provided in the graph, but with a loading coil 

G 
having a resistance of 35 ohms per henry and ^ being 20, we have then 
R, , G *- 

^ + c="- 

First refer to Fig. 90 — ^find the value of the inductance to be used, 
i.». 84 m.h., in the horizontal line relating to the 100 lbs. conductor. 

Above this, on the top or * line under the curve, will be found the 
value 3. Next refer to Fig. H in this Appendix and find 3 in the vertical 
line at the left-hand side of the graph — then in a horizontal line with 3, 
find a point in the line marked 55, and vertically under this in the bottom 
horizontal line will be found 3-83. Now refer to 3-82 in the * or the top 
horizontal line of Fig. 90, the corresponding p in the 100 lbs. vertical 
column is 0-01095. I' B large number of references for any value of 
=-' + ii are required, time is saved by permanently writing a new scale 
from Fig. H over the x line in Fig. go. 
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2nd Correction. — ^This value requires coirection to account for tlie 
value 55 instead of 70. The table headed " Table of Multipliers " to 
be used in this connection has been prepared for the purpose. In the 

first column find the value of f^ + p to be used in the calculation, i.e. 

S5, and in the other oolumn the correcting factor will be found. 

The required value ol fi = -01095 X -89 = ■00975. This is very near 
the value found by formula (48), Chap. VIII. 

If the " j3 " value in Fig. 90 is called fi, and the capacity correcting 

mnltiptieriscalledC, andthe— +7: multiplier {obtained as shown) is 

called dj, then any fi whatever is approximately given by ^ x Cj x Oj. 

For those expert in calculation, it may sometimes be quicker to 
calculate p from (51) or {48), Chap. VIII., if a number of references are 
required. In practice, however, with a slide rule, any required fi can 
quickly be found by the graphs and tables. 

If the circuits are superimposed, remember that a phantom circuit 
must be regarded as having double the weight of the conductor on which 
it is superimposed, and find the attenuation value for this double 
weight as before. 

Owing to the fact that there are double the number of coils in 
superimposed circuits as compared with circuits not superimposed, the 
increase in resistance must be allowed for. The effect will be to increase 
the attenuation constant shown in the graph. With the type of loading 
and gauge of circuit superimposed up to the present an increase of 5 
or 6 per cent, in the " fi" found from the graph will give a fairly near 
approximation to the required " fi." No fixed figure will, however, 
rigidly apply. 

It should be noted that 100 lbs. Cu has a diameter of approxi- 
mately 2 millimetres (it is 2009 mm.), and that 20 lbs. Cu is 
approximately equivalent to No. 19 Brown and Sharpe gauge, which is 
203 lbs. per mile— also that ;9m for different conductors varies inversely 
as the diameter of the gauge of conductor used. Bearing this in miod, 
other Continental and American attenuation values to a near degree of 
approximation may be deduced from the data given in Fig. 90 by the 
aid of Table No. i. Chap. VIII., on the assumption that 3 mm. Cu is 
the same as 100 lbs. Cu and No. 19 Brown and Sharpe gauge the same 
as 20 lbs. Cu. 

The error in ^ in the former case is o'3 per cent, and in the latter 
case 075 per cent., calculating on the basis of comparative weight of 
copper. 
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TABLE NO. I. 

Table of Multipliers to be used in connection with Fig. 90, Chap. IX., 

when ( i ' ~l~ p } ^ more or less than 70. 



i^t 


«-.^V^ 




35 


071 




40 


076 • 

080 




45 




50. 


085 




55 


0-89 




60 


0-93 




65 


0-96 




70 


100 




80 
90 


107 
113 


__ 


100 


1-20 

1-31 
1-36 




110 




liO 




130 




140 


1-41 
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APPENDIX VIII 

Relation between the Valaes of x and «-* 

Notes on Figs. J, K, and L. — These three curves ^ow the relation 
between * and e-* from * = to x = 13-8. The values of »-• range 
from «-" = I to *-* = ooooooi. 



L..; 



2441S »003 



11113 ata 



Fig, J. — Relation between * and t-*. 
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Advantage is taken of the fact that the curves relating »-* and * 
continually repeat themselves after passing through a definite cycle 
of values of r-« ; thus in Fig. ] all the figures (values of «-*) in each 
vertical column viry uniformly from the &gure at the top of each 



9J « 



093 -993 



tSM 


nm 


am 


3-Z9C 


S-39S 


3-4»« 


S^S9« 


St» 


S-396 


S49e 


S59e 


S698 


S-799 


5-998 


TMI 


7-701 


7-BOI 


7' 901 


9001 


8101 


9-EOI 




KHM3 


■OtOS 


n-ios 


uyioi 


I04O3 


19-503 





•- IM06 IE-30e 



f> Fio. K.— Relation between « and »-*. 

column to hali that value at the bottom of the column, and the natural 
logarithm * therefore varies in the way shown by the curve in each case. 
The actual numerical values of x are, however, of course difFerent, as 
shown by the horizontal lines at the foot of the curve. Each vertical 
scale is connected with a definite horizontal scale, and the relative columns 
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are indicated in all cases by arrows at the junctions of the two sets of 
lifles. The same principle applies to all three curves. It will be observed 
that the figures cover a very wide range of values and that very small 
values of s-' can be read to the same accuracy as relatively large ones. 



I 



S 
_ I 
I J 



Example i. — Findthe value of a^ when «-*=i and when e~*=o'ooooi. 
Answer. — When «-« = i, x =o, when e-"=o'ooooi then * = 11-513. 
Example 2. — The value of * is 5498. What b the value of e-« ? 
Answer. — See Fig. K for the value of x, in the third horizontal line 
from the top. The correspooding vertical value is o'o04i. 
Example 3. — If e-" = 00025 ^'^ "■ See Fig. L. 
Answer. — x =5'99i, nearly. 
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proof by calculus, 361 

at any point in finite line, 96 

in infinite line, 34 

at receiving end of line, without 

apparatus, 35 
Vowel oscillograms, 75 



length, 19 

constant, 19, r6i 

Western Electric Company. 184, 187. 

194. 197. 236 
Wheatstone bridge A.C., 337 



THE END 
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